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DRAWING   A  CONCEPT   

FOR   SCIENCE   COMMUNICATION   DESIGN.  

FIBONACCI   SEQUENCE 

  AS  A  MORPHOLOGICAL   TIPOGRAPHIC GRID. 

“THE RINGS OF KNOWLEDGE - I.N.F.N. for L.H.C. ”  AT C.E.R.N.  
(ISTITUTO NAZIONALE DI FISICA NUCLEARE  for LARGE HADRON COLLIDER – 

EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH).  

 

BRUNETTI  Federico,  (I) 

 

 
Abstract.. For the graphic concept of a science institutional and divulgation book, the editor 

choosed a mathematical sequence to lead the reader’s sight into a visual travel through the 

pages, in a geometrical game as a metaphor of simmetry, asimmetry an abstract rototranslations. 

A symbolic form to represent and introduce the open possibilities of new science frontiers.     

 

Key words. communication design, Fibonacci square, graphic concept, geometric drawing, 

composition, symmetry, sequence, rototranslations, symbolic form. 

 

Mathematics Subject Classification:  

Primary 00A66 Mathematics and visual arts, visualization;  

Secondary 11B39 Fibonacci and Lucas numbers and polynomials and generalizations     

 

 

„Focus“:  

Present ideas proposes multi-disciplinary efforts to be researched or developed in the action-

research programs. Established in a multidisciplinary teams in order to run synergic relationships 

between the different kinds of disciplinary knowledges, talents, cognitive styles, intellectual 

faculties, research and industrial interests.  

 

Introduction 

 

CERN (European Organization for Nuclear Research) in Geneva is the largest nuclear physics 

laboratory in the world, where scientists from twenty countries have spent decades studying the 

particles that constitute matter, through a series of international programs.  
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In 2009-2010, a new series of experiments was launched to understand fully the nature of 

elementary particles and “dark matter”. This opened unprecedented opportunities to understand 

both the forces that hold together the matter of which we are made and the Universe’s origins and 

evolution. This internationally prominent project, one of the most spectacular undertakings in the 

history of science and an extremely potent drive for industrial innovation, culminated in 

constructing the giant Large Hadron Collider (LHC), the largest “particle accelerator” in the world. 

The 27-km long underground ring is equipped with highly sophisticated sensors that can measure 

subatomic particle collisions with a precision hundreds of thousands of times greater than that of 

normal microscopes. 

 

The author of this paper, editor of a specific book, realized a fascinating photographic survey that 

describes the essential phases of constructing the colossal equipment to perform the four main 

experiments. It is enriched by a sophisticated, experimental graphic design and the stories of the 

Italian scientists from the INFN (National Institute of Nuclear Physics), who made vital 

contributions to the project and constructing the LHC.  

The book is completed by descriptions illustrating the important contribution that Italian companies 

made to this major project, demonstrating Italy’s competitive capacity for excellence in the most 

important technological undertakings in Europe. 

 

 

1 Communication design.  

 

The design of a book , considered as a permanent document that can visualize and hand down a 

culture that has made it possible; can synthesize some theoretical concepts and visual values.  

Some essential concepts can be identified as the foundation of such a project.  

A visual culture is a common heritage that can be participated from different partners of human 

society, having progressive enrichments from any sides, specially in the relation between arts and 

science. But some essential elements belongs to the mental way of thinking, so that we can try to 

found on some simple ideas a common language shared by different di and different reader’s target. 
 

Composition - morphology. In design research, as in the analysis of the nature, the representation of the formal 

structure is a fundamental element of all knowledge. The Identification of a form requires the possibility to confer a 

formal logical definition of these characteristics. 
The page can be regarded as a morphologic unit of a book, and on this first basic element of it can 

be based on the draft layout. 
 

Symmetry. The traditional ties of the pages of the manual browsing involve the gesture: from a geometrical point of 

view this means the combination of composition and visual resonance between pairs of pages. 
This original bilateral configuration may be used to construct a symmetry factor of much more 

structured than a simple reflection, being a rotation or roto-translation  on the time axis, extending 

along a free and accessible in the reversible browse a book. 
 

Sequence. The element of the page, duplicate the double page is ordained in the narrative sequence. The entire 

sequence of pages is designed as a spatial matrix in the readability of the local double page is associated with memory 

and foreshadowing of the entire narrative sequence. 

The unit of composition of the page, the symmetry in pairs, and sequence of the narrative path can 

be considered as concrete materials, and even abstract concepts, upon which the plan articulates 

graphically the layout of a book, and the formal perception by the reader. 
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1.1 Composition - Morphology 

 

“Composition is the organization of the whole out of its parts—the conception of single elements, 

the interrelating of these elements, and the relating of them to the total form.“...“The purpose of 

composition is to express particular concepts and experiences, and it is successful only when these 

are fully communicated to the observer” (Composition in: Encyclopædia Britannica) 

 

Morphology, or the dimensional qualities related to form that define the structure as a geometric 

configuration, statically and steadily relevant that place its global shape in its context. 

 

 

           
 

  
 

Andrea Palladio, I Quattro libri dell’Architettura 1570 

D'Arcy Wentworth Thompson. On Growth and Form. 1942 

Le Corbusier Le Modulor 1948 

 

 

1.1.1  Composition – Morphology 

Comparison with scientific representation modality from the first results of LHC experiments 
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Left: Operating the LHC with Beam  (on behalf of the LHC team) December 18, 2009 

Right: First Physics at the LHC seen through the eyes of ALICE 

 

 

1.2 Symmetry / Typology 

 

“In geometry, the property by which the sides of a figure or object reflect each other across a line 

(axis of symmetry) or surface; in biology, the orderly repetition of parts of an animal or plant; in 

chemistry, a fundamental property of orderly arrangements of atoms in molecules or crystals; in 

physics, a concept of balance illustrated by such fundamental laws as the third of Newton’s laws of 

motion.“ ...“ Symmetry in nature underlies one of the most fundamental concepts of beauty. It 

connotes balance, order, and thus, to some, a type of divine principle.“ 

 (“symmetry“ in: Encyclopædia Britannica) 

 

Typology, or the articulation and the relations among the parts, the elements and the whole, that 

make up the object that is being observed as it relates to its intended function, with special attention 

to the potential distributive, systemic and ergonomic valences that permit the physical interaction 

with social practices, with the dimensions of the human figure and with the surrounding 

environment.  
 

 
Left: Leon Battista Alberti, Rimini Tempio Malatestiano.  

Actual proportional interpretation of the facade. 

Right: The eye movement of the observer at the moment of the visual perception  

of asymmetric and symmetric objects. www.mi.sanu.ac.rs/.../jadrbookhtml/part48.html 
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1.2.1 Comparison with scientific representation modality from the first results of LHC 

experiments 

 

 

 

CMS 2nd LHC Status Report CERN 18 Dec’09 T. Virdee On Behalf of the CMS Collaboration 

 

 

1.3 Sequence / time perception 

 

Sequence (experience of time) “experience or awareness of the passage of time. The human 

experience of change is complex. One primary element clearly is that of a succession of events, but 

distinguishable events are separated by more or less lengthy intervals that are called durations. 

Thus, sequence and duration are fundamental aspects of what is perceived in change.” … 

” A given interval always can be subdivided into a sequential chain delimiting briefer durations, as 

with the regular units that provide empirical measures of time … - … Indeed, human experience is 

not simply that of one single series of events, but of a plurality of overlapping changes.”… “ 

Humans seem to be unable to live without some concept of time.” (Paul Fraisse, experience of time 

in: Encyclopædia Britannica) 

 

Sequence: a visual journey expresses a particular value in the multiplicity of events that occur over 

time. The spatial configuration of a sequence becomes a strong opportunity for visual imaging. 
 

Sequence / time perception 
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Eadweard Muybridge ,  Human Figure in Motion 1878 

( with courtesy of Dover Publications, Inc International Standard Book  

Number: 0-486-99771-5 Copyright (c) 2007.) 

 

 

 

 

In his book, The Modulor, Le Corbusier describes his invention as "a measuring tool (the 

proportions) based on the human body (6-foot man) and on mathematics (the golden  section). A 

man-with-arm-upraised provides, at the determining points of his occupation of space-foot, solar 

plexus, head, tips of fingers of the upraised arm-three intervals which give rise to a series of golden 

sections, called the Fibonacci series."3 (1, 1, 2, 3, 5, 8, 13, etc.) 
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1.3.1 Sequence / time perception  

Comparison with scientific representation modality from the first results of LHC experiments 

 

   
 

Left: ATLAS through first data 2009.12. 

Right: Operating the LHC with Beam  (on behalf of the LHC team) December 18, 2009 

 

 

 
 

ATLAS through first data 2009.12. 
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2.  A mathematical format as a symbol for scientific communication; 

 Geometry and the form of knowledge 

 

In choosing a graphic solution for the book’s layout, studies on the proportions in geometry came to 

mind. Since its origins, geometry, as a science named for measuring the world, has looked to the 

relationship between form and number to find the chance of human intelligence to understand and 

re-create nature in its beauty and harmony. 
 

This scientific approach has its roots in the earliest civilizations and the mathematical sciences. It 

was expanded on with the theorems of Greek classicism, in which the aesthetic precept is intrinsic 

to the technical practice of art. Then, it continued along a genealogy between the East and the West 

through the Renaissance to modernity. The currently available power calculation has developed 

these original intuitions into fractal geometry, theories of relativity and quantum physics.  
 

Contemporary topologies have crossed the experience of space-time continuity. Yet, this genealogy 

continues to pay close attention to the possible correspondence between the theoretical concept and 

the forms of nature, between images of intelligence and design of the world. Considering LHC’s 

perfect circularity, a ring plan with a cross-section of endless series of concentric circles, we 

naturally designed a square book. Indeed, almost all of CERN’s publications are also square! 

 

 

2.1. Composition - Morphology / graphic solution 

 

     
 

Left. : Page layout and text area: schema of proportion ideals in a medieval manuscript without 

columns multiple, given by Jan Tschichold in 1953 

Right: UNI standard paper format 

 

 

2.2 Symmetry / Typology / graphic solution 
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The International Typographic Style - ITS (known as the Swiss School) born around the 50s, 

brought forward the ideas of the Bauhaus. Their thinking was spread through their magazine Neue Grafik in 

1958, was a new vision of typography simple and orthogonal with the use of a grid of square modules for layout, font 

Helvetica, left-aligned text in the body with lowercase primary colors red white and black, and especially the 

elimination design with the use of photography. 

 

 

3. Drawing, images and metaphors in scientific communication 

 

Drawing and images occupy a relevant place among the languages and tools used to communicate science. 

This type of representation of scientific contents also has a fundamental role in developing the theoretical 

phase of the research which precedes the communication phase. Every discipline stems from a specific 

interest and establishes its ambit by naming, through precise definitions, the system of related objects. 

“Words” identify the “things” of the “world” that one decides to deal with, and the semantic system of 

representation becomes part of the procedures and of the descriptive, interpretive and pre-figurative methods 

of the specific discipline (1). The words of science often are not literary expressions, but logical-

mathematical paths expressed with alphanumeric formulas, taxonomies, theoretical hypotheses based on 

observation or requiring further observation to be validated (2). The iconic component becomes particularly 

important in this type of path and, although it usually takes only the form of para-textual apparatus, when it is 

adequately conceived, can be critically important and can even shape the thought that generated it.   

Among such iconic expressions three main elements can be identified: drawing, image and metaphor. 

 

Drawing Like the alphanumeric letters used in mathematical formulas, or the graphic rendition of projects, 

or the traces left by physical events on detectors, the impression of gestures marks the concepts and 

memories, that will be later revisited through projectual or interpretative activities, in graphic form according 

to specific descriptive codes. Through the formalization process of drawing, events and concepts previously 

invisible become visible, in accordance with a compositional order that in itself stabilizes the analysis of the 

object of a research and makes it shareable. Like in geometry, in describing physical phenomena the dot is 

taken as the essential element used to trace a sequence of events; this minimal reference becomes the starting 

point for analyzing and investigating their dynamic development (3). 

 

Image. The production of visual artefacts makes the interpretation of the collected data possible. The 

perception of such data is more focused and the information is integrated with contextual values and 

aesthetic meaning: thus the data can be appropriate more profoundly and also be shared (4). During the 

heuristic phase of scientific (and artistic) research, the image is recognized as the mental configuration (even 

before becoming the visual configuration) of the synthetic comprehension of a problem and its data. Then 

the interpretation can be further analyzed logically and formally (5). The representation of a real datum (or of 

a hypothetical datum) can be perceived easier through its image, within a system of shared codes of 

communication (6).  

 

Metaphor. The classical origin of this rhetorical figure and its use mainly in poetic expressions has kept the 

scientific epistemology of the early modernity away from this concept, which has recently been reappraised 

in the analysis of phenomena that cannot be empirically perceived in quantum physics (7). Metaphor is a 

fundamental cognitive and communicative modality that uses a linguistic procedure  n order to define, even 

if figuratively, the form or the concept of the object that is being studied, by introducing and referring to the 

figure of another object which is better known. This mode of communication, found both in text form and in 

iconography, uses an hypothetical model, not only to represent the formal structure of the phenomena, but 
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also to enable the comprehension of the real datum according to specific explanatory hypotheses or at least 

according to certain elements  that make such comprehension possible through shared experiences. 

 

Drawing, images and metaphors can be adopted as a first criterion to understand the multifaceted atlas of 

images used in scientific communication, and produced by researchers to understand each others in the 

complex world of “Big Science” (8). Beyond the individual samples and in many strict research protocols, 

one can undoubtedly find several examples of crossbreeding and nuances among the simple categories that 

have been introduced as the initial iconological taxonomy of the universe of visual thought.  
1. Michel Foucault, Les Mots et les choses, Paris 1966.  

2. Karl R. Popper, John C. Eccles, The Self and its Brain, Berlin 1977. 

3. Paul Klee, Pädagogisches Skizzenbuch, München 1925; idem, Unendliche Naturgeschichte, Basel 

1970. 

4. Jill Ackerman, Origins, Imitation, and Conventions: Representation in the Visual Arts, Cambridge, 

Mass. 2001;  

5. Stephen M. Kosslyn, Le immagini nella mente. Creare ed utilizzare immagini nel cervello, Giunti, 

Firenze, 1999; S.T.Moulton, S. M. Kosslyn (2009), Imagining predictions: mental imagery as mental 

emulation, “Philosophical Transactions of the Royal Society” B, 364, 1273-1280. 6. 

6.  Giovanni Anceschi, L’oggetto della raffigurazione, Milano 1992. 

7. Elena Castellani, Verità e scienze fisiche, in Silvana Borutti Luca Fonnesu (a cura di), La verità. 

Scienza, filosofia, società,Bologna 2005. 

8. Yurij Castelfranchi, Nico Pitrelli, Come si comunica la scienza?, Roma-Bari 2007. 

 

 

4. Final studies and editing solution 

 

   
 

Left: Total Tool _Milano _Buenos Aires _Tokyo;  first studies for layouts: Cern | INFN 2008t 

Right: Fibonacci square, first composition studies (FB 2008) 
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4.1 The Fibonacci square as a mathematical format 

 

 
 

Fibonacci. Geometric composition of the sequence of Fibonacci number form 1 to 21; 

Preliminary studies in symmetry for typographic grid (F. Brunetti 2008, with Laboratorio, Milano) 

 

Without going into further detail, we would say that Leonardo Fibonacci’s (Pisa, 1170–1250) 

studies on numerical sequences, unequivocally coherent in mathematical terms and full of evidence 

in nature (particularly his studies on the composition of the square), struck us as the perfect 

“format” for a physics book. We faithfully developed a sequence of modules that formed the 

structure of the graphic layout. Starting from a single small square, the layout expands by 

progressive additions until it composes a larger square, from which, of course, it can begin again to 

develop or wrap around itself. This  layout can be rotated in all directions and can be conceived 

both positively and negatively. The juxtaposed pages generate a high degree of compositional 

variability, allowing for repetitions, simple symmetries and even rotations combined with 

translations and asymmetries. This lets us take  a great variety of paths of visual interpretation 

following different hierarchical systems, while maintaining the logical-formal sequence of images.  

The book’s composition is revealed to readers through a sophisticated logical-formal exercise that 

includes the space of the pages and the time (temporal sequence) in which the different experiments 

take place. Here follows a selection from the pages of the book.  

 

 
 

The architect’s drawing board. Geometry through Natural Science. 
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Physicists’ table of representations: genealogies of scientific representations. 

 

 
 

Table of experiment constructions: interpretative and planning drawings. 

 

 
 

ATLAS experiment at LHC – CERN, commisioning. 
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ATLAS experiment at LHC – CERN, commisioning. 

 

 
 

CMS experiment at LHC – CERN, commisioning. 

 

 
 

ALICE experiment at LHC – CERN, commisioning. 
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LHCb experiment at LHC – CERN, commisioning. 

 

 
 

LHC machine experiment at LHC – CERN, commisioning. 

 

 
 

GRID experiment at LHC – CERN, commisioning. 
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5. Fifth section: open conclusions 

 

A final reversible question: What do we think when we see? What do we see when we think? 

 

The final result of these application of a mathematical concept for a typographical grid for a 

scientific book has been appreciated by the different kind of readers to whom this work has been 

conceived. From scientist to designers, from publishers to visual artists. But essentially demonstrate 

and symbolize the deep connection that exist, and can be revealed, in the relation between 

mathematical ratio and perception of beauty, optimization of resources and politeness of order. 

But it's safe to say that the most interesting results as well received by those who, although he 

understood the meaning, you just forgot the rule ordering the structure of the book and simply 

enjoyed the visual experience during his reading path, leaving his intuition gather and understand 

the deep meaning of this natural spontaneity. 

 

 
 

Night view of the site of CMS. 

 

 

Acknowledgement 

 

INFN Umberto Dosselli, Fernando Ferroni, Romeo Bassoli for the many conversations that helped 

get this book off the ground and find its direction.  

And all scientists that shown me their way to search and find the beauty in Nature.  

 

The paper was supported by grant from Dipartimento In.D.A.Co Politecnico di Milano and 

published with title: Federico Brunetti (editor) GLI ANELLI DEL SAPERE - THE RINGS OF 

KNOWLEDGE; INFN X LHC. The Italian contribution to the world’s largest particle physics 

research project at CERN, Geneva Pages 148 - Pictures 350 Size 240 x 240 . Milano 2009 Editrice 

Abitare Segesta ISBN: 9788886116-930 Italian and English text. INFN texts (Istituto Nazionale di 

Fisica Nucleare): Roberto Petronzio, Pierluigi Campana, Sandro Centro, Maria Curatolo, Marcella 

Diemoz, Eugenio Nappi, Marco Paganoni, Lucio Rossi, Walter Scandale, Romeo Bassoli. 

- Antonella Minetto, coordinatrice Editoriale di Abitare Segesta  

- Giulio Ceppi, Facoltà del Design , INDACO Department, Politecnico di Milano  

- Italian tecnological companies that supported the realization of this book  



 

 

 

Aplimat – Journal of Applied Mathematics 

 

  volume 3 (2010), number1 
 

 

28 

References  

 

[1] BARONI Daniele, VITTA Maurizio, Storia del design grafico, edizioni Longanesi & C., 

Milano, 2004 

[2] CASTELLANI, Elena. (2000). Simmetria e natura. Roma, Bari: Laterza. 

[3] CASTELLANI, Elena. (2002). “Symmetry, quantum mechanics and beyond”. Foundations of 

Science, 7, 181-96 

[4] GENETTE Gérard, Seuils, 1987 (Soglie. I dintorni del testo, Torino: Einaudi, 1989) 

[5] KANIZSA, Gaetano Grammatica del vedere : saggi su percezione e gestalt / Gaetano Kanizsa. 

- Bologna: Il mulino, 1995. - 363 p. : ill. ; 22 cm . - (Collezione di testi e di studi. Psicologia). 

[6] GIBSON, James Jerome, The ecological approach to visual perception - London  1986. -  

[7] GOMBRICH, Ernst Hans., The Sense of Order, Phaidon Press, Oxford-1979 

[8] GOMBRICH, , J. HOCHBERG, M. BLACK Arte percezione e realtà: [come pensiamo le 

immagini] Torino : Einaudi, 1992 

[9] GREGORY, Richard Langton Occhio e cervello : la psicologia del vedere - Nuova ed.. - 

Milano 1991 

[10] LANDOW George P., Hypertext. The convergence of contemporary critical theory and 

technology, Baltimore, The Johns Hopkins University Press, 1992, trad. it. Ipertesto. Il futuro 

della scrittura, Bologna, Baskerville, 1993. 

[11] MAINZER, K. Symmetries of nature. Berlin: (1996). Walter de Gruyter. 

[12] McLUHAN Marshall, The Gutenberg galaxy: Making of typographic man, Toronto, Toronto 

Nunberg Montù Aldo, Fi = 1.61803398875... Appunti e annotazioni su Natura e geometria: 

progressione aurea e forme pentagonali, Melocchi, Milano 1970. 

[13] GEOFFREY (ed.), The future of the book, Berkeley, University of California Press, 1996. 

[14] STEINER Albe, Il mestiere di grafico, Einaudi,1978 

[15] VIGNELLI Massimo, The Vignelli canon, vignelli.com, 2008 

[16] TSCHICHOLD Jan, La forma del libro Introduzione di Robert Bringhurst, edizione italiana a 

cura di  University Press, 1962. 

 

www.abitare.it/highlights/gli-anelli-delsapere/langswitch_lang/en/ 

www.theringsofknowledge.info 

www.ts.infn.it/eventi/ComunicareFisica/presentazioni/brunetti.pdf 

 

 

Current address 

 

Federico Brunetti Dott. Arch. PhD.  

Politecnico di Milano 

Dipartimento In.D.A.Co (Industrial Design, Arts, Communication) 

Via Durando 38/a, 20133 Milano(Italy)  

fax(+39) 02.2399.7280  

e-mail: federico.brunetti@polimi.it 

 



 

GEOMETRIC   SYMPHONIES 

 
COMITÁ  Alessandro, (I)  

 
 

Abstract. Everyone can easily realize how scientific discoveries deeply affect our lives, 

influencing the way we think or, even, our daily existence. There is reason to believe this is 

mainly true for artists, subjects of a particularly heightened and developed sensibility, who, 

probably before anyone else, and deeper than everyone else (except the members of the 

scientific community, obviously), are capable of perceiving the importance and the implications 

of what of new comes from the scientific sphere, reprocessing it in a expression which, since its 

intentions, is susceptible of aesthetic appreciation. As is well known, the most considerable and 

fruitful contribution to modern physics, during the 1920s, which forced the scientific disciplines 

to redefine their presuppositions to the marrow, the most pregnant of philosophic and moral 

consequences too, was quantum mechanics. The emergence of an another world, subtended to 

the ordinary one, inhabited by invisible particles and governed by mysterious forces, might have 

touched the imagination of the artists of the times; analyzing cinematography of those days, our 

objective is discovering where and how this happened. The so-called abstract cinema or 

absolute cinema, in particular, attracts our interest, because of the possible analogy between the 

scientific descriptions of those other worlds and the abstract iconography which, starting to 

well-known pictorial experiences (Mondrian, Kandinskij, Malevič, Klee, above all), found in 

film almost a natural fulfillment of its expressive instances: it not superfluous to remember that 

all the authors of German absolute film – Hans Richter, Viking Eggeling, Walter Ruttmann, 

Oskar Fischinger -, before dedicating themselves to cinema, was known, in the first place, as 

abstract painters. But that’s not all. Even if invisible, subatomic universe offered to the 

scientists, through the employment of sophisticated equipment, signs of its existence: more than 

complex mathematics procedures, to hit and fascinating the artists, we have reason to believe 

they were the photographs; they testified, in an objective way, due to the constitutional 

mechanic process, the activity of that universe infinitely small about which the rising quantum 

mechanics dealt with. 

 

Key words. Avant-garde, abstract cinema, absolute Cinema, quantum mechanics, Viking 

Eggeling, Hans Richter. 
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“The mistake of painting is the model, the mistake 

of cinema is the subject. Free from this negative 

weight, cinema can became the gigantic 

microscope of the unseen and unheard things.” 

Fernand Legér 

Abstract Cinema was born in Germany 

during the years of the Weimar Republic. 

Important antecedents must be detected 

within the french impressionistic 

production. In La roue (Abel Gance, 1912), 

in the famous sequence in which a train is 

conducted to insane velocity almost to the 

crash, the director shifts the attention from 

the existential reference – the real train – to 

the sign – the way in which the train rush is 

represented. To convey emotive content of 

the sequence is, predominantly, the rhythm 

[1], more and more fast-paced and frenetic, 

with which images follow one other on the 

screen. In 1913, Léopold Survage realized 

the preparatory sketches for a film (Rythme 
coloré) that would have exhibited, if 

finished, all the fundamental characteristics 

of the coeval abstract painting – of which, 

Survage, as it is well-known, is a major 

exponent. Italy was also a locus of creative 

ferments of this kind. Futurism researches 

by Ginna and Corra, in fact, start about in 

1910, concerning a cinema made of 

animated drawings (of which, though, it 

remains just a text, Musica Cromatica, 

signed by Corra). However, despite the 

noteworthy international experience that 

went through the first decade of the 1900s, 

according to the most part of the historians, the first completely abstract film to see the light was 

Opus 1, by Walter Ruttmann, in 1921. Thereabouts in the same period, another German painter 

tried out the realization of a film of pure kinetic forms: we are talking about Viking Eggeling and 

his fundamental Diagonale Symphonie. 

As all the German authors of abstract cinema, before dedicating themselves to films creation, 

Eggeling accrued a certain experience in the painting field. His paintings, if on one hand could be 

associated to coeval post-cubism, on the other detach themselves from it due to the extreme 

simplification applied in the realization of objects and environments. Unlike the cubist area, here 

there is no coexistence of multiple points of view, no coalescence of different angle shots of the 

Ill. 1 - Viking Eggeling – Landscape –  

Oil painting - 1916 
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same object; in Eggeling’s paintings, rather, it looks like the world had undergone a geometrization 

process, through which it is reduced to a composition of solids, almost like the author pointed to 

discover the essence - “mathematical”, one could say – of reality, its regular and exact organization, 

transcending the variety of particular and accidental manifestations implied in the daily experience. 

More than the cubist avant-garde, therefore, Eggeling’s first pictorial tries recall Cézanne’s 

researches, the decomposition of reality in its fundamental components; a decomposition which 

imply a synthesis process more than an analysis one. Cézanne, in fact, claims: 

In nature everything is modeled according to three fundamental modality: the sphere, the cone 

and the cylinder. You need to learn to paint this very simple figures, then you can make 

everything you want. [2] 

According to Standish Lawder, historian of avant-guarde cinema, Eggeling perceived the 

provisional nature of a painting like Landscape (Ill. 1), its lame managing through naturalistic 

instances and intellectual necessities. There was only a way to avoid the impasse: completely 

embracing an abstract representative modality. 

Transforming the forms into graphic notations, Eggeling freed them from every mimetic 

responsibility and then used them to formulate a new language of pictorial expression. [3] 

One could wonder about which mysterious forces pushed Eggeling (among the others) straight 

between the arms of abstraction. According to Kandinskij, in a society where certainties are running 

out, where the foundations are giving away, on the artistic, moral and scientific side, the artist tends 

to avert their attention away from the outside world and addressing it to their inner life. In the years 

in which the abstract currents established themselves, the moral field was still burning due to 

Nietzsche’s invectives, while, in the scientific sphere, you need facing the unbelievable 

consequences of the theory of relativity and quantum mechanics. The novelties implied by quantum 

theory, in particular, had so far-reaching consequences that even a revolutionary thinker like 

Einstein, refused categorically to accept them, and for all is life he applied himself in the search of 

useful clues to discredit the theoretical system that his colleagues Bohr and Heisenberg, in 

particular, were advocating in the so-called Copenhagen Interpretation. Still according to 

Kandinskij’s reflections, a visual artist that averts his eyes from the appearance of the external 

world to dissect and give aesthetic form to the inward moves of his being, cannot do without 

envying the spontaneity and the naturalness with which a musician succeed in this operation. 

Therefore, the visual artist is tempted to replicate, through his own figurative means and inside his 

language, the prerequisites of the art of the sounds. 

Here it is born the actual research of a pictorial rhythm, of a mathematical abstract 

construction; it is born from here the worth that you give to repetition of chromatic tonality, 

of colors dynamism, etc.
 

[4] 

This took experimental film and its relative reflection to a curious paradox, that Jean Mitry, in his 

influential history of avant-garde cinema, doesn’t let it slip: a language points to its own essence 

through the peculiar means of another language [5]. This kind of artistic researches, already very 

much alive and widespread in the pictorial sphere, ended up, almost spontaneously, interesting the 

cinematographic medium, due to its constitutional chronological component. The temporal 
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relations, the durations, elements which, in abstract painting, was only suggested, in film exploded, 

acquiring fulfilled form. Now let’s go back to Eggeling. 

Its goal was establishing a grammar of abstract shapes (he called that Generalbass der Malerei) 
where, rather than in the form itself, attention was focused on the relation among the forms, mainly 

linear constructions, in a play of contrasts, oppositions, repetitions and analogies. Eggeling’s style 

was the fruit of a deep and systematic study upon the variety of the line structures and their capacity 

of generating an impression in the viewer’s mind: nothing is left to chance and the rigour of the 

analysis has a scientific flavour. [6] 

Eggeling’s scope is to define the elemental units of the graphic language, to draw up a sort of 

patterns taxonomy, and to investigate every possible and significant interaction modality. The 

particular attention accorded to the counterpointistic relationship, to the reaction obtained through 

the juxtaposition of opposite elements – big against small, up against low, long against short, 

curved against straight, etc – produced a direct correspondence between Eggeling’s research and the 

coeval theoretical and aesthetic path of another abstract painter (later, director): Hans Richter. In 

those same years, this was delineating, in the pictorial series called Dada-Kopf, a poetics founded 

upon the polarity between black and white surfaces. In 1918, they were both in Zurich and they 

both sympathized with Dada movement: it was Tristan Tzara, the leader of the group, to perceive 

their communion of interests and to make them know each other. The agreement was immediate: it 

was born a deep and lasting friendship. For some years, they worked side by side, until the creation 

of the respective abstract films and Eggeling’s death, which happened no long after the official 

presentation of his movie. 

Although the consonance of goals between Richter and Eggeling was noteworthy, and it produced a 

long and fruitful collaboration, the two authors maintained a own sharp specificity: the work of the 

first one was oriented to the relation among surfaces, while the second one investigated essentially 

the interaction of linear structures. After the meeting arranged by Tzara, the two artists lived and 

worked together for three years. As we said, none of them two was born as a director e none would 

ever became it, in a strict meaning: their interest was not concerning cinema itself, but rather the 

possibilities it offered within their personal creative path. Anyway, soon they realized together that 

their works claimed, in a totally natural and spontaneous way, a peculiar quality: continuity. Thus, 

leaving behind them easel painting, their artistic research shifted on scrolls, whose considerable 

spatial extension, imposed a delayed – so, organized in time - fruition, allowing them to move 

toward an elementary form of chronological develop. In Ill. 2, we can see the median section of the 

first scroll elaborated by Eggeling, titled Vertikal-Horizontal Mass: of remarkable length, it is 

subdivided in more “moments” and in the picture here below finds place only the central zone. 

The logical rigour that already distinguished Eggeling’s mimetic works, knows here a more 

complete and systematic fulfillment, so much it becomes difficult to discern the aesthetic reflection 

accrued by the author from the art he materially realizes: Eggeling’s scrolls appear like complex 

exercises, articulated applications, of his theoretical analyses. In the scrolls, it is expressed, in a 

determined and pure way, the play of contrasts and analogies that was already recognizable in his 

first pictorial tries; here, this play is amended of naturalistic instances, and the painting represents 

nothing but its formal relations. In the case in point, what the work conveys is the graphic 

oppositions between the wide curved central surface (which, willowy, imposing and dark, overtops 

the composition, conferring organicity to the whole, almost like in an embrace) and the rectilinear 
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and rough-edge develops of the peripheral areas, wiry and quick in the top-right corner (a), full-

bodied and outspread in the zone above (d); while, in the left area of the section, overlapping 

angular structures instill, in the representation, a kind of develop in depth. Regarding the mentioned 

counterpointistic dynamics Eggeling prepared, since the first sight, we can realize how the 

opposition is sharp and patent between the masses laying horizontally on the right and the oblong 

verticalizing constructions on the left. Entering into details, you can notice the articulated play of 

recalls and repetitions; of symmetries, too. The wiry structure, in the top-right corner (a), recalls the 

one, composed of thicker lines, that arises within the central figure (b) and reflects itself in the 

construction on the far left of the section (c). The stripes in the right zone (d), recall the parallel 

straight lines construction which proceeds toward the center (e) and reflects itself, in turn, in the 

structure (f) placed above the black surface. The reverse-F figure (g) repeats itself two times in the 

white shape on the left, and two times, with some variations, in the black central shape – (h) and (i). 

Anyway, we believe that the most important element of the composition, regarding our interests, is 

another one: the linear comb-pattern crosses the composition, and just this crossing carries a 

principle of movement – so, a duration concept. 

Ill. 2 - Viking Eggeling – Vertikal-Horizontal Mass – Scroll painting - 1919 

In short, it didn’t take much in order that the two authors realized, in the end of 1910s, the necessity 

to move to the cinematographic medium; but, although their creative path which led them to film 

was almost necessary, at the times, their technical knowledge were nearly null. What surely they did 

not ignore was the huge costs which a film realization implied. The financial support of a wealthy 

neighbour, a bank employee named Lübeck, was providential, but it was enough to cover the  

needed expenses. Thus, Richter and Eggeling invested Lübeck's funds to start a, in a manner of 

speaking, promotional campaign: they wrote a little book, titled Universelle Sprachte, in which they 

defined the features of their poetic, and sent it to several influential personalities (Einstein among 

the others), asking them a help to convince the UFA, the biggest German cinematographic company 

of the times, regarding the validity of their project. And the campaign worked very well, since to the 

two authors it was granted an animation studios and a technician. 
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At this point, Richter and Eggeling clashed with – and it was inevitable – the constitutional 

difference of the two mediums: if one idea was effective in a static contexts, nothing could assure 

that it would had worked as well in a physically unfolded in time field, where came into play 

concepts like speed, duration and in which were implied relationships among elements which arose 

in different instants.7 Adaption difficulties were so considerable that Richter dropped the idea of 

employing the scrolls like a “script” for the film, and embarked, instead, in a completely original 

creation, based on the interaction of simple rectangular figures: the result was the famous movie 

called Rhythmus 21. Lawder describes it with matchless incisiveness and clarity: 

Richter created a work in which the contents were essentially rhythm, whose formal 

dictionary was elementary geometry, whose structural principle was the counterpoint of 

opposite contrasts, and in which space and time became interdependent.
 

[8] 

Eggeling, on the other hand, remained faithful to its presuppositions, and his film, titled Diagonale 
Symphonie, proceeds in evident continuity with his previous pictorial production: it consists of the 

cinematic translation of the namesake scroll. 

In this short film, you find again the comb-shaped constructions already met in the scroll Vertikal-
Horizontal Mass, but organized in accordance with a greater structural complexity [9]: 

programmatically disposed on the diagonals, the comb-patterns, this time, describe curves, besides 

straight lines. The curvilinear instance which, in the first scroll, was carried by the huge central 

figure, in the film is undertaken and expressed by the single linear structures. The cinematic 

principle here applied directly derives from the scroll paintings. The visual constructions are drawn 

before the spectator’s eyes – in real time, we should say today -, and, thus, the figures become 

elusive, they dissolves themselves to let their “progress” emerge better: expressive accent is shifted, 

in a systematic and radical way, to the relationships established among the different graphic entities. 

Movement, which in the scrolls you supposed was performed by spectator’s eye driven by the 

composition structure, here it comes to life, it rises to the status of active process and constitutional 

material principle of the work. In the film, the graphic patterns take turns, spring up and 

(cor)respond each other in the time domain, according to the usual counterpointistic relationships of 

contrast and analogy [10]; they unfurl and withdraw themselves with a metronomic cadenza, putting 

into action a kind of forms mechanic ballet. And even when the drawing fills up the entire picture 

(and, so, laying itself open to a certain constructive staticness), once more, attention is granted to 

the single moving parts, rhythmically orchestrated, which increasingly enrich the drawing in that 

given moment visualized, or promote its decomposition, depending on the case. 

It is of a fundamental importance noticing the following aspect. The graphic construction that 

represents composition leitmotif (Ill. 3), appears in the more fulfill form about on the fourth minute 

of reproduction; considering that the whole duration of the short film is not much longer than 7 

minutes, you can realize how the biggest and most complex drawing of the movie, appears in the 

central area of the work, like it happened, through different ways, in the scroll analyzed above. 
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Abstract. In our studies concerning Islamic domes we met the same kind of structural solutions 

as in some Italian architecture of the 12th century, in particular in the South and in Sicily. We 

will discuss the structural and historical implications of these findings, especially the 

interwoven arches. 

Research in well underway to assess written documented encounters of the two cultures. 
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1 Introduction  

 

 In June, 18th 827 Muslims landed in Mazara and from Sicily they declared jihad against the 

Byzantines; the war ended in 902 with the fall of Taormina [1]. Only 60 years later, another 

invasion arose in Messina, led by a Northern population, the Normans. In 11
th

 century, the Normans 

took control of the entire Sicilian land and of many part of Southern Italy: this domination did not 

involve Muslim cultural issues. Sicilian and South Italian religious buildings of 11
th

 and 12
th

 

centuries witness it. 

 The architectural language and the building techniques in use are the result of a mix among 

the different cultures of the Normans as committents, the local workers and the Arabs. The evidence 

of a massive Islamic influence is clear not only in the buildings but also in many figurative and 

ornamental elements. This paper will specifically take into consideration the interlaced arches, 

when used in simple configurations – as in the facades of the Cloister of Paradise in the Cathedral 

of Amalfi and of the Cathedral of Monreale –, in more elaborated configurations – like those 

characterizing the cylindrical crown of the bell tower of the Cathedral of Amalfi (fig.1) or the apse 

of the Cathedral of Palermo – and, eventually, in even more complex cases when the arches are 

interwoved in the two dimension to create a cupole, known as muqarnas – like in the dome of 

"Badiazza" in Messina or the church of Saints Peter and Paul in Casalvecchio Siculo. 
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Fig.1: the Cathedral of Amalfi. Highlight of the interwoven arches of the façade and of the bell tower. 

 

 

2 Morphological and constructive genesis 

 

 The formal composition of systems of interwoven arches can be analyzed under two 

points of view: the geometrical one and the structural one (fig.2). 
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 From a geometrical perspective, these decorative motifs are conceived through the 

compositional principles of symmetries: formal genesis begins by designing a model, which is 

repeated several times. The typical model is a zigzag band that, once mirrored, produces the 

interwoven system of arches. 

 The second way, the structural approach, is more interesting because is the real 

constructive mode to design these structures. 

 The interwoven system of arches is applied both to structural elements and to decorative 

elements to the structure, such as relief pilaster, pillars, columns, arches, big arches and 

vaults, pendentif and domes, which, beside the main structural function, mantain also a 

decorative purpose. These elements are built by means of bricks or stones, enriched 

sometimes by painted or multicoloured stone panels. These insertions articulate and vitalize 

the rhythm and succession of blind arches, highlight the relevance and allow a better 

comprehension of the Arabic influence in the motif of interwoven arches. [2] 

 

Fig. 2: the Cathedral of Amalfi and Villa Rufolo (Ravello). Geometrical and structural analyses. 

 

 

2.1   Systems of plain interwoven arches: the Cloister of Paradise and Villa Rufolo 

 

 To understand the functioning of the system of interwoven arches, bi-dimensional structures 

are the easiest case study to start with: facades, courts and porches are the best examples because 

the structure, which is mainly constituted by arches – blind ones in the case of facades –, is easily 

readable. 

 Two cases, different in shape but with the same project beneath them, are explained here: 

the Cloister of Paradise of the Cathedral of Amalfi and the court of Villa Rufolo in Ravello. These 

examples highlight modalities and building techniques. 

 In the Cloister of the Cathedral of Amalfi, known as the Cloister of Paradise, the rhythm is 

marked in four parts where each of them has to be repeated for three times in a row in order to 

produce a final effect of an overlap and, most of all, to achieve a real diminution of opening equal 

to a quarter of the acute arc of departure. This is the main aim of this building technique: to simplify 

the structure, which is highlighted by a light relief of the arches, and to lighten the elements by 

making use of more support. 

 The formal matrix of the villa Rufolo is different and more complex. It is a clear example of 

how to highlight structural elements by means of stone materials. The final project with interwoven 

arches shows many resemblances with that of the Cloister of Paradise of the Cathedral of Amalfi, 

beside the different light, which is now divided in three parts. 
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Fig.3: Cloister of Paradise (Amalfi). Compositional scheme. 

 

 

2.2 Systems of interwoven cilindrical arches 

 

 The same sequence of interwoven arches belongs also to cilindrical strucutres, as bell towers 

and absides, with a structural purpose. 

 It has to be pointed out that in cylindrical structures the arches are not plain but they adapt 

themselves to the surface. Far away from being irrelevant, this consideration is indeed fundamental 

since the domes own both types of arches: plains and cylindrical. Sometimes spherical arches are 

used as well: they are known, according to the history of architecture, as three-dimensional arches. 

 The cylindrical arches show similar procedures of realization compared to plain ones, even 

in the surface treatment, enriched by reliefs or marble slabs. They differ because of the rotation 

around the cylinder‘s axe in addition to the translation of the elements. 

 A typical example of this architeture is the Cathedral of Amalfi (1180-1276)‘s tower bell, 

where two similar types of interwoved arches are employed: the first, bigger for size, is located in 

the major tower junction, the second, visible in the smallest side tower, is placed inside one of the 

minor lancet arches (fig. 4). While the first system consist of 8 interwoven arches, the second one of 

only 4 of them [3]. 

 The plan scheme appears particularly interesting: as a matter of fact, if we consider only the 

supporting points of the arches and then draw some segments to link them together and to came to 

a grafo, what we get is the eight vertex star, a closed drawing that is typical feature orabian culture, 

in terms of structure and decoration (fig. 5). 

 The structural function of the arches is emphasized not only by means of clay ware brightly 

coloured in yellow and green but, most of all, by some openings, round shaped those on the upper 
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part while large and arch shaped those showing the bells from inside. The same technique is applied 

in the side towers where the three visible sides are meant to make more evident the great round arch 

openings. 

 

  
 

Fig. 4 Bell tower and 3D model 
 

Fig. 5 Graph of interwoven arches 

 

 

3 Arches supporting dome  

 

3.1  Medioeval period 

 

  The intersecting arches motif, surely pertaining to the Islamic culture, was in use in 

Sicily and Southern Italy even after the conquest of the Normans, although presenting various 

forms. The most interesting and complex adoption, both in structural and perceivable terms, is  

employed in sustaining domes. In Sicily there are examples of domes, described by the 

specialized literature, built through superimposed arches, like the muqarnas, the Arabic 

domes, similar from both a structural and a stylistic point of view. For instance, in the Church 

of Casalvecchio and in the Church known as the “Badiazza” in Messina, muqarnas are 

employed as transitional elements in their dome. 

 In Islamic architecture domes with intersecting arches are very frequent as they ensure a 

wide light roofing made with a structural and building system already known and highly 

practised. 
 

 
 

Fig.6 Castelvecchio Siculo Church of SS. Pietro e Paolo – Messina la “Badiazza” 
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In order to understand the structural function of these elements we have to look at the interwoven 

arches systems which support the domes.   

Schemes shown at fig. 7 are among the commonest within the Islamic architectural culture 

and are based, as it can be seen by the shadow, on square and octagon geometrical shape.  

The arcs systems, projected on the horizontal plane, form, very often, a regular star polygon. 

In these cases it is possible to express the intersecting scheme by the Schläfli symbol {p,q}, 

where p is the number of arcs and q-1 is the number of imposts "skipped" by the arc. With this 

notation, a set of n non-intersecting arcs is represented by {n,1}, the first and the last examples of 

fig.7 are {8,2}  and {8,3}, the big tower in the Amalfi cathedral (fig.4) is {8,3} and the small towers 

are {4,2}.The third example is given by the eight vertex star which is the most important within the 

Islamic culture.  
 

 
 

Fig.7 Interwoven arches schemes which support domes 
 

 These solutions can be found both in Western and Eastern Islam occasionally characterized 

by size difference of roofed areas (In the West are much smaller) and, as regards of the material 

employed, for the final plastering. In Cordoba the three schemes shown in fig. 7 are all employed in 

the Great Mosque and they can be also found in Iran, in Isfahan Bazar [4]. 

 In this structural systems each arch is contained in a plan that, with some exceptions due 

to technical reasons, is a round one, placed on the first third of the previous arch. In this way 

the model is statically correct because of the better resistance of the round arches, when 

loaded on each side. Conversely, lancet arches work better when loaded on the top. This 

feature is common in the Eastern culture where, in addition to the intersecting arches system, 

even more complex systems, which structurally recall muqarnas, are adopted. 

 

  
 

Fig.8 Bazar di Isfahan – cupola e schema degli archi  
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 Indeed, by analysing with more attention the structure of some domes of Isfahan Bazar, we 

realize that those which may appear like round arches are actually bend lancet arches so to stand on 

wall orthogonal one to the another. (fig.8) 

 Here, on each side of the domed area’s squared base stand eight arches that, by crossing one 

to another, form the octagonal impost of the upper small dome, opened in the middle by a circular 

hole. So, as it often happens in this kind of scheme, starting from the square base we came to the 

octagonal shape, and the arches system is employed to achieve the Dome.  

 

 

3.2 Italian Baroque 

 

 In Italian Baroque, domes composed of intersecting arches have been designed by Guarino 

Guarini, architect and Teatino priest. 

 

The architecture of Guarini was considered bizzarre (the term has been already used by educated 

travellers, when the works was in progress) and was set in use in Turin, an area, which is 

geographically far away from the lands once conquered by Arabians.  

Domes planned by Guarini from 1660s onwards are all arranged on the intersecting arches 

system as both the Central and the Apse domes of San Lorenzo Church in Turin clearly state. 

Indeed, these are both very close to the 12th century Armenian religious buildings. 

In these examples the infill areas between arches are very often perforated to allow the light 

inside. 

 

  
 

Fig.9 Yeravan’s dome and S.Lorenzo’s Dome 

 

 In the dome of a religious building in Yeravan, capital of Armedia, there is a dome that rests 

on six round arcs, partially perforated, with an hole in the central part .The impost is circular, unlike 

the other examples examined so far. It is, also for this reason, very similar to the dome of the apse 

of the San Lorenzo curch, that has been built in the same way, with the same geometries and the 

same technical solutions for the lighting.   

Here there is, very clearly, also the seed for the next and undoubtedly the most important 

Guarini's work: the dome of the Sindone chapel, whose arches rest on the keys of the underlying 

arches. It is clear that, in these two cases, the intersecting arches are no more a transitional element 

between the square and the circle, but they are a projectual and structural theme.  In the dome of the 
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Sindone chapel the structural system is complex and it is hidden behind a decoration made of 

Frabosa marble. We mention here an hypothesis about the origin of the formal model without 

penetrating the structural analysis.  

Probably the Sindone dome originates from some oriental models present in some cover of 

the islamic Iraq, made of muqarnas. Only in this region indeed there are perforated elements similar 

to the Sindone ones. (fig.10) 

 

 
 

Fig.10 Sindone's dome and mausoleo di Samarra 

 

 The utilization by Guarino Guarini of such an architectural model distant in geographical, 

historical and, most of all, cultural, terms represents a unique case in the Italian architecture history. 
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SOUND   TRAILS: 

WAVEFORMS   AND   INTERACTIVE   OBJECTS   INSIDE 

3-D   VIRTUAL   ENVIRONMENTS 
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Abstract. Sound visualizations can be done by software both for analytic and artistic purposes, 

in order to support message understanding and easier describe subtle qualities of sound. Many 

acoustic attributes can be visualized as frequency, phase, amplitude and spatial content of a 

sound. The authors present here some three-dimensional signal representations and discuss their 

advantages with respect to the traditional one-or-two-dimensional visualizations. They created 

interactive environment populated by geometrical objects which can be controlled at the same 

time in shape, size, orientation and color by several sound parameters combined together. 

Different sound analysis can be done, from physical to abstract level to mimic the human 

capabilities. 

 

Key words: sound analysis, visual art, 3-D virtual environments 

 

Mathematics Subject Classification:  Primary 97M80; Secondary 00A66. 

 

 

1 Introduction 

 

 Graphics and Multimedia are going to be important branches for applied Mathematics 

investigation, as well  as in cognitive Psychology for trans-modal research that aims to exploiting a 

certain modality of perception to recover inabilities or enhance the functioning of other modalities. 

Entertainment industries employ visual art to enrich acoustic communication, too.  

Multimodal codification of sound is in fact a good way to manage subtle sound aspects, having an 

increased awareness of hearing and better appreciate it, or simply catch the audience’s attention and 

avoid boredom.  

 

 There can be different kinds of sound visualizations: scientific sound analyses describe 

physical features as amplitude, frequency and phase. Sometimes they extract high level sound 

features as pitch and beat (a pulse of constant time expectancies), and plot the results on one or two 

dimensional graphs and not in real time. Each graphs describe only one variable over time, so many 
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windows have to be open to have a global sight of the phenomenon, that can become a problem in 

practical works. Scientific sound representations draw historic trace for the occurred sound, they are 

aimed at  providing clear and accurate descriptions but only expert users can appreciate them. 

  

 Other more artistic analyses operate in real time and offer three-dimensional representations; 

they can be exciting even for an inexpert audience, but they offer raw descriptions of sound. Rather 

they could be considered video entertainment with some, not clear, degree of sound interaction. 

We wonder why scientific representations are used to enhance global understanding and appreciate 

music instead of artistic representations is used to catch the listener’s attention? 

So our intention was to join together scientific and artistic sound representations to create some 

analysis tools incorporating aesthetic traits. We worked to get three-dimensional representation, 

supplied of historic trace of sound, showing low and high level features in a single tool. We think in 

fact that three dimensional graphs increase the amount of information coming from a single object 

and a historic trace is essential when comparing sound changes over time. 

We arranged the tools in a 3-D interactive environment, which can be explored either for scientific 

or aesthetic purposes.  

 This paper is organized as follows: Section two discusses about the visualization engine and 

some technical aspects of digital implementation. Section three describes the analysis tools we used 

and explains the structures for visualization. The last Section gives a general discussion about the 

results, suggests practical applications and further progresses of work. 

 

 

2 The Visualization Engine 

 

 The software we used for our work is called Pure Data, a real-time graphical programming 

environment for audio, video, and graphical processing. Using this software we created sound 

analysis by patching several DSP modules together. The Audioscape project
1
 is a set of libraries and 

Pure Data patches for the creation of virtual environments especially suited for audio interaction. 

Being heavily geared towards the organization of sound and signal processing in a virtual 3-D 

environment, Audioscape allows for the placement of sound sources, virtual microphones, and 

signal processors at specific coordinates in 3-D space [1, 2]. 

 In Audioscape, the sound processing entity is called soundNode, which exists at some 

location and have various parameters to aid in DSP computation. A soundNode has an input and 

output and can be connected to other soundNodes to create a chain of DSP computation.  

A soundNode can be filled with geometrical shapes and 3-D models, that are controlled only by the 

input signal; as a result we can provide individual changes for the scene objects connecting each 

different analysis to a different soundNode. 

 The historical trace of sound changes is obtained by soundLines that allow for the 

visualization of trajectories in 3-D space. A soundLine can be thought of as a fixed-length FIFO 

queue of connected vertices, which can be fed by the output of a generator. New points are always 

added to the front of the line until a maximum length is reached, after which the oldest vertex is 

pushed off with any new addition. 

 Finally, objects location and camera point of view can be controlled also by external input 

device with which the user can explore the environment and organize the scene as he or she prefers. 

 

                                                 
1 www.audioscape.org 
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3 Audio Analysis 

 

 Every measurement on digital audio signals deals with time frames of a fixed range of 

samples, typically a power of two. This introduces a delay of time between real sound emission and 

results. In interactive visual application the delay time is not perceived if it is shorter than 1/16  of a 

second (“Flicker fusion threshold”), that corresponds to buffer sizes up to 2048 samples with 

sample rate of 44100 samples per second. Besides representations of sound changes integrate signal 

values over broader ranges to create smoother flows that can be easily observed. 

 We made analyses on the physical level by measures about amplitude, frequency and phase 

content. With respect to the symbolic level we gave estimations about pitch, beat recurrence and 

spectral centroid. 

 

3.1 Analysis of Physical Features 

 

 For amplitude estimation we calculate both the peak amplitude, which is simply the greatest 

sample over the window of n samples, and the square root of the mean power (RMS), that is the 

effective sound value. These are important measures; in fact peaks that exceed 0 dB cause 

distortions and large differences between peak and RMS values are related to weak loudness of 

sound.  

 These features control the size of two concentric cylinders in the 3-D environment: the inner 

cylinder reacts to peak amplitude and results always higher than the external cylinder,  the height 

and width of which are controlled by RMS. 

 Each peak and RMS given value adds a point on a different soundLine that slowly move 

away from the cylinders. The part of the soundLine closer to the cylinder informs about the recent 

sound changes, the further part refers to past changes. 

 Peak amplitude soundLine is higher than the RMS soundLine unless of constant signals. 

Figure 1 shows the entire tool we created for amplitude analysis, on the left size are the cylinders. 

 

 

 

Fig. 1. Visualization of Amplitude Analysis 
 

 We did frequency estimation by using a bank of band-pass filters, each with a one-third-

octave width. Measures on logarithmic scales are preferred in audio analysis, as in the case of 

spectrum our perceptive system create classes of equivalence upon frequency ratios of 2
n
. Music 

application often uses spectrograms built on one-third-octave analyzers because this range is 

roughly near to the critical bandwidth for pure frequency discrimination [3].  
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 The final 3-D spectrum visualization (Figure 2) displays an ordered series of arrows which 

size and color reflect the spectrum energy of a certain frequency range. 

 Each arrow generates a soundLine by adding the current value to the moving line. 

 

 
 

Figure 2. Visualization of Spectral Analysis 
 

 In stereo signal phase difference between left and right loudspeaker provide a cue for sound 

localization. We built a “vectorscope tool” to estimate the phase difference between left and right 

signal. A vectorscope is a special type of oscilloscope, whereas an oscilloscope or waveform 

monitor normally displays a plot of signal versus time, a vectorscope displays an X-Y plot of two 

signals, which can reveal details about the relationship between these two signals. One channel 

drives the horizontal deflection of the display while the other drives the vertical deflection. A 

“monoaural signal”, consisting of identical left and right signals, results in a straight line with a 

slope of positive one. Any stereo separation is visible as a deviation from this line, creating a 

Lissajous figure. In our 3-D vectorscope X-Y axis describe phase difference and Z axis the time. 

 

 We created also a waveform representation that evolves in 3-D space according to the 

following Equation, where f(t) is the audio signal. In this way the listener can observe the flowing 

of sound without change his point of view. Figure3 shows the vector scope and waveform 

representations. 

 
 

 
 

Figure 3. Visualization of Phase Analysis (left) and Waveform on the Time Domain (right) 
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3.2 High Level Features Extraction and Graphic Structures 

 

 Algorithms that mimic human capabilities, take low level features and organize them in a 

similar way the perceptive system does. We used a pitch detection algorithm [4] and mapped the 

results to  control the waveform color so that low pitches draw blue waveforms and high pitches red 

waveforms.  

 The “spectral centroid” is the weighted mean of the frequencies present in the signal and is 

associated to sound brightness. A rich spectrum will give high values of spectral centroid, on the 

contrary a spectrum with few harmonics will give a centroid near to the fundamental frequency. We 

mapped spectral centroid values to the vectorscope line color, in the same way we did for pitch 

mapping. The listener can notice the difference between sound pitch and brightness by matching the 

two different colors and have a better consciousness of the relationships. 

 Beat extraction is the third high level analysis we employed. A regular beat is a mental 

representation of accents recurrence in the musical structure; most of the western music has a 

regular beat. The algorithm we used react to the onset of notes and create an adaptation to the 

rhythmic pattern [5]. Each beat recurrence cause the RMS cylinder to rotate around its vertical axis, 

with alternate positive and negative angular momentum. The result is the rhythmic rotation of the 

RMS cylinder 

 

 

4 General Discussion 

 

 In this work we created an environment for the visual experience of sound, in which 

scientific and aesthetic aspects are fused to offer a multi-modal perception and sound analysis 

instruments; we think we offer an easy and exciting way to have consciousness of hearing. 

 The historic trace provided by the instruments describes the relationships between different 

part of a message over time. This is important for musicians and technicians to better understand a 

particular kind of music and produce something similar [6]. We added a dimension more (3-D) 

respect to the traditional analysis tools, not only to create engaging figures but to increase the 

potential of information coming from a single analysis graph. While 2-D graphs can describe only a 

variable over time, our instruments can describe two or more variables (the color can be controlled 

too) over time. As a consequence we have a global sight of the phenomenon with a single window 

opened. 

 This environment can be explored and become a set for fictions and for entertainment, or 

simply to have a point of view to observe some tools together and have a global sight for the sound 

behavior 

 In future works we are aimed to create new instrument for analysis and new effects to 

increase the engaging power of the scene, we would like provide technicians with instruments for 

sound spatialization analysis that would move the objects on the virtual scene according to the 

source position in the real world. 
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THE   METALLIC   MEANS   FAMILY   AND   ART 

 

DE SPINADEL Vera W.,  (RA) 

 

 

1 Fibonacci sequences 

 

Let us recall that a Fibonacci sequence is a sequence of natural numbers determined by taking each 

number equal to the sum of the last two. For this reason, this type of sequences are called 

“secondary Fibonacci sequences”, to distinguish them from the ternary Fibonacci sequences, in 

which each term is a linear combination of the last three. 

 

Beginning with F(0) = 1; F(1) = 1, we have 
 

   1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, ... (1.1) 
 

where  
 

   F(n + 2) = F(n + 1) + F(n). (1.2) 
 

The Fibonacci sequence that obeys condition (1.2) may be generalized, giving birth to “generalized 

secondary Fibonacci sequences” (GSFS), 
 

       a, b, pb + qa, p(pb + qa) + qb, ... 
 

which satisfy relations of the type 
 

   G(n+1) = p G(n) + q G(n - 1) (1.3) 
 

with  p and  q natural numbers.  
 

From equation (1.3), we get 
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Taking limits in both members of this equation and assuming that lím
G n

G nn→∞

+( )

( )

1
 exists and is equal 

to a real number x (fact that we have proved in Reference [1]) we have 
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This means that  
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2 The Metallic Means Family (MMF) 

 

Let us put G(0) = G(1) = 1 and  consider different possibilities for the coefficients of equation (1.3). 

Then we define 

 

Definition: The Metallic Means Family is the set of positive eigenvalues of the matrix equation 
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Consequently, all the members of the MMF are quadratic irrational numbers that are the positive 

solutions of equations of the type 
 

   .0
2

=−− qpxx  (2.2) 
 

Let us begin considering the case where q = 1 in equation (2.2): 
 

   .01
2

=−− pxx  (2.3) 
 

Then, it is easy to find their positive solutions, looking for their continued fraction expansions.  

 

If p = 1, we have 1
2

+= xx  that can be written 
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Replacing iteratively the value of x, we arrive to the following infinite continued fraction expansion 
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a purely periodic continued fraction that defines the well known Golden Mean 
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If p = 2, we get the Silver Mean 
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Analogously, if p = 3 we get the Bronze Mean 
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For p = 4; the Metallic Mean  is 
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a striking result that is related to the continued fraction expansion of odd 

powers of the Golden Mean. As is easily proved, the following Metallic 

Means are 
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and so on. All the members of the MMF that satisfy the quadratic equation 

(2.3) are of the form

[ ]n  , a purely periodic continued fraction expansion. 

 

Instead, if we consider the quadratic equation 
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2

=−− qxx  (2.6) 
 

for q= 1 we get again the Golden Mean. If  q = 2, we get the Copper Mean 
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If q = 3 we get the Nickel Mean 
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another periodic continued expansion, but not purely periodic. In a similar way, we obtain 
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3 System of proportions 

 

The Golden Mean
2

51+
=φ is linked to the pentagonal symmetry since it is the value of the 

diagonal of a regular pentagon of unitary side. Besides, as it is shown at Fig. 3.1, there exist some 

some interesting relationships which involve not only the Golden Mean but also its powers. 

 
 

Figure 3.1 

 

These golden divisions determine the proportions of the beautiful mask designed by Hermes 

(Medusa), which is shown at Fig. 3.2. It is a Roman relief in marble, reproduced taking the Greek 

original dating from the first century BC and can be admired at the Glyptothek in Munich, 

Germany. 
 

 
Figure 3.2 
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Innumerable are the references to the appearance of the Golden Mean φ  as a base for the system of 

proportions adopted by ancient cultures in their constructions as well as in the proportions of the 

human body. Among the many authors who have investigated this subject, we have to mention 

Matila Ghyka [2], [3] and [4], H. E. Huntley [5] and Theodore Andrea Cook, whose book [6] 

published in 1979, is a reprint of the original one published in 1914 by Constable, London, 

England. 

 

 

4 The Golden Mean in classical European music 

 

Let us return to Fibonacci sequence 1, 1, 2, 3, 5, 8, 13, 21, … The intervals 2, 3, 5, 8, 13,  appear in 

the most important chords in the diatonic gamut. Assigning the “major chord” to the ratio 5/8 and 

the “minor chord” to the ratio 3/5, it is possible to generate the following sequences of major ratios 
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which converges to 1/φ  and the one of minor ratios 
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which also converges to 1/φ . Every term of (4.1) is greater than 1/φ  as well as every term of (4.2) 

is smaller than 1/φ . It is easy to prove that the members of the sequence obtained by combining the 

two previous ones 
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are the rational approximants of the continued fraction expansion of 1/φ  
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Moreover, as Gustav Ernst noticed in a communication he made at the Musical Association on the 

20
th

 January 1903, in Beethoven sonata No. 7, the relation between the length of the exposition and 

the rest (development and recapitulation) has the value 5/8. The same happens with some Haydn 

symphonies (e.g. the first movement of Symphony No. 13 in G Major) as well as with Mozart 

symphonies (2
nd

 and 4
th

 movements of the Symphony in G Minor). Even modern composers like 

the Hungarian Béla Bartók based the entire structure of his music on the Golden Mean and the 

Fibonacci numbers. The Hungarian musicologist E. Lendvai [7] found that in his famous Music for 

chords, percussion and celesta, Bartók used the Fibonacci numbers to determine the lengths of the 

different sections.  

 

One may doubt about the relevance of a mathematical structure to support a musical composition, 

but it is only necessary to hear the accumulated emotional power of the fugue, its perfect 

equilibrium and symmetry to notice how Bartók loved symmetry and was able to transform 
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symmetry into a powerful musical expression. The total length of the fugue is 90 compasses and is 

divided in 55 plus 34 by the climax. The first 55 compasses are divided in 34 plus 21 by the 

suppression of the sordine and the entry of the tymbals. The last 34 compasses are divided in 13 

plus 21 by the reposition of the sordine and the last 21 compasses are divided in 13 plus a texture 

change and so on [8].  

 

 

5 The Silver Mean and the Roman system of proportions 

 

The key to understanding the Roman system of proportions is a geometrical construction depicted 

in Fig..5.1a, called the “sacred cut” by the geometer Tons Brunès [9]. As it is easily proved, the 

sacred cut reduces any length by a factor of 2/1  and four sacred cuts form the vertices of a 

regular octagon (Fig. 5.1b). 

 
Figure 5.1 

 

The architect Kim Williams considers that Renaissance architects paid great attention to different 

systems of proportions. As part of her research on pavements, she surveyed the famous Medici 

Chapel designed by Michelangelo in Florence, Italy [10]. A view of the interior of Michelangelo`s 

Medici Chapel is shown in Fig. 5.2 (Photo: Fratelli Alinari, Alinari/Art Resource, NY).     
 

 
Figure 5.2 
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Her careful measurements revealed a geometric system based upon the irrational number 2 , which 

may have been used to generate rational proportions in determining architectonic dimensions. The 

pavement of the Medici Chapel is composed of nine fields of checkerboards of gray and white 

marble tiles, as can be seen in Fig.5.3 left. The sacred cut proportions in the pavement of the chapel 

indicates the geometric clue related to the diagonal of a unitary square. The dotted lines in Fig. 5.3 

right are traces of four arcs struck during the construction of the sacred cut.  

 
Figure 5.3 

 

Indeed, the Roman system of proportions is based on the Silver Mean 21+  that will be denoted 

by θ  for simplicity. This irrational number is linked to the octagonal symmetry since it is the 

second diagonal of a unitary octagon (Fig. 5.4). 

 

 
Figure 5.4 
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As the mathematician Jay Kappraff stated in 1996 at the conference Nexus `96: Architecture and 

Mathematics, that took place at Fucecchio (near Florence), Italy [11], the Roman system of 

architectonic proportions is based on three sequences involving the Silver Mean as well as its 

powers  
 

2  2θ   2θ
2
  2θ

3
  .... 

  2   2 θ   2 θ
2   

 2 θ
3
 .... 

1  θ   θ
2
  θ

3
  ....   

 

or alternatively three integer sequences approximating these irrational values: 
 

   2  4  10  24  58 .... 

  1  3  7  17  41  ....           (5.1) 

 1   2  5  12  29  70 ....   
 

Besides, Donald and Carol Watts, a married couple of American architects, have carefully studied 

the ruins of the Garden Houses of Ostia, the port city of the Roman Empire and found that they are 

organized entirely by the irrational proportion system or its integer approximations [12]. They were 

so enthusiastic with their findings that in 1988 they designed and constructed their own house in 

Manhattan, Kansas, U.S.A. [13]. Analyzing these applications of the Silver Mean for an 

architectonic system of proportions, we have found [14] Silver rectangles in the constructive 

scheme the Watts used in their investigations about the geometric design properties [Fig. 5.5]. 

 

 
 

Figure 5.5 

 

 

6 Metallic spirals 

 

The well known “Golden spiral” satisfy some interesting properties. For example, when the spiral 

is inscribed in a rectangle of sides 1 and φ , that is, a rectangle which surface is equal to φ   (Fig. 

6.1), its length is equal to a )1(
2

φ+
π

. 
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Figure 6.1 

 

Introducing some modifications in the constructive process of this spiral, we have obtained other 

spirals associated to the members of the MMF which have a purely periodic continued fraction 

expansion.   

 

Let us begin with a silver rectangle, which sides are 1 and θ . Inside the first silver rectangle ABCD 

of Fig. 6.2, the rectangle EBCF is another silver rectangle. 

 

 

 
Figure 6.2 

 

If we perform a 90º rotation with centre F, we obtain another silver rectangle IFGH, and so on.  

This spiral is formed by the addition of circular arcs, each of which is inscribed in similar 

rectangles. The lengths of the sides of the rectangles form a geometric sequence of ratio 2−θ : 
 

( ) ( ) …,2,2,2,1
32

−θ−θ−θ  
 

Naturally, the sequence of the lengths of the arcs is also a geometric sequence of ratio 2−θ . Being 

this ratio less than 1, we may find the total length of the Silver spiral as the sum of this infinite 

geometric series: 
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Furthermore, if we sum the surfaces of all the shaded rectangles, we obtain 
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Starting with a bronze rectangle and proceeding in a similar way, we get a Bronze spiral:  
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Figure 6.3 

 

In this case, the total length of the spiral is equal to 
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And the sum of the surfaces of the similar shaded rectangles is equal to  
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In such a way, we have created a family of Metallic Spirals with the common property of having its 

total length equal to the amplitude of the arc multiplied by 1 plus the Metallic Mean, being this 

mathematical characteristic independent of the amplitude of the arc. In all cases, the surface of the 

similar shaded rectangles is equal to the corresponding Metallic Mean [15]. 

 

It is interesting to mention that many sea animals have a shell which, normally, is an exterior one 

like in the cases shown in Fig. 6.4: Neverita Josephinia and “sea ear” at the left and Nautilus and 

Argonaut at the right. 

 

          
Figure 6.4 

 

Sometimes, this shell is an internal one or has disappeared, like in the case of the cephalopods. The 

Nautilus is a very special sea animal because it is the only cephalopod with an external shell. It was 

a very common sea animal in the Paleozoic Period. Nowadays, there exist only four types of 

specimens at the Pacific Ocean and the Indic Ocean. A marvelous example of the Golden spiral is 

precisely found in the form of the Nautilus shell, being one of the best examples of the presence of 

mathematical elements in Nature that indicate a remarkable harmonic growth. Notwithstanding, this 

fact is an exception because if one considers the shells of other sea animals, it is possible to find 

spirals similar to the corresponding to the Nautilus, more or less rounded but with ratios smaller 

than the Golden Mean φ . In 2005, C. Falbo from the California Academy of Sciences of San 
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Francisco, USA, analyzing the shells of the Nautilus Pompilius, found ratios varying from 1,24 to 

1,43, with a mean equal to 1,33 [16].      

 

Finally, in the field of architectonic design, it is interesting to mention the building Spiral, designed 

in 1985 by the Japanese architect Fumihiko Maki in Tokyo, Japan [18]. Maki won the Pritzker Prize 

in 1993 and in his building Spiral, he has used the geometric characteristics of this curve which is a 

symbol of two main concepts: the fragment and the unattainable centre (see Fig. 6.5). The curve is 

an evocation of the two spirals found in Kyoto, at the famous Ginkakuji Temple (Silver Pavilion) 

1338-1573 and Kinkakuji Temple (Golden Pavilion) 1398, reconstructed in 1955. Even when these 

denominations of Silver and Gold have a religious and historical meaning, certainly this building is 

a good example to instigate the use of metallic spirals in design, let it be as plane curves or as 

metallic helicoids.  

 

 
 

Figure 6.5 
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Abstract. The beginning of the XX Century marks revolutionary changes in our perception of 

the World. On one side the Theory of Relativity substitutes a single four-dimensional entity, a 

dynamical SpaceTime, in place of separated and rigidly fixed three-dimensional Space and one-

dimensional Time. The velocity of light (in vacuum) becomes an unpenetrable barrier and all 

physical interactions have to propagate at lower speeds. On the other side new technological 

devices contribute to reduce distances in Space and Time. These revolutions put motion and 

velocity at the centre of attention. Across this period, exactly hundred years ago,  Art develops 

the movement of Futurism, aimed at introducing dynamism in the artistic production. The recent 

developments of Digital Photography, through the technique known as “painting with light” and 

generating variations of the same basic ideas, have refreshed the spirit of Futurism. In this paper 

we shall shortly discuss these new ideas in connection with Bragaglia’s definition of “algebra of 

movement”. 

 

Key words. SpaceTime. Digital Photography. Higher-Dimensional Geometry. Algebra of 

Movement 
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1 Introduction 

 

1.1 From Physics to Futurism 

 

At the beginning of the XX Century a number of new scientific and technological discoveries 

changed our perception of the World. Among them the Theory of Special Relativity (1905) and the 

Theory of General Relativity (1915-1916), both formulated by the German scientist Albert Einstein 

in his strenuous effort to describe on a single base the electromagnetic and the gravitational 

interactions. In the Theory of Special Relativity [1] Einstein considers the electrodynamics of 
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moving bodies and shows how the constancy of the velocity of light in vacuum, together with its 

independence from the motion of the sources, requires a new conception of simultaneity and the 

mathematical structure of a new Geometry, in which a continuum SpaceTime – Minkowski 

SpaceTime, in fact – is the arena of light propagation. Light moves following straight lines that are 

everywhere tangent to a family of  “light cones” that, in a sense, separate at each point the past and 

the future of each observer. A new algebra of transformations – called the “Lorentz 

Transformations” – interchange Space and Time, that are defined separately and independently by 

each single observer. While Future and Past remain absolute notions that cannot be mixed for each 

single observer, the relative distance in Time of two events observed in the future (or two events 

observed in the past) is no longer fixed but depends on the choice of another observer. What is 

contemporaneous for one, can be no longer contemporaneous for another observer (see [2]). 

General Relativity will go well beyond [3] and will replace the “flat” SpaceTime of Minkowski 

with a curved SpaceTime, the curvature of which will not be given a priori but rather it will be 

driven by the distribution of masses. SpaceTime itself acquires a dynamics of its own; light will 

follow curvilinear trajectories and Euclidean Geometry – that dominated until the XIX Century as 

the unique way of measuring “physical reality” – will be definitely replaced by a non-Euclidean 

Geometry.  

Coming back to the “annus mirabilis” 1905, we have also to mention the precursory work made by 

Einstein in that year on the photoelectric effect, destined to open up the way (after 1920) to the 

rapidly evolving field of research that will be collectively called “Quantum Mechanics”, whereby 

certainty will be subtly replaced by probability, because of Heisenberg’s “principle of 
indetermination” (see [4]). And also in 1905 Einstein created the bases of new studies on the way in 

which “order emerges from chaos”, starting from Brownian motion of molecules suspended in a 

fluid. 

Einstein’s revolution was in a sense a revenge of Time and Dynamism against Space and Staticity, 

as well as it was a revenge of light as a universal phenomena to cope with whenever one has to 

speak of causality and contemporaneousness. Guillame Apollinaire declared in 1913: “Today 
scientists no longer limit themselves to the three dimensions of Euclid. The painters have been led 
quite naturally, one might say by intuition, to preoccupy themselves with the new possibilities of 
spatial measurement which, in the language of modern studios, are designated by the term: the 

fourth dimension.  Regarded from the plastic point of view, the fourth dimension appears to spring 
from the three known dimensions: it represents the immensity of space eternalizing itself in all 
directions at any given moment. It is space itself, the dimension of the infinite.” 

 

Fig. 1 Generation of Light Waves, photo by Marcella Giulia Lorenzi 
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From the side of Mathematics there was also a further revolutionary idea around the change of 

Century: continuity and dimension may be different from the notions that resisted since the time of 

Greeks. Can a line in the plane fill up large portions of that plane…? Does a closed line in a limited 
portion of the plane have necessarily a finite length…? The first question – whose apparent answer 

is “no” – has in fact a positive answer. The Italian mathematician Peano defines a continuous curve 

through an iteration procedure; the “limit” of this iteration family of curves, nowadays called 

“Peano Curve”, will eventually fill up a square in the plane; a one-dimensional curve (with an 

infinite length) will continuously fill up a two-dimensional portion of the plane. The second 

question – whose apparent answer is “yes” – has in fact a negative answer. Koch will in fact define 

– with an analogous “snow-flake” iteration procedure – a compact continuous curve, nowadays 

called the “Koch Curve”, with an infinite length.  

It is the birthday of so-called “fractals”, self-reproducing objects at smaller and smaller scales (see. 

e.g., [5]), that will eventually oblige mathematicians to rethink about the very notion of dimension, 

introducing all possible intermediate dimensions between the finite ones we are usually ready to 

accept. Fractals have at the same time an ordered and a chaotic behaviour; their structure is “self-

similar”, in the sense that they present at lower scales exact reproductions of patterns that are 

recognizable at larger scales. As a kaleidoscope seen by more and more precise microscopes (see 

also the Lecture of D. Velichova in these Proceedings; [6]). 

 

     

 

Fig. 2 Left: Passage in SpaceTime; right: Photodynamism of a Limo in Niagara Falls; 

photos by Marcella G. Lorenzi 

 

 

1.2  The Art of Space and Time 

 

The change of scientific vision - from flat to curved, from single absolute entities to “manifoldness” 

(i.e., the property of being a global object obtained by gluing together local pieces), from 

continuous to discrete, from order to chaos, from the geometry of rigid forms to the topology of 

plastic forms – was followed in parallel by new and revolutionary ideas in Art. The rigidity of an 

absolute Space with a fixed Euclidean Geometry had already been destroyed by Impressionism, in 

the search of more emotional paintings reflecting what the eye sees rather than what the eye is 

“pretended to see” (see [7]). Picasso had already introduced the idea that a painting might reflect 

more specific and single viewpoints on a subject all collected together in a single canvas ([8]); 

images of the same subject taken from different perspectives superimposed one to each other in a 

single piece of Art. Cubism destroyed central perspective by replacing it with a “multicentral 
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perspective”; the artwork becomes a manifold, in which separated spatial perceptions are 

represented altogether and accurately glued. Guernica, for example, as well as many other artworks 

of that expressive line. See [9] for a further discussion of these points. 

In the meantime, also Technology was rapidly changing the World. New devices and 

communication means such as the wireless telegraph, radio, airplanes and cameras were also 

contributing to a completely new and revolutionary change of perspective about distances and 

Time, contributing to getting nearer to faraway pieces of our Planet. The World was being crossed 

by a new cultural wind, bringing into mankind’s consciousness the new reality of “velocity”: 

velocity in the production of manufactured goods, velocity to reach a faraway destination and 

velocity to communicate news by means of new technologies.  

Photography was already a well established technique, but at the time it was just able to capture into 

a single image a precise instant of time. Cinema was beginning to develop, thus giving motion to 

pictures. The idea was very simple: take a number of fixed images corresponding to sufficiently 

near instant of times during a motion, collect them linearly into a single film and then reproduce it 

at a velocity suited to create, through the mechanism of vision, a virtually continuous movement 

formed in fact by a discrete set of frozen images. Clearly this was an illusion of movement. As 

Dziga Vertov wrote in 1923: "I'm an eye. A mechanical eye. […]. I'm in constant movement […] 
Freed from the boundaries of time and space, I co-ordinate any and all points of the universe, 
wherever I want them to be". 

In the first quarter of the XX Century this great evolutionary phase put the whole world of Art, 

Science and Culture under the stimulus of several important factors: wars, social transformations, 

political struggles and changes, new scientific and technological discoveries. New spaces, new 

Technology, new Science were contributing to make the Future something less remote and more 

directly perceived in the collective imagination. 

 

 

1.3  The Birth of Futurism 

 

Exactly one hundred years ago (Milano, 1909) the “Futurists” had thence a new artistic vision. As 

we already said in [10] they aimed to create imagery containing and expressing “movement“. 

Traditional Art had all but ignored movement in its earlier depictions, but now the Futurists wanted 

to make it central to their work. The “Futurist Manifesto” was published by the Italian Poet and 

Editor Filippo Tommaso Marinetti in February 1909 [11] and when a French version was finally 

published by “Le Figaro” in Paris, Futurism reached the highest possible international footlights. 

We read in it: “All things move, all things run, all things are rapidly changing. A profile is never 
motionless before our eyes, but it constantly appears and disappears”. Futurism was officially born 

(see [12],[13] for further details).  Futurists explored all possible forms of expressive Art (Painting, 

Sculpting, Music, Architecture, Dance, Photography and Cinema) and followed the rapidly 

spreading wavefront of the technological revolution of the Belle Époque, by exalting an unlimited  

confidence in “progress”.  

Futurism was in a sense influenced also by the new ideas that already changed “traditional painting“ 

in the XIX Century and across the new Century. Divisionist painters had already begun 

investigations regarding Optics and the Physics of Light; some of them (Umberto Boccioni, Carlo 

Carrà, Giacomo Balla, Gino Severini and Luigi Russolo) signed the “Manifesto” that established 
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the main rules of Futurist painting. One leading idea was also to abolish the traditional perspective 

(as it was already begun by the Cubism of Pablo Picasso) in favour of a “simultaneous vision” able 

to capture dynamism. In this way an extra temporal dimension would be added to the artwork. In 

a sense, the idea was to use all images that formed a movie and superimpose them into a single 

object, so to allow the eye to see at once all images that altogether would form the linear film in 

which motion is embedded. In other words, insert and compress Time into the two-dimensional 

canvas (or into the three-dimensional sculpture), so to oblige the mind to reconstruct Time and 

motion from a single impression. Futurism introduced an “Aesthetic of Velocity”. 

 

 
 

Fig. 3 From Futurism to Digital Futurism….. – images by Balla, Doble and Lorenzi 

 

As far as the style of Painting is concerned, Futurism – as we said already in [10] - was mainly 

based on the post-Impressionist idea of “Divisionism”, suitably re-elaborated in order to depict 

more expressive space that contained velocity and simultaneity. The Cubist principles of 

decomposition of forms along different visual planes to be displayed altogether were also among its 

leading ideas; the pictorial surface is in fact split into multiple planes, each one registering a 

different space perspective.  

There are however crucial differences both with Cubism and with Impressionism. While in Cubism 

this decomposition makes it possible to represent and imagine a static three-dimensional subject as 

embedded into a space containing a fourth dimension, this extra dimension is again of spatial 

character (the painter shows in fact different aspects of it, as seen from different views at the same 

instant of time) in Futurism a real SpaceTime appears and the decomposition is suitably used to 

embed a three-dimensional object into a four-dimensional continuum formed by Space and Time 

together, since images taken in different instants of Time are depicted altogether in a canvas or 

reproduced in a Sculpture or set into a Photograph. On the other hand, also Impressionists were 

looking at something freed from staticity and cared about the evolution of the image described; 

nevertheless, they were more concentrating on the need of “capturing the moment” (in the sense of 

freezing on the canvas a luminous, unique and never returning instant of time), while the Futurist 

were instead moving in an opposite direction: they tried to embrace into a single artwork not a 

single shot, but rather the motion itself, representing it with a great emotional impact as being 
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formed by a continuous sequence of movement. Quoting from Boccioni: “I want to synthesize the 
unique forms of continuity in space.” 

Futurism gave its best results in all artistic expressions related to Painting, Mosaic and Sculpture, 

but it had also strict relations with the new possibilities offered by Photography. In this paper we 

shall try to show how the modern techniques of Digital Photography allow us to revitalize and 

refresh his leading ideas. 

 

 

2 Futurism and Photography 

 

2.1  The “Algebra of Movement” 

 

Among Futurists the photographer Anton Giulio Bragaglia wanted to create the same kind of 

imagery based on direct observation of the real World. He took photographs using slow shutter 

speeds to record people in motion. Crucial to his research was the notion that an Artwork should 

show the continuity of motion, a picture of a subject over a period of Time, rather than a series of 

still sharp images taken in sequence. This type of Photography was called by him 

"Photodynamism". The new “Manifesto della Fotografia Futurista” [14] by Marinetti and Tato 

(1930) declared that traditional Photography as “Science” was going to become “pure Art”, through 

a series of new composition possibilities, related to a new way of perceiving the contemporary 

reality; C. Tisdall and A. Bozzolla claim in [15] that "Bragaglia... was attempting to liberate the art 
of photography from the slavish imitation of reality to which it had been relegated“. 

 

 

 

Fig. 4 “Fotodinamismo Futurista”, by Anton Bragaglia 

 
 

Fig. 5 “The Slap”, by Anton Bragaglia 
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Anton Giulio Bragaglia declared also that he wanted to construct an "algebra of movement." In 

a suitable sense, this was a way to insert into Art (and Photography in particular) the potentiality of 

the “Group of Rigid Motions“ of Euclidean Space, i.e. to fix in the artworks the rotations, the 

translations and their infinite combinations. This is why in the Futurist paintings straight lines and 

circles form a substantial core of the imagery, further helped by the sapient use of the “extra 

emotional dimensionality“ offered by the use of bright colours. Futurist painters begun to work on 

this idea of Bragaglia. On the wave of Relativity they introduced, for example, their own concepts 

of "absolute" and "relative" motion: "absolute" movement was the general overall direction that a 

subject was moving toward, while a "relative" movement was the internal movement of the subject, 

thus independent of the absolute movement. In this way – as already claimed in [10] - they were 

unconsciously approaching a form of Generative Art in the sense of [16]: how the Art is made, not 

taking into account why it was made or what the content of the artwork is; Artworks, in Generative 

Art, can be identified in the creative processes and not only in the results, endless variations of the 

same subject and idea. 

 
 

Fig. 6 “Big Bang“, photo by Marcella Giulia Lorenzi 

 

 

2.2 Digital Photography and “Painting with Light” 

 

The technology of Digital Photography, i.e. the use of Digital cameras, allows a great variety of 

new capabilities letting artists to pick up where the Futurists had to stop because of the lack of 

instruments. As first claimed by one of us (RD) Digital Photography can draw on the ideas, 

concepts and vision of the Futurists to bring this new imagery into being: “Photography may be the 
visual Art best suited to creating still images of subjects in time. This is because a photograph is 
made by recording an object (via the lens) over time (by opening the shutter for a specific 
duration). Therefore, a photographic exposure is a combination of space and time, a recording of 
space and time“ (see [17], to appear). As is well known, the word “photography“ comes from two 

Greek words, Photos (light) and Graphos (writing, painting), so it means “drawing with the light” 

(as we recalled in [18]:  “Photography is not about objects or people or scenery, rather it is about 
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how the light reveals those things. The action of light on a light-sensitive material (film or 
electronic devices) creates the image. An object can be lighted so that it almost disappears or so 
that it is virtually three dimensional“). The technique known as “Painting with Light” (see [19]) is 

in fact a Generative Art process, as it was first claimed in [18]. In our previous paper [18] we 

related “Painting with Light“ with the revolutions of XX Century mentioned in Section 1, while in 

the recent paper [10] we first discussed its relations with Futurism in particular. We claimed there 

that: “to photograph a space/time image is quite complex. For example, the correct shutter speed to 
depict motion varies considerably depending on the motion of the subject and the artistic intentions 
of the photographer. In addition there are many other variables to movement“. 

 

 

2.3  The Algebra of Movement Revisited by “Painting with Light” 

 

Digital photographers interested in the depiction of movement have recently tried to add new 

impulse to the Futurist idea of an “algebra of movement”. As we already pointed out in [10], the 

craft of Photography defines two fundamental kinds of movement: “subject movement” and 

“camera movement”. This idea makes use of the existence of two “frames of reference“, one in 

motion with respect to the other. In  the “subject movement” the camera is held fixed, while the 

subject moves around; “camera movement” corresponds to interchanging the role of the two 

frames, shooting multiple images of a fixed subject by means of a moving device. In this second 

case the artist creates his own image by cleverly choosing the motion of the camera. A third kind of 

movement can be also added, which is nothing but the combination of subject and camera 

movement (e.g., the panning of a camera with a moving subject); in this last case both frames move 

around and the artwork becomes an “algebraic combination“ of two (rigid) motions.  

 

 

 

Fig. 7 The “Relative Movement of the Wheels” is clear in this shot,  

photo by Rick Doble 

According to [17] the Futurist's notion of absolute and relative, movement forms part of subject 

movement and it works very nicely with other photographic considerations when it comes to taking 

pictures of a subject in motion. In the recent paper [10] we have already discussed the further ideas 

put forward by one of us in [17] about further aspects of subject movement. We shall shortly recall 

them hereafter, referring the reader to [10] and [17] for deeper details. 
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Fig. 8 “Le mani del Violinista”, by G. Balla;  

right: “Violinist”, subject movement, photo by Rick Doble 

 

As far as “subject movements“ are concerned we might have: a) Regular movements (objects 

move at a fairly steady pace in a predetermined direction); b) Predictable movements (less precise 

than regular movement but still predictable: as an example, an inertial motion or a repeatable 

motion formed by regular motions in different pieces); c) Irregular movements (movements that 

repeat in an irregular fashion, but “almost predictable“ so that, after a while, a photographer might 

gain a sense of how that particular motion is likely to continue); d) Erratic movements (completely 

chaotic and somehow fractalized).  

 

          

 

Fig. 9 Left/right: Photodynamic portraits of Dee Dee Bridgewater singing and dancing with a green fan 

during a Jazz concert. Photos by M.G. Lorenzi 

 

As we said above, “camera movement“ is what can be truly called ”Painting with Light”; it 

corresponds in fact to the creative way in which motion is inserted in the artwork from the 

photographer’s point-of-view and is not already present in the subject chosen. This type of imagery 
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is essentially a new Art form born with the advent of Digital Photography and it leads to “dynamic 

abstract imagery“ very similar to the abstract work of the Futurists.  

 

 

 

Fig. 10 “Shot Through Windshield in Rain”, camera movement,  

photo by Rick Doble 

Finally, the combination of camera and subject movement together add powerful techniques and 

provide considerable individual artistic control in the depiction of movement, helping to record the 

most dynamic imagery where the world seems to be rushing to fill the picture. 

 

 

 

Fig. 11 “My Wife Driving”, subject and camera movement combined,  

photo by Rick Doble 

 

 

2.4 A few Notes about the New Digital Photographic Capabilities 

 

The new technical capabilities of Digital Photography allow the modern photographic artist to make 

use of all of these ideas about movement in a way that the Futurists could only dream about in the 

first half of the XX Century. They have been already described in detail in [17] and summarized in 
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[10]; we shall here limit ourselves to a brief account: 1) LCD Monitor (the instant image on the 

LCD monitor gives digital photographers the essential tool they need); 2) Low Cost (taking 

pictures of movement, by necessity, requires a lot of test shots and trial shots); 3) Stabilizing 

Control (the new stabilizing feature on most digital cameras allows photographers to handhold 

shots at very low shutter speed such as 1/2 second with no camera shake); 4) EXIF Data (the EXIF 

exposures data that is recorded by most digital cameras and embedded in the photographic image is 

also important to let the photographer go back and review the settings); 5) Expressive Control: 

(while Digital Photography is a technical craft, it is also an expressive medium; the world in motion 

can be both accurately recorded and also depicted in an expressive and individual manner).  

 

 

 

Fig. 12 Left: Painting “Dynamism of a Car”, by Russolo; right: “Photograph Inspired by Futurist 

Imagery”, photo by Rick Doble 

 

 

3 Conclusions 

 

The tool of Digital Photography - and especially the technique known as “Painting with Light“ – 

allows the quest for true images of continuous motion to begin again and take a fresh new impetus. 

Climbing after hundred years the shoulders of Futurists – as Newton did with the Greek scientists 

and Einstein did more than three centuries later with Newton’s and Galilei’s ones - a new 

generation of artists in the XXI Century armed with the technology of Digital Photography will be 

able “to give a future to Futurism“ (see [10]). As one of us (RD) wrote in [17]: “The world is 
always in motion. Children, traffic, airplanes, football players, dogs in the park, the family at the 
dinner table, dancers, people who gesture when they talk, trees in the wind, and thousands of other 
things move. In fact, the real world is in motion all of the time. As a doctor once explained, if a 
person is alive, they are moving and - he added - a complete lack of movement is a sign of death! 
So, a photograph that can capture and convey a sense of this movement can be powerful. People 
and objects (such as cars or trains) in motion can create a dramatic streaking effect not unlike a 
painter’s brush that is swept across a canvas. With bright colors, the effect can be quite painterly”. 
As Einstein wrote in one of his famous phrases: “Where the world ceases to be the scene of our 
personal hopes and wishes, where we face it as free beings, admiring, asking and observing, there 
we enter the realm of Art and Science”. 

 



 

 

 

Aplimat – Journal of Applied Mathematics 

 

  volume 3 (2010), number1 
 

 

76 

Acknowledgements 

 

Work performed under the Auspices of the European Project SCIENAR - G.A. 2008-2254/001-001 

CTU MECOAN.  

 

References 

 

[1] A. Einstein, Zur Elektrodynamik bewegter Körper, Annalen der Physik, 1905 - On the 
Electrodynamics of Moving Bodies, in: The collected papers of A. Einstein, John Stachel 

Editor (1989), pp. 276-295 

[2] M.G. Lorenzi, L. Fatibene, M. Francaviglia, Più Veloce della Luce: Visualizzare lo 
SpazioTempo Relativistico, Centro Ed. e Librario Università della Calabria (2007), 80 pp. + 

DVD-Rom; ISBN:  88-7458 067-3; Faster than Light: Visualizing Relativistic Spacetime, into 

the quoted DVD-Rom (2007) 

[3] A. Einstein, Die Grundlage der allgemeinen Relativitätstheorie, Annalen der Physik, 49, 

769- 822 (1916) 

[4] D. Bohm, Quantum Theory, Dover Publications (1989) - ISBN 0-486-65969-0 

[5] K.J. Falconer, Fractal Geometry, John Wiley & Sons (1990) 

[6] D. Velichova, Chaos in Maths and Art, in these Proceedings 

[7] M. Francaviglia, M.G. Lorenzi, P. Pantano, Art & Mathematics – The web-Based Project 
“SCIENAR” APLIMAT - Journal of Applied Mathematics, 2 (1), 187-202 (2009) – ISSN 

1337-6365; in: “Proceedings 8th International Conference APLIMAT 2009” (Bratislava, 

February 3-6, 2009); M. Kovacova Ed.; Slovak University of Technology (Bratislava, 2009), 

pp. 489-504 - ISBN 978-80-89313-31-0 (book and CD-Rom) 

- abstract in: “Book of Abstracts”, ibidem, p. 46 – ISBN 978-80-89313-30-3 

[8] L. Tedeschini Lalli, Locale/globale: guardare Picasso con sguardo "riemanniano", in Emmer 

M., Matematica e Cultura 2001, Springer (Milano, 2002) pp. 223-239  

[9] M.G. Lorenzi, M. Francaviglia, Art & Mathematics: Motion and Fourth Dimension, the 
Revolution of XX Century, APLIMAT - Journal of Applied Mathematics, 1 (2), 97-108 (2008) 

– ISSN 1337-6365; in: “Proceedings 7th International Conference APLIMAT 2008” 

(Bratislava, February 5-8, 2008); M. Kovacova Ed.; Slovak University of Technology 

(Bratislava, 2008), pp. 673-683 - ISBN 978-80-89313-03-7 (book and CD-Rom) 

- abstract in: “Book of Abstracts”, ibidem, p. 117 – ISBN 978-80-89313-02-0 

[10] R. Doble, M. Francaviglia, M.G. Lorenzi, The Future of Futurism, in: „Generative Art - 

Proceedings of GA2009, XII Generative Art Conference, Milano, 14-17 December 2009”; C. 

Soddu Ed.; Domus Argenia Publisher (Milano, 2009); volume of abstracts p. 61, full paper in 

the CD-Rom, pp. 377-385 – ISBN 0788896610008 
[11] F.T. Marinetti, in “Cronache Letterarie” of the daily newspaper “La Gazzetta dell’Emilia”, 

February 5, 1909; “L’Arena di Verona”, February 9, 2009; “Le Figaro” (Paris), February 20, 

1909 

[12] P. Hulten, Futurismo & Futurismi, Bompiani (Milano, 1986) 

[13] E. Crispolti, Futurismo 1909-1944, Mazzotta (Milano, 2001) 

[14] F.T. Marinetti, Tato [G. Sansoni], Manifesto della Fotografia Futurista, 1930 (copy on 

 http://www.mediastudies.it/IMG/pdf/Manifesto_della_fotografia_futurista.pdf) 

[15] C. Tisdall, A. Bozzolla, Futurism, Thames & Hudson Inc. (London, U.K., 1977) 

[16] AA.VV., http://en.wikipedia.org/wiki/Generative_art 



 

 

 

Aplimat – Journal of Applied Mathematics 
 

volume 3 (2010), number 1  
 

 

77 

[17] R. Doble, The Everything Digital Photography Book, 2
nd

 edition, Adams Media Corporation 

(Avon, Massachusetts, USA, 2008) 

[18] M. G. Lorenzi, M. Francaviglia, Painting with Light: Generative Artworks or “Setting in 
Motion” the Fourth Dimension; in: Proceedings of the “10th Generative Art Conference, 

GA2007, Milano, 12-14 December 2007”; C. Soddu Ed.; (Alea Design Publisher, Milano, 

2007), pp. 350-360 

[19] R. Doble, Experimental Digital Photography, Lark Books (a division of Sterling Publishing, 

New York, USA; London, U.K.) - to be published in May 2010  

 

 

Current address 

 

Rick Doble,  

http://www.rickdoble.net 

USA.  

e-mail rick_doble@yahoo.com  

 

Marcella Giulia Lorenzi,  

Laboratorio per la Comunicazione Scientifica, Università della Calabria,  

Ponte Bucci, Cubo 30b, 87036 Arcavacata di Rende  CS, Italy.  

e-mail marcella.lorenzi@unical.it  

 

Mauro Francaviglia,  

Dipartimento di Matematica dell’Università di Torino, Via C. Alberto 10, 10123, Torino, Italy & 

Laboratorio per la Comunicazione Scientifica, Università della Calabria,  

Ponte Bucci, Cubo 30b, 87036 Arcavacata di Rende  CS, Italy.  

e-mail mauro.francaviglia@unito.it 

 

 

 

 

 



 

 

 

Aplimat – Journal of Applied Mathematics 

 

  volume 3 (2010), number1 
 

 

78 

 



 

ARTS,   MATHEMATICS   AND   PHYSICS   IN   SECOND   LIFE 

 
FLANAGAN  Talete  (I),   DELPHIN  Giovanna,  (I), 

   FARGIS  Marjorie,  (I),   LEXINGTON  Calliope,  (I) 

 

 
Abstract. In this paper we deal with the correlations between art, mathematics, physics in the 

virtual world Second Life, the correlations among them and with the metaverse itself, view as 

an artwork including artworks. We particularly take into consideration the relevant aspects of 

teaching and popularization of science in 3D virtual environments. 
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1 Art, Mathematics, Physics and Virtual World  

 
The link between art and mathematics is undeniable and this is  proved at its highest level by 
Picasso, Le Corbusier, Kandinsky, Pollock, Escher, Renzo Piano and many others. Of course this 
link is not exclusive of mathematics, it is also shown, in different measures and ways, in relation 
with the other natural sciences and with physics in particular. From this point of view, the 
experiences of the surrealists and the pointillists, from Monet to Seurat, who use the principles of 
optics and of chromatic division in their artwork, are emblematic. Besides, in some cases this 
relation appears twofold. In the work of Escher [1] the space designed by the symmetries, is not 
only organized starting from geometries mathematically generated; it also rises to a logo, a symbol 
and a metaphor of the principles that constitute the laws of physics and of their violations. The 
spatial parity, CP and CPT [2] find a sound evocative metaphor in several of his graphic works, 
pointed at in several scientific works [3], [4].The whole Futurist Movement is the son of classical 
physics, of mechanics and of dynamics especially, together with the art experiences directly derived 
from it, such as the kinetic art. The concepts of quantum physics and of relativity have inspired, 
discreetly but effectively, various avant-garde art movements, injecting in the cultural scene the 
concepts  of  spatial delocalization and of the coexistence of multiple points of perception of the 
space, as suggested by the theories on the existence of spatial extra-dimensions [5] and of parallel 
worlds [6]. Furthermore, if mathematics is the language of nature,  the algorithms and the formulas 
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of the natural sciences as a whole can be creatively correlated to geometries, artistic forms, sounds, 
lights. With Xenakis [7] in the mid-Fifties of last century, the musical composition is drawn from 
rules and mathematical processes, a method that brings to today’s music based on the strange 
attractors [8]. Recently we have assisted also to creative experiences of transposition into music of 
data collected in physics experiments [9].Besides these features, discussed in other papers of this 
conference, we must admit that the realization of metaverses, virtual tridimensional environments, 
as a matter of fact referable to creative acts based on logico-mathematical algorithms, constitute a 
specific, though clear and proper example of the interrelation between the artistic moment and the 
mathematical development. This remark could appear, albeit valid, of little significance, if we did 
not consider the fact that in some cases the mathematical-artistic product, the metaverse itself, 
becomes the promoter of the creative acts of the participants in the game. This is the case of the 
virtual environments developed and shaped according to the choices and the creative actions of the 
people who “live” there. The possibility to trigger a virtuous creative process is present also in 
some, though not all of them, of the traditional arts. Another apt example  can be made through the 
comparison of the fine arts and music. Painting and sculpture can be enjoyed, but they do not 
usually trigger the production of new  creative acts, other than incidentally in literature, in the form 
of critical works and artistic comments. Whereas music can be practised and the composer’s art 
promotes the art of the conductor and the performer. A similar situation is represented by the 
metaverses created by their residents. The modern experiences of teaching and popularization have 
a more and more frequent recourse to art as a possible first communicative moment, that precedes 
and anticipates the learning process. This is especially true in the field of natural sciences, precisely 
for the reasons already expounded above.  In the virtual environments,  the building of tools for 
creative learning is simple, since in those worlds the creation, manipulation, assembly, separation 
into parts of objects, realization of elaborate forms complex or alternative spaces, is easy. So they 
represent an ideal place to teach through art. The present paper gives an overview on the 
educational experiences and of the popularization of mathematics, physics and other sciences, 
realized in the virtual world called Second Life [10]. 
 
 
2 Second Life 

 
The graphic work of Escher can be taken as a metaphor of the universe of Second Life: worlds that 
become different worlds through successive transformations; or the use of multiple vanishing points 
to represent in 2D several distinct worlds as one [11]. Second Life is an environment where, exactly 
like in the “real” world, more cultures coexist, all of them as true and meaningful as those in Real 
Life, whose expression, interweaving and interaction occur in its specific ways. The classification 
of Second Life, developed by the American Linden Lab, into the MMORP (Massively Multiplayer 
Online Role- Playing) is not sufficient to explain its peculiarity in comparison to other online virtual 
worlds. A term like “metaverse” conveys a better idea of the meta-universe that Second Life 
represents, an environment that the programmers have built in its basic geography and scenery- the 
“continents”, the architectures of the areas under the direct control of the Linden dynasty. As for the 
rest of the “game”, it is continuously being created by the “residents”, as the participants are called. 
In the traditional videogames the universe of reference, the canovaccio (in the theatrical sense), the 
story-line for the role-playing and its final aim are designed by the game developers themselves. On 
the contrary, Second Life is more similar to “real” life; it is up to the resident to fill the basic 
structure with contents, starting with his physical appearance, to continue with the architecture, and 
most of all, with the story-line on which he bases his narrative and his relations with the other 
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avatars [12]. Second Life is an environment where mathematics, the very foundation of its creation, 
promotes the creativity of the participants, who use the tools provided by the programmers to design 
islands, houses, dresses, spaceships…, all kinds of objects that knowledge and imagination suggest 
and give shape to their virtual life. The contents developed by the residents cover a range from the 
ludic ones, for example dancing, to the production and sale of virtual objects for everyday life, to 
artworks and musical compositions, to the establishment of friendships or sentimental relations. The 
community aggregates in groups founded by the residents themselves, that gather up those who 
share the same interests and values. The cultural contents develop in a virtual polis [13] that for 
some groups is a veritable “physical” meeting place, a square, a disco, a library, where the avatars 
establish interpersonal relationships. It is true that the avatars need “animations” and poses, 
software to be found in-world (in the virtual world) that allow them to make gestures or take 
positions otherwise impossible “voluntarily”. Together with the possibility of using voice, 
movements and  postures, though simple, make one feel he has a true person in front of him, not 
merely a graphic creation. Some Authors use the definition of “feeling present” to refer to the 
avatar’s sensation of being really there [14]. A second life or, worse than that,  a double life? No at 
all, “rather an extension, an expansion, an enrichment of one’s real life, with the possibility of 
intervening with one’s own ideas and skills in global forum” [15]. In other words, “the synthetic 
universes that are emerging in the videogame industry, these fields of action of the imagination 
[are] becoming an important scenery of normal human relations” [16].  In the last ten years, John 
Suler has carried out an interesting and complete research on avatar anthropology and 
cyberpsychology, where he talks of a desirable “principle of integration” between one’s online  and 
offline life [17].A prominent feature of Second Life culture is represented by the presence of 
university institutes, formative agencies and Real Life companies, that use the metaverse for the 
formation and/or refresher courses for students and employed. We can mention as examples 
courses, scientific lectures; and also, cure programmes, creation of informative materials, the 
constitution of groups of users interested in specific subjects in the field of the prevention of 
diseases, that keep in touch through Second Life. In this field, the virtual environment is used also 
to keep in continuous contact at the end of the cure and rehabilitation with the chronic patient, those 
suffering for eating disorders, or the depressive patients. Of course this does not replace the contact 
with a doctor in the “real” world, but it integrates it with lower financial and human investments 
than in Real Life [18]. Learning in Second Life takes advantage from the “feeling present” effect 
that “though balanced by the awareness of not being in a real environment, involves the participants 
[…] and triggers the adult student in a stronger way than in the usual environment”; and by the 
“ludic educational experience”, that “lowers the critical level with the rise of the immersive 
experience”. These are two features that represent an “amazing way of learning” both for 
educational aims and for the popularization of science in the metaverse [19]. 
 
 
3 The value of Second Life for education and the popularization of science 

 
The potentiality of Second Life in the field of education and for the promotion of scientific culture 
among its residents, has been discussed and expounded in various research work. Even though it 
was created especially as a programme for entertainment, this environment has been rapidly 
recognized by educators and popularizers, as an innovative, flexible and pleasant platform for 
communication and learning. The human spirit aims at discovery and knowledge, but the formal 
schooling programmes often answer this aspiration in a partial way. We know well that the most 
knowledge a human being acquires during his life, comes mainly from his hands-on experience and 
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from his interaction with the others. Internet, the Web 2.0 in particular, has proved that the self-
managed formative programmes, socializing, based on practice and immersive in sub-strata rich of 
information, have a good efficacy. The 3D setting appears as their natural future evolution, and this 
makes Second Life, the generalist virtual world, a field for experimentation and very advanced 
proposals for the e-learning and the popularization of science.  The main features of this potentiality 
are three: the environment, avatar psychology and the operational possibilities. The 3D environment 
of the metaverse, for the said reasons and for its intrinsic essence of permanent creative  laboratory, 
represents an ideal situation to place projects for education and popularization. The residents, 
teachers and learners included, can use creative tools (scripting and buiding) in a participatory way. 
Its very nature of laboratory-environment implies also a non-aggressive, relational selection among 
the avatars. In general nobody lacks a small background and the skills necessary for a participation 
based upon sharing. The present relevant expansion of computer technology and of the online 
network, with an ever-growing number of users  and the ever-growing time they spend on the net, 
has led to the development of a new sector of psychology, that studies the people’s behaviour in the 
Cyberspace. We mention again John Suler for the completeness of his research on the subject [17]. 
 In the learning and communicative process in Second Life various thesis of  Cyberpsychology 
appear of relevance. First, the sense of self of the avatar. The avatar is a powerful chance of 
personal development, an extension and completion of one’s own personality. The communication 
between teacher and learner  is made easier than in the real world due to the implicit presentation of 
himself that the avatar gives. The appearance that he displays, approaches the image,  not only 
physical but also pertaining to the personality and the psychology  that the person behind the avatar 
wants to give of himself. This simplifies the process of intercorrelation achieved among the users 
and as a consequence also the learning relation becomes more direct and involving. In fact the use 
of a mask is not always meant for hiding, think only to the difference among the several 
superheroes. Whereas Spiderman and Batman hide their true personality under a mask, Superman 
expresses his true self wearing the mask, so recovering his true nature. In the same way the avatar in 
Second Life unveils and opens himself to the communicative relationship. It often happens that, in 
his avatar state, the person overcomes his inhibitions, here comprised the cultural ones. His relation 
is less hampered by the social conventions, more easily and without shyness he will say “I don’t 
understand” or he will ask questions that he would consider silly and would not discuss otherwise. 
The possibility of interacting with an object, rotating it, disassembling, inspecting it in various 
scales, reassembling it, is of great value for understanding and learning. The handiness of the 
objects, the possibility of representing formulas, technologies for scientific visualization, the 
possibility of interacting with those who “communicate” or “teach” make the metaverse a creative 
environment, ideal for communication and popularization for science. On the part of the teacher it is 
possible to experiment the use of creative scaffolding [20].  
 
 
4 Art in the metaverse  

 
Besides its being an artistic creation through the means of mathematics, the virtual platform is an 
artwork containing artworks. Second Life, as a virtual environment created by the users, can be 
definitely included among the most successful and elaborate 3D works in the metaverse and at the 
same time it can be considered as an innovative expositive space for virtual artworks. The different 
art forms to be found in-world depend on the tools offered by the platform. The tools for creation in 
Second Life are generally of two kinds: building- the creation of elaborate objects starting from 3D 
base forms by means of a tool given by the client itself; scripting- the creation of codes that, 
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inserted into the objects, allow them to perform actions (to produce a sound, rotate, etc.). In the 
metaverse, together with many “creators” and artistic expressions, there is a sizeable number of 
managers of art galleries and philanthropists, people who have made art their Second Life business. 
The artistic creation goes beyond the limits of the experimentation of new tools; it also contributes 
to the creation of a real art market. Second Life appears as a matryoshkas of artistic creations: it 
includes architectonic and landscaping jewels as the expositive sites that stimulate a socialization 
similar to Real Life, where the avatars meet for an Opening, buy sculptures for their virtual living-
rooms and rise the number of those belonging to a cultural “jet set”, whose cultural contents are 
very interesting. Among the many groups devoted to art in Second Life, we are going to mention 
the following. SL-Art- group for the popularization of the native art from Second Life; besides a 
high number of members, it goes beyond the virtual world and is an important presence in several 
Social Networks and Blogs [21]. Pirats-  a French groups that has realized some galleries 
noteworthy from the architectural point of view in-world, and carries out an artistic activity in Real 
Life, with a small gallery in Paris. They often organize exhibitions in the virtual and real world at 
the same time, through streaming video on a web channel [22]. IS-ITALIC’Arts- “the serenity and 
boldness of pure geometry, the softness and delight of swirling colours, the fascination of wall art 
that fidgets and breathes”: here is how the group charter runs [23]. TANALOIS2- settled on Gemini 
Isle, it was started by the owners’ wish to create a place where everyone could express himself in 
many ways: music, literature, drawing, photography and any other creative language [24]. 
Cybernetic Art Research Program- a group of international professional artists, engineers, 
programmers, scriptwriters, architects, musicians, etc., to collaborate, experiment, share ideas and 
work together to develop New Art and  Technology [25]. The art work to be found in Second Life 
can be essentially referable to two great categories: the original artwork, created in-world, which we 
define native; and the reproductions of Real Life artworks uploaded in the  metaverse as “copies” 
(e.g., the copy of a painting) or “representations” (e.g., the avatars of Heart2Art) [26]. In the 
metaverse you can come across sculptures made with coloured beams following the movements set 
by complex algorithms, next to reproductions of the Sistine Chapel [27]  or of the “Dresden 
Gallery” [28]; or take a teleport and find yourself in front of a set of avatars that reproduce 
Michelangelo’s Pietà. Artworks containing artworks, as we said above! Science is an inspiration 
especially for the native art. For example, there is a wide production of virtual artwork based on the 
mathematical principles of fractals, whole galleries devoted to the exhibition of moving sculptures 
inspired to them, or works that use the fractals to “fill” an image as the base for other tridimensional 
work. Virtual artworks and structures are displayed in galleries, exhibition sites or are used for the 
landscaping so typical of the metaverse, making those areas peculiar and exclusive, rendering them 
thematic in some measure. This is the case of Inspire Space Park [29], an immersive structure where 
the users can float among the planets. There are thousands of them, which reproduce real museums, 
palaces and Real Life natural places, either keeping a faithful similarity with the real model, or 
reworking these into a virtual creditable construction.  We consider as artworks also all those 
structures aimed at the popularization or communication of projects that, exactly as in Real Life, 
earn artistic dignity thanks to the creativity necessary to make them. An example is given by the 
countless models inspired by science: cells, planets, atoms, istruments, etc., that become the contact 
point between art and scientific subjects, contributing to the popularization in-world of both of 
them, contributing to the creation of the educational environment typical of the virtual world. 
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5 Science Popularization in Second Life: Projects, Lands and Tools  

 
The activities concerning science communication in Second Life develop along two main channels, 
differentiated according to their aims. The first is the educational channel, with formative aims, 
usually made up of courses and practical lessons for the support of courses in Real Life. In this case 
the content and the format are not flexible and the immersivity, though of help, is not the prominent 
and significant element. Second Life is used as a low cost laboratory for lessons and tests that 
follows the same teaching lines as Real Life. The use of specific artworks related or that can be 
linked to the subject communicated is very small, and the teaching approach is traditional. An 
advanced and interesting example is given by the University of Ulster Magee Campus (Northern 
Ireland). The land [30] is specially designed for ongoing undergraduate teaching in SL. Almost 
everything in this island has been designed by the students of undergraduates degrees in the School 
of Computing and Intelligent Systems. It is different for activities whose general cultural aim is the 
diffusion and awakening on scientific topics. In these cases, not locked in the narrow limits of a 
school programme, the formats are usually more innovative and exploit widely and productively the 
peculiarity of the immersive system. This is what we are going to deal with in the following section.  
AN ITINERANT PROJECT: SCIENZA ON THE ROAD - Scienza on the Road is an itinerant 
project for the popularization of science in Second Life, realized by the autochthonous groups 
Second Physics [31] and Immersiva.2life [32]. It is a cycle of lessons-conversations given in the 
Italian communities spread in the metaverse, to give life to a cultural union among them, and at the 
same time popularize science. The first edition, September to December 2009, with five RealLife 
teachers and two Real Life experts[33], has focused on physics, mathematics, astronomy, medicine 
and science in literature. The projects has three innovative elements. First, the fact that it is 
itinerant, not set in a single land, which has made it possible to reach a very varied target and a 
larger number of people, in comparison with a similar hypothetical resident project. Secondly, the 
scheduling during four months, an unusually long period for Second Life, whose communicative 
and promoting effect has been very successful. The project has made thirty-six stops in twenty 
different lands [34], with an audience of almost 1500. Last but not least, the innovative 
characteristic represented by the use of several immersive tools in the course of the conversations, 
like sculptures, fractals, models of optical fibres, atomic models, and optical illusions. A second 
cycle in 2010, also addressed to the Italian community, for six months, will be realized with the 
collaboration of eight teachers and four experts  
A RESIDENT PROGRAMME OF SCIENTIFIC LECTURES: SCIENCE FRIDAY - This is a 
resident weekly programme in the land of Science Friday [35 ]. Two hours to talk of scientific 
themes of wide interest. The teachers propose in Second Life the same lectures they Real Life. In 
this case, it is a very good importation in Second Life, even if the interactive or the creative 
component are not preminent. The project is addressed to the English-speaking public with a 
university-student background.  
COURSES OF MODERN PHYSICS IN SECOND PHYSICS - The courses of Modern Physics 
realized by Second Physics are addressed to the general Italian-speaking public [36 ]. The course of 
the year 2009, eight lessons April 21st- July 10th,  was called “Beyond the Third Dimension”, and 
was held on the land of Second Physics; the lessons were given again on the platform of 
Immersiva.2life. The course dealt with the multiple dimensions, of space, flatlandia, the hypercube 
and its intersections with the three dimensions, the atomic structure and the string theory, the 
biographies of some of the scientists who have changed our perception of the world (Riemann, 
Newton, Kaluza, Klein, Einstein, Fermi). The last conversation focused on the LHC, the new 
particle accelerator in Geneva, and on the expectations it gives rise to in the physicists all over the 
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world for the solution of a various mysteries in the world around us. The project will go on in 2010 
with the course “Cosmic rays, heralds of the Big Bang”. The courses of Second Physics do not 
require a previous knowledge of  physics or mathematics, so they represent an attempt to bring 
physics into Second Life, through an act of popularization addressed to everyone.  
AN EXHIBITION: THROUGH THE EYES OF MATHEMATICS - The art gallery of Imaginery 
[37] at LifeArtGallery [38] can be visited like a laboratory of ideas as teaching aids for courses of 
mathematics or physics. The exhibition deals with mathematics with a course called Through the 
Eyes of Mathematics, where equations and algorithms take shape and move in the three dimensions 
in a magical and unusual way. The visitor is invited to look at the mathematical creations displayed 
in the panels through the eyes of mathematics itself in a new way. The images here shown derive 
from geometry, one of the fields where mathematics is naturally applied. But the world of geometry 
is not limited to the traditional forms we met at school. Thanks to the computer, a creative geometry 
can generate new forms that computers were not able to produce only a few years ago. The result is 
peculiar and completely new. The explanatory notes are very accurate and complete. 
A CREATIVE MATHEMATICS LABORATORY - This laboratory is the logical subsequent stage 
to the intriguing and stimulating exhibition of artistic forms created by mathematical algorithms in 
6.4. In the present case, the mathematical object, besides surprising and expressing the author’s 
creativity, is the starting point of the teaching and cultural course proposed to the visitor. The path 
starts from fractals and tangram puzzles, to discover the amusing aspect of mathematics, lateral 
thinking and emotional finance. Everything is pleasant and involving with tests, games and curious 
exercises. The laboratory also hosts lessons of creative mathematics with some regularity t [39].  
TWO LABORATORIES: SPLO MUSEUM AND EXPLORATORIUM - These two lands are 
organized as museums-laboratories, with large exhibitions that illustrate the phenomena and laws of 
physics. The lands develop the models “learning by doing” and “science hands-on”, with a great 
and fruitful use of the many possibilities offered only by Second Life with regard to the 
manipulation of (virtual) objects. They are inspired to the Exploratorium in San Francisco. They are 
made up of small physics exhibits concerning mechanics, relativity, nuclear physics, 
electromagnetism, perception, and more. The bigger exhibits concern the Doppler effect, Newton’s 
gun launching an avatar into orbit around the Earth, and installations to experiment the Brownian 
motion and the expansion of the Universe. [40] 
KIRA CAFÉ AND CAFÉ DELLA SCIENZA - We end this long though incomplete review hinting 
at two meeting places that remind the “science cafés” in Real Life, Kira Café [41] and Café della 
Scienza [42]. The first is situated in the English land of BaikUn. The second in the Italian land of 
Second Physics. Kira Cafè has existed for several years and organizes meetings with experts in 
various subjects. Differently from Science Friday mentioned above, the events always have their 
source in Second Life, even though they concern Real Life issues. The setting is an American bar, a 
place for socialization; the format of the meeting is the conversation and discussion on a scientific 
subject. The Café della Scienza, on the other hand, promotes informal gatherings on events relevant 
events to science, conversations on specific subjects with readings and comments of books and 
news articles, vision of films clips and special interviews. Events with no fixed schedule, called on 
the surge of the news. The setting is a garden, under a gazebo, with tables and chairs. The events are 
at 21:00 CET and last 30 minutes. The programme tries to fill the space before 22:00 Italian time 
(1:00 pm SLT) when a variety of activities starts in-world. The grand opening will be in February 
2010.  
THE TOOLS OF THE VIRTUAL WORLD - Second Life offers a variety of creative and 
artistic objects and scripts to be used for popularization. They can be used to guide the learner to 
the intuition of intrinsically complex  features of the laws of physics and build from there an 
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analitical-deductive course. Here are some examples. The concept of the spatial extra-dimensions in 
the lessons-conversations of the course "Beyond the Third Dimension" has been introduced starting 
from the intersection of the hypercube, a quadridimensional cube, with the tridimensional space. 
After reminding Flatland, we have  expounded the various possibilities to "represent" objects in 
spaces of an inferior number of dimensions. The Crucifixion by Dalì [43] has been used for the first 
visual contact; the second step being the materialization of a tesseract, that in-world can be handled 
and manipulated by the avatar. There are several versions of the tesseract and some of them  show 
dynamically how this object evolves in the three dimensions when the Hypercube moves towards 
the axis that  marks the extra-dimension. In Second Life it is possible to visit a house on the model 
of quadridimensional house [44] described in the short story “The crooked house” by H. Heinlein. 
Walking inside the house can drive the avatar to know immediately, in a playful though 
geometrically correct way, some non-intuitive aspects of the extra-dimensions. Geometric object 
from the native art, derived from  mathematical formulas, e.g.,  fractal structures,  are the starting 
point to approach creative mathematics. The Life Art Gallery [38] or the creative laboratory at 
Indire [39] are two apt examples. Moebius ribbon and the bottle of Klein are non-orientable 
surfaces, i.e., they do not present an internal and external part clearly determinate. If we colour the 
ribbon starting from a point, we will end in colouring the whole of it without  crossing its trim. 
Second Life models can be used to study this unusual surfaces. The avatar can walk along the 
ribbon and experiment its peculiarities. Moebius ribbon complete rotation of 360° does not go back 
to the starting configuration, that can be obtained only with two complete turns. While Moebius 
ribbon is a bidimensional object, the bottle of Klein is the intersection of a quadridimensional object 
in the tridimensional space, that can be found in several representations in Second Life. Finally, let 
us remind some optical illusions. In Second Life many important components of artworks are 
inspired to Escher or Dalì. The Necker cube, Penrose stairs and other ambiguous images where the 
brain is not able to choose between two structural hypothesis, and representations of impossible 
objects, can be easily found in the imaginative landscapes of the metaverse. Lately, also  the 
perception illusions, where the brain seems to betray us, conveying an image different from the real 
one, with different colours and static images in movement, have become common in Second Life 
[45], used as an optional teaching instruments and for the popularization of science. [36]. The tools 
of Second Life allow us to unveil  the deception operated by the brain.  
 
 
6 Epilogue  

 
Nowadays we can easily say that the progression of Web 2.0 and its subsequent developments is 
leading to a continuous expansion in the net of  the software mashing-up, and to a continuous 
merger between the roles of producer and user of information, which gives origin to a new figure 
called prosumer, a pro-ductor and a con-sumer at the same time [46]. In short we see the emergence 
of a cybercivilization based on the ever-growing sharing of tools and contents. We also expect that 
the virtual worlds, the metaverses,  will overflow their banks, their current niche reserved to the 
webnauta role-playing, for a more generalist function. The social networks and the social service 
programmes will be the first to reconfigure themselves into virtual 3D environments, as some 
developments of Google Earth suggest. The simulation of the 3D environment and the creation of 
the avatar will induce an innovative expansion of both the social networks and the service 
applications, giving birth to a new concept of Cyberspace. Among the several virtual worlds 
existing today, Second Life already presents both the features of the social network and the service 
programme, namely, the aggregation of the users into groups according to their interests, from the 
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medical to the cultural, artistic, educational, scientific or others. No one can say if Second Life will 
be the prevailing platform in the integration of Web n.0, but at the moment it is the only one that 
has realized  the basic merger between the producers and the users. All the residents in Second Life 
are indeed fully prosumers. The experience of Second Life, set aside how this specific platform will 
evolve, can be viewed as paradigmatic of all future scenarios. In this paper we have analyzed the 
topics that characterize  the presence of art, mathematics and physics in the 3D virtual world called 
Second Life and the correlations among them and with the environment itself.  
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Fig.1   The Samuel Loyd Star or the Math’s Secret 

 

Abstract. The project has the aim of creating a group of tutor-teachers who works in an 

on-line platform in the virtual world of SecondLife. It is created an accessible space for 

everybody where it is possible to ‘do’ mathematics, to create L.O. (learning object) and 

to appreciate the creative and artistic aspects of mathematics. Everything is located in a 

involving environment that imitates reality valorising individual abilities, with  effective 

and innovative digital and technological graphics.Eclectic and original artists like 

Escher and Vasarely, mathematicians like Moebius and Penrose created bizarre 

suggestions, fantastic worlds, enigmatic environments and perspective paradoxes. They 

shaped the idea of reproducing original works by using multimedia graphics in 3D 

virtual world, an ideal world for fantastic creations and architectural simulations. Artists 

and architects changed the reality creating works with an evident graphic effect by using 

multimedia SW and mathematic calculations. They are impossible figures and optical 

illusions which were experimented in the virtual world and they had evident graphic 
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effects thanks to these artists in love with art and mathematics. The aim of the project is 

to realize a Community of Practice that will develop creative and innovative techniques 

of mathematical didactics in the virtual world.  The aim of the project is to use the 

potentiality of this world in order to experiment techniques that stimulate creative 

thought. Mathematical bodies particular and fascinating for their artistic aspects have 

been reproduced in a 3D world.  

 

Key words.  MathCreativity. Cooperative Learning. Community of Practice. Interactive 

distance learning. Math and Technology.  

 

Mathematics Subject Classification: Primary 00A66, 00A08. 

 

 

1 Introduction 

 

 

1.1 Mathematics, reality and fantasy 

 

The relationship between mathematics and art has always been clear: there is a correlation between 

artistic creations and algorithms. Nature and geometry, architecture and perspective, music and 

fractions, symmetry and nature are only few examples of mathematics applied to reality. From 

golden section to cubism, the history of Art teaches us that Mathematics is art and creativity. 

Eclectic and original artists like Escher and Vasarely, mathematicians like Moebius and Penrose 

created bizarre suggestions, fantastic worlds, enigmatic environments and perspective paradoxes. 

 

 
 

Fig2  Fractal art in SL. Pitagora’s Tree, photo by Giliola Giurgola 

 

 

1.2 Metaverse SecondLife 

 

Thanks to my experience in didactic education for  teachers carried out on on-line platforms, I 

realized that SecondLife Metaverse (SL) enables Mathematics to get artistic expression, preserving 

its exactness and its precision and highlighting its creative aspect. 
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The passion for creative Mathematics gave the opportunity to meet in the real life (RL) artists, 

architects and engineers that found a fair space for expressing their creativity freely, as it happens in 

SecondLife (SL) 

The ‘added value’ of SL is the ‘immersive’ environment where the freedom of expression is 

supported by the instruments of the program. 

In the virtual environment there are groups of international artists that express themselves by 

mathematic art during exhibitions, expositions and events. At the same time schools and academies 

in virtual environment are born. 

We had the opportunity to meet and to interview some artists and we participated in international 

events where we could admire works with a remarkable artistic and mathematic value. 

The collaboration with artists and architects in the Metaverse has created a laboratory of recreative 

Mathematics in Second Life. The laboratory is organized alternating collaborative lessons and 

laboratory assisted by a tutor about mathematic topics of intuitive approach. 

http://www.youtube.com/watch?v=bfVOiqDJ2YA 

 

 
 

Fig3 Lesson: Art and geometry in SL, photo by G.Giurgola 

 

It has been shaped the idea of reproducing original works by using multimedia graphics in 3D 

virtual world, an ideal world for fantastic creations and architectural simulations. Artists and 

architects changed the reality creating works with an evident graphic effect by using multimedia 

SW and mathematic calculations. They are impossible figures and optical illusions which were 

experimented in the virtual world and they had evident graphic effects thanks to these artists in love 

with art and mathematics. The aim of the project is to realize a Community of Practice that will 

develop creative and innovative techniques of mathematical didactics in the virtual world. Learning 

by doing: laboratory activities, interactive lessons, debates, workshops, art exhibitions. Cooperative 

learning: learning together, sharing, collaborating. Improvement of transversal abilities. Intuition, 

creativity, fantasy, lateral thought. Better behaviours: listening, attention, participation, results. 

Social aspects: multiculturality, socialization. Interactive distance learning with evident economic 

advantages. Collateral learning, formation of permanent attitudes. The aim of the project is to use 

the potentiality of this world in order to experiment techniques that stimulate creative thought.  

I introduce you the artists whith whom I collabored :  Solkide Auer and Shellina Winkler. 
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Fig4   Escher art in SL by the artist Solkide Auer, 

photo by Giliola Giurgola 

 

 

 

2 The Artists in virtual world 3D 

 

 

2.1 Solkide Auer 

 

solkide@yahoo.com 

Blog: http://solkideauer.blogspot.com 

Pics: http://www.flickr.com/photos/solkide_auer/ 

Youtube: http://it.youtube.com/user/SolkideAuer 

BIO Solkide Auer: 

Second Life has been and is for me a very important experience.  

 

The starting effect of curiosity for this metaverse soon turned into the wish of saying something 

trying to create  a definite personality. 

Building gave me that chance, that is  the ability to creating objects of any kind, from the simplest 

to the most complex. All that after attending some courses offered by  the school of Building at 

Secondlearning. Later on, after exploring this metaverse far and wide, I  realized I wanted to do 

something that would go beyond the usual rule of structures or classical framing; so I tried to 

express my ideas through different sculptures. I started creating geometrical shapes then I used 

more difficult techniques such as "the shade", which gives the possibility to manipulate a unique 
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prim in a very complex way. As a result I obtained unexpected and different shapes quite unlike the 

ones anyone can find around.  

It is clear that I've been working hard to get this result trying to get the good ones a and long nights 

spent trying to understand how to frame at my best some works that could convey an emotion.... 

even the simplest, and that it could attract people to an idea I had  in my mind or just to share my 

message with them. 

 

 

2.2 Shellina Winkler 

 

 
 

Fig5 Magic ball by Shellina, photo by Giliola Giurgola 

 

Blog: http://shellinawinkler.blogspot.com/ 

Pics: http://www.flickr.com/photos/shellina_winkler/ 

Pics: http://www.koinup.com/shellinawinkler/ 

Video: http://it.youtube.com/user/shellinawinkler 

BIO Shellina Winkler  

 

I initially joined the SL community out of curiosity; I wanted to check the potential of education in 

the metaverse via self-training.  After looking at other avatars' works I  decided to put building first 

and the creation of works of art became my main goal.  

I started building by chance and, once I learnt how to do it, I applied these simple rules to my 

creativity trying to create what my fantasy suggested while I experienced this world. 

The great versatility of prims gave me the opportunity to try different forms and techniques.  

At the beginning I mainly created geometrical works; later, I experienced the creation of "paintings 

of prims" by the application of objects on a board thought as a canvas, using textures in order to 

create visual effects. In my last period I've studied to maximize the potential of a single prim. 
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Through this technique I've tried to obtain simple works in their complexity,  by using textures or 

merely colours.  

Since then being an artist on Second Life is my  main purpose. Creating "paintings of prims" and 

"sculptures", being able to exhibit in some galleries and, the last but not the least, my friends’ 

appreciation of my work, all allowed me to understand what it feels like living as an artist.  

Since June 2008 a selection of my works can be seen at Italic’Art Gallery which I share with my 

colleague Solkide Auer.   

In my last phase I’ve been working on “Immersive” works and my taking part at the Burning Life 

2008 has been a great chance to show them. As most of them can be seen in their interior they need 

big space to be lived at their best. 

Since summer 2008 I’ve periodically exhibited  some of my works at Brooklyn is Watching, an 

American Gallery which has an interface in Real Life in New York City. Two of my works 

“PSYCHEDELIC DREAM”,  “SECOND STAR TO THE RIGHT” and "have been commented in 

two podcasts that the curators of the galleries, both virtual and real, weekly record. 

 In October I had the honour to be at "Virtual Renaissance" in Florence, with one of my work 

"Second Star to the Right" printed on 4 curtains decorating one of the room of Museum of Natural 

Sience - Anthopological Section. 

 

 

2.3 Artist or mathematician 

 

Some example of creative mathematics are Mobius strip, Escher’s impossible figures or the fractals 

functions. 

 

 
 

In mathematics, or better in topology, Mobius strip (from the name of the German mathematician 

August Ferdinand Mobius) is an example of a non adjustable surface and stripped surface, that is to 

say a two-dimensional surface that, put in a Euclidean three-dimensional space, shows only one line 

and only one face, breaking the basic rules of plane geometry. The ordinary surfaces have always 
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two faces, so it is always possible to cover one of the two faces without reaching the other one, 

except by crossing a dividing line formed by an edge called ‘boundary’: think about a sphere, a 

torus or a cylinder. For these surfaces it is conventionally possible to establish an upper face or a 

lower face, an internal or external face. In Mobius strip, this concept does not exist: there are only 

one face and one boundary. After a rotation, you will be at the opposite side. Only after two 

rotations you will be on the initial side. It is an original and creative example of a mathematician, as 

Escher’s impossible figures are. 

 

 
 

Fig6 Art in SL: Mobius strip, photo by Giliola Giurgola 

 

Mobius strip is also represented in ‘Endless Surface’ by Max Bill. The surface has many 

peculiarities: it is non-orientable and it has only one face and  one line, as its outline corresponds to 

a single curve, which is simple and closed (and without knots). Students could create a surface by 

using a simple paper strip and it could be interesting to notice these characteristics by colouring 

only one face of the strip or cutting the strip along the median line or by cutting a thin strip near the 

outline, The experiment can go on studying the features of the surfaces that are generated by giving 

two or three half-twists to the strip before reconnecting the ends (which creates knotted boundaries). 

Therefore some common features among these surfaces can be generalized.  

 

A lesson about creativity in mathematic 

http://vimeo.com/6505179 

 

 

3 Geometry and reality 

 

As far as Platonic solids concerns, I recommend Mrs. Gemma Gallino’s lesson which can be found 

in the archive of this site and which is full of details about this topic. I would also recommend the 

applet created by Gian Marco Todesco where you can observe moving polyhedra from different 

perspectives and you can inscribe and circumscribe polyhedra, so that you will examine the concept 

of dual polyhedra (the polyhedra in the Power point presentation are snapshots of this animation) 
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http://www2.polito.it/didattica/polymath/Sommario.htm 

http://www2.polito.it/didattica/polymath/htmlS/info/DigitalART/DigitalART.htm 

 

Moreover we can investigate the study about the relationship between Mathematics and 

contemporary arts by visiting several websites that collect galleries of mathematic surfaces created 

with different softwares, especially POV-Ray (we could refer to it as Computer Art Mathematics). 

Some models of these surfaces can be found in Mathematics Depament of the University of Turin; 

some mathematic artists, such as  H. Ferguson, B. Grossman or C. H. Séquin, created sculptures 

made of bronze, wood or ceramic. Not only the smoothness of these surfaces makes their 

perfection, but also the mathematic equations, which join all the points with harmony and which 

shape curves and points ‘artistically’.  

 

 

3.1 Mathematic graphic artist 

 

One of the most famous graphic artists had been Escher. He submitted perspective laws to critical 

studies and he finds new laws which are directly tested on his printings (xylography and 

lithography). Generally three-dimensional forms are represented on surfaces that have two 

dimensions, creating conflicts. His works shows enigmatic landscapes and bizarre architectural 

buildings with which the artist plays with reality. Escher created his works with mathematic 

precision, in order to get perspective paradoxes or the union of opposites (external-internal, night-

day, alternation between figures and background). Escher builds structures  in which a single space 

contains several spaces linked to each other continuously: perceptive dynamism. Escher understood 

that plane geometry has got its own logic, but at the same time the logic of the space determines its 

own geometry. One of the models of the logic of space that he often applies is based on the game of 

light and shadow, which are applied to concave or convex objects. Escher’s works have a strong 

mathematical component, and many of the worlds that he drew are built around impossible objects 

such as Penrose Triangle or optical illusions such as  Necker Cube. Logical, mathematical, 

geometric and physical involvements are different and they involve concepts like: 1) 

autoreferentiality; 2) recursive processes; 3) topology questions, like Mobius strip; 4) dimensionally 

different spaces that join each other; 5) permanent motion, 6) creation  of two-dimensional and 

three-dimensional spaces with pieces repeated with all possible variations; 7) the philosophical and 

mathematical infinite, which is the prelude to fractal geometries at infinite development. His works 

were mentioned by Matt Groenig, the author of ‘The Simpson’, in his comics ‘Life in Hell’. In the 

Groening’s parody of the lithography Relativity (1953), rabbits made of cardboard fall down the 

stairs which are drawn like going up on the three spatial axes. 

 

See my video in SL virtual world 3D: 

http://www.youtube.com/watch?v=A2e2GQ8cbvs 

 

 

• Escher’s Art 

 

“What I created during the daylight is only 1% of what I saw in the dark” 

Some kinds of art can be called ‘art and mathematics’ and they have an obvious but superficial 

meaning. For example  “OP ART” is mathematic, but this is not a new concept. 
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The drawings that are geometrically sketched are as old as Art. Even the modern movement for 

abstract painting started thanks to cubist geometrical shapes. In some way also the abstract 

expressionist art is mathematic, as the case is a mathematic concept. However in this way the idea 

of ‘art and mathematic’ loses its meaning. There is a more useful connotation that refers to the 

object of painting (and not to techniques and patterns). A figurative artist who knows a bit of Maths 

can paint about a mathematic topic like Renaissance painters did about religious topics or Russian 

painters do with political themes nowadays. The most successful painter in this kind of ‘mathematic 

art’ has been the Dutch M. C. Escher. Among the artists dealing with crystallography, Escher is 

famous for his  mosaic drawings of plane shake. He patiently tiled the plane by drawing birds, 

fishes, reptiles, mammals and humans so he put many of his mosaics in lots of his works.  

See my video in SL virtual world: 

http://www.youtube.com/watch?v=1PjDXCqvLTA 

 

 

• Bridges between Mathematics and Art, Music and Science. Bridges is an idea of an Iranian 

mathematic, Reza Sarhangi, teacher in Towson University, Maryland. Ten years ago he organized 

his first meeting in Southwestern College, Kansas. Since 1998, a new meeting about the possible 

relationship between mathematics and other subjects has been arranged in a different place every 

year. 

http://www.bridgesmathart.org/ 

http://www.bridgesmathart.org/2008/2008.html 

 

 

3.2 Fractals mathematics 

 

Fractals are geometric shapes characterized by the repetition of the same pattern on more and more 

reduced size. This is the most intuitive definition of these figures that are very common in nature 

but that still do not have a precise mathematical definition. The current attitude is to consider 

fractals like a set F that has these features: 1) autosimilarity; 2) thin structure; 3) irregularity; 4) 

Autosimilarity dimension > topology dimension. The feature of these shapes, which also names 

them, is that, even though they can be represented  in a conventional two-dimensional or three-

dimensional space, their dimension is not integer/complete (if you do not represent infinite 

iterations, that is to say transformations that keep the particular geometric pattern). The length of a 

plane fractal cannot be measured, but it depends on the number of iterations of the initial shape. 

Fractal, that is to say fragmented and irregular. Giving a satisfying definition of these strange 

mathematical bodies is not easy: even its discoverer could not do that! 

We could say that a curve can be defined fractal if it has autosimilarity: if you widen and part of the 

curve, you will see a set of details more complex than the preceding one. This zoom process could 

be infinite. Therefore we can notice two curious features about fractal curves: 

- even if they are continuous, they do not permit any unique tangent in any point; 

- in you consider two points on the curve, even very close ones, their distance (measured on the 

curve) is always infinite.  

 

See my video in SL virtual world 3D: 

http://www.youtube.com/watch?v=qhgqPDcV0uM 

 

• Fractal Art 
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Fractals not only are mathematic elements (without any appealing feature for whom is not interested 

in this subject), but also they are art objects thanks to their variety and their pleasant graphic 

aspect.It is easy to create fractal art thanks to a good software:by Tierazon, a program you can 

download from the section Download, you can create artistic pictures through fractals. It is 

interesting to notice that the effects applied to fractals are mathematic functions that coincide to the 

creation of fractals and they work as graphic filters. 

 

• Music 

 

We have only seen the visual aspect about fractals. It is also possible to give them a sound 

representation. The effect is not direct and it is not immediately pleasent. The pitch and the length 

of a note are chosen as the colour of a graphic representation is. When you listen to a melody, you 

can notice regularity and some topics recur constantly: it is the same concept that underline 

autosimilarity, which is evident in pictures. As it occurs in conventional representations, we deal 

with ‘order in disorder’, a deterministic  chaos. The following midi files are an example of fractal 

music: they were created with FMusic, available in the section Download . 

http://www.miorelli.net/frattali/arte.html. 

 

1.mid  2.mid 

 

Their artistic aspect is fascinating, as you can see in graphics of functions and listen in fractal 

music. 

http://www.youtube.com/watch?v=W1NKvu5ArZk&NR=1 

 

 

Conclusion 

 

In conclusion we discovered a virtual world where we can make artistic creations and simulations 

with Second learning SW instruments. We organized events and workshops of interactive studies. 

In the virtual workshop of creative mathematics we met artists and their creation elaborated by 3D 

fractal textures, art works appreciated and known in SL and RL, thanks to exhibitions and 

interactive events arranged in SL: innovative cultural and technological occasions. The perspective 

for teachers is a learning environment that helps listening abilities and communication, that 

improves the attention and that organizes different contents. So creative thought and “problem 

solving” are created: personal creativity in problem solving. The group management is clear in 

interactions and comparison among learners. The teacher organizes learning with different 

languages and variables. There is also a personalization of the distance learning and a remarkable 

graphic effectiveness. SecondLearning becomes a temporary learning environment, where resident 

avatars in SL can see what happens, as it occurs in a real place where there are cultural, artistic, 

technical occasions and workshop: a concert, a conference, a lesson, a creative or technical 

construction. The on-line environment is a good simulation of reality that has notable effectiveness 

and personal participation. 

The project has the aim of creating a group of tutor-teachers who works in an on-line platform in 

the virtual world of SecondLife. It is created an accessible space for everybody where it is possible 

to ‘do’ mathematics, to create L.O. (learning object) and to appreciate the creative and artistic 

aspects of mathematics. Everything is located in a involving environment that imitates reality 
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valorising individual abilities, with  effective and innovative digital and technological graphics. 

Mathematical bodies particular and fascinating for their artistic aspects have been reproduced in a 

3D world. 
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Fig7 Avatar: Giliola Allen in SL, photo by G.Giurgola 

 

 



 

AUTOMATIC   GENERATING   OF   CONVENTIONAL   CANTILENAS 
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Abstract. The paper contains some observations on computer (algorithmic) generating 

cantilenas that could be classified as free and conventional and ones, i.e. no those of modern 

music, of dance and existing as components of harmony and polyphony. Plainchant was 

preferred and the theory on rhythmical synthesis elaborated in Solesmes was applied, and 

completed by interpretation in diatonic. A special role of fuzzy arithmetic operations in the 

interpretation is presented. 

 

Key words. music, generating melodies, free rhythm, plainchant, rhythmical synthesis, 

Solesmes theory, fuzzy operations.  

 

Mathematics Subject Classification:  Primary 00A65, 97R99; Secondary 94D05 

 
 

1 Rhythmical Synthesis in Free Rhythm 
 
During the historical development of the music many sorts of melodies that could be called 
cantilenas existed, from ancient Greek-Roman over those influenced by the bounds of polyphony 
and/or harmony and by (quasi-)dance rhythm, up to those related to impressionist and atonal 
musical principles. A very interesting sort concerns the cantilenas arising independently of harmony 
and kept time (repeated measure). They occur in European folk music and in cadences, 
improvisations and solo compositions using string instruments with bows, or wind instruments. Let 
us call them conventional cantilenas. 
It is evident that no every sequence of tones is felt as a melody (or especially as a cantilena). A very 
interesting attempt to studying what is felt as a musical phrase was introduced by so called school 
of the abbey of Solesmes (see e.g. [1], [2]). Although it was oriented to the Gregorian chant and 
although it was discovered as a bit idealized and simplified, it was soon adapted to the medieval 
Byzantine chant [3] and it carries interesting results and stimuli when applied in automatic 
(computer) generating of melodies. 
In its primary aspect, the Solesmes theory is oriented to the rhythm, but, secondary, its results have 
a narrow relation to the pitches of tones. Therefore let us explain the rhythmical base of the theory 
and then let us approach to the melodies. 
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The Solesmes theory is based on the principle that there is a part of the melody called (musical) 
phrase that is the largest complex, the structure of which can be felt and understood from the 
rhythmical point of view. The phrase can be very short (e.g. containing two tones), namely if it is 
supposed to be chanted separately from the other phrases, but it can be longer but not too much: 
rhythm is based on something that operates subconsciously, and that could be lost in case the phrase 
is rather long. The maximum length of a phrase is about 50 so called primary times (in the next text 
p-times), i.e. time units that are commonly represented as quavers when one uses “modern” notation 
of music. The primary times cannot be divided but their tempo (velocity) can differ from one 
primary time to the next one. The rules concerning the tempo do not more belong to the Solesmes 
theory and we will not take care on them, supposing all p-time to subject the same duration.  
The phrase has two phases called arsis and thesis. The rhythmical tension (élan) grows during 
performing the arsis and falls during performing the thesis. The maximum tension is called accent; 
it can be at he last p-time of the arsis or at the first p-time of the thesis. Beside the general meaning 
of the term rhythm (as e.g. “Rhythm is ordering in time” or “Rhythm is art of good motion” or 
“Rhythm is a routine repeating of heavy and light times”) the Solesmes school introduced the term 
of rhythm for a pair of arsis and thesis. 
Nevertheless, both the components of the phrase can be structured, namely in case they are longer. 
Namely the arsis can be composed of shorter arses and shorter rhythms, but it must be concluded by 
an arsis. The thesis can be composed of shorter theses and shorter rhythms, but it must begin with a 
thesis. And the same, what has just been stated on the arsis and thesis of the phrase, can be applied 
to the components of their components, and the process can be iterated until the the arses and theses 
of the smallest length, which is two or three p-times. They are called elementary arses and theses 
(some other decomposition of such shortest arses and theses can be analyzed but that is not a matter 
of the present paper). 
The arsis and thesis of a phrase are commonly called protasis and apodosis, but we do not need such 
special terms. Note that for a melody composed of more phrases, no true rhythm is meaningful. The 
human relation to such a longer melody is connected more with memory and intelligent expectation. 
The hierarchical composition of a phrase from its elementary arses and theses over the longer ones 
up to the whole phrase rhythm is called rhythmical synthesis of free rhythm. The word “free” 
represent not only the fact that the sequence of elementary arses and theses does not respect the rule 
of  “a routine repeating of heavy and light times” common in the “modern” music, but also the fact 
that the arsis and the thesis of the same rhythm do not need to be of the same duration. 
 
 
2 Relation between Free Rhythm and Melody 
 
There is an abstract rule, according which the free rhythm, as explained in the preceding section, is 
completely independent of the pitches carried by the p-times that realize it. Nevertheless, the 
authors of the Solesmes school emphasize that the accent (see above) is not expressed by intensity 
but that it is – like other aspects of rhythm (élan during the arses, repose of the tension during the 
theses) a complex result of many factors, among other of the rhythm of the chanted text and of the 
pitches. Observing the early medieval compositions, one has to notice that the time flow of the 
pitches is really a very important factor influencing the rhythm (which especially emphatically 
appears when a melody is sung at the same syllable, as it is common e.g. for “melismas” sung for 
tens of p-times at the last syllable of a word). 
The mentioned relation is a suitable idea for algorithms for generating cantilenas. The algorithms 
obtain the length of a phrase in p-times and a quotient for choosing between an arsis (a thesis) and a 
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rhythm when an arsis (a thesis) should be decomposed, and – using pseudorandom values – 
decompose the phrase. Their decomposition is recursive so that the components arisen during the 
decomposition are decomposed, too, until the elementary ones are accessed. Evidently the elemen-
tary components are accessed at different places of the phrase in different stages of the 
decomposition. The decomposition being concluded, every p-time is connected with a list of 
symbols / and \; symbol / 
indicates that the p-time is 
a member of an arsis, 
while symbol \ indicates 
that the p-time is a member 
of a thesis. An illustration 
of such a decomposition is 
in Fig. 1, where the line 
order indicates the decom-
position stage and the dots 
denote rhythms (the symbols occurring just under the dots inform on the arsis and thesis of the 
rhythm). 
Let the list of the symbols belonging to a p-time be called r-list. Using the scheme in Fig. 1, we can 
imagine the p-times as asterisks near the lower edge of the figure and the r-list of a p-time X is read 
as a vertical sequence of the symbols placed above the representation of X; the r-sequence is 
ordered from up to down.  
The next step is to assign pitches to the p-times according to the rhythmical structure. For that 
purpose, to every rhythmical component an interval <0,k> is given and to each of its symbols s1, s2, 
…, sn a weight w1, w2, …, wn is assigned by the following way: d is assigned by k/(n–1) where n is 
the number of the symbols (p-times) of the component. If the component is an arsis, then wi is 
defined as (i–1).d, when the component is a thesis then wi is defined as (n–i).d. The weight of a dot 
is zero. k is supposed to be a positive non-descending mapping of the decomposition stage (line 
order watched from above). We discovered that suitable results appear when k is proportional to 
1/sqrt(M) where M is either the stage of decomposition at that the component was obtained (i.e. the 
index of the line where the component is graphically represented) or the number of rhythms that 
came into the decomposition before the component was obtained (i.e. the number of the lines with 
dots, which occur over the graphical representation of the component). Studying other variants is 
however not excluded.  
The sum P(X) of the weights of the symbols occurring in the r-list of a p-time X appears as a certain 
base (first approximation) for the pitch Q(X) assigned to X. In a very schematic way, that is outlined 
in Fig. 2. Therefore Q(X) is a certain mapping of P(X) into the set T of possible pitches. As the 

objective is to 
model generating 
conventional free 
cantilenas, T was 
interpreted as 
belonging to a 
diatonic key, 
independent of 
other activities of 
the algorithm. 
Thus – in the phase 

Fig. 1. Decomposition of a phrase  

 

Fig. 2. Graphical image of recursively nested rhythms 
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of studies existing at the present time – the pitches may be completed by accidental points (sharps 
or flats), possibly in key-signature, even in combining sharps and flats as in oriental (Armenian, 
Syrian,…) church keys.  
For the mapping of P to Q, several techniques were experimentally studied. The different sorts of 
the mapping form the concluding component of the used programs derived from the basic one that 
generated the values of P(X). The behavior of each of the program is similar: the operator puts some 
values as the length (the number of p-times) of the phrase, the constant of proportionality used in 
computing the weights wi and the seed for generating pseudorandom numbers. The program then 
displays the scheme of the rhythm decomposition (like in Fig. 1) and then the values of P(X). Then 
it applies the mentioned mapping to Q(X). The results are displayed in a pseudographic form as 
shown in Fig. 3. The levels of the pitch are represented by horizontal lines and are identified at the 
left by symbolic pitch signs (without accidental points). Normally generated pitches are represented  
 

 
by symbols x, each of which is placed at the corresponding line. The pitches that arose by special 
corrections are represented by other letters (they are explained later). The frontiers between 
neighboring elementary components are represented by apostrophes. In case such a frontier fuses 
with a frontier between two rhythms, the apostrophe is replaced by one or more a vertical bars 
leading over the whole “stave”. The number of bars represents the umber of rhythms that end at the 
given place. The “stave” is concluded by one bar composed of right-hand square brackets. 
 
 

 

Fig. 3. Schematic output of the melody 
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3 Deterministic Transformation  
 
The intuitive relation between the pitch flow and the rhythm offers a large spectrum of formulation 
of the Q(X) of P(X) into the finite set T of admitted pitches. In the following, a certain development 
of the mapping is illustrated; it starts by deterministic “rounding” the real numbers P(X) to ordinal 
numbers (integers) pointing to the elements of T, ordered according to the pitches, and concludes by 
applying fuzzy transforming, finally approaching to a phenomenon of modality. An example in Fig. 
4 is a transcription of a melody that arose by a simple rounding of P(X). The elementary 
components are identified so that in case their pitches are different the members of each of them 
(ordinarily represented as quavers) are joined by a crossbar into group (like as they might be 
performed legato), while in case their pitches are equal the quavers are joined into a longer note. 
 

 
4 Transformation Using Fuzzy Arithmetics  
 
The weights wi were introduced as fuzzy numbers; the first 
algorithms using trapezoidal fuzzy numbers were soon 
changed to alternate the form of these numbers: for the p-
times of odd order (in the melody flow) the form as outlined 
in Fig. 5 was applied while for the other p-times the form 
horizontally reversed was used.  
The results are illustrated in Fig. 6.One can watch rather 
greater jumps, but they do not much differ fromt hose met 
e.g. in Gregorian or Ambrosian chant or in Byzantine 
kontakia and heirmoi (as an interesting event, one can 
notice a suitable melodical flow met in the chants in a so 
called mixolydic autentic mode (or, in Byzantine terminology, echos), based and finishing at sol 
and going in general around upper mi. (Nevertheless, let us mention that such a modal phenomenon 
happened as a random result, in this stage the modal rules were not included into the algorithm).  

. 

 

Fig. 4. Results of a direct deterministic rounding of the sums of the rhythm weights 

Fig. 5. Form of the fuzzy numbers 

 

Fig. 6. Results of applying weights as fuzzy numbers 

. 
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The further steps consisted in some finer automatic modification of the generated melody, namely 
according to observations of the former appliers of the Solesmes schools results. The first 
observation concerns the fact that an ordered pair of a quaver and a crotchet cannot for an 
elementary component – in a natural way, the start of an elementary component is transferred to the 
first p-time of the crotchet. The violating of that rule came was not frequent but occurred 
sometimes, and thus the correction of such an elementary component as introduced so that the pitch 
of the first p-time of the crotchet was changed to a closest higher one. 
The other modification was based upon the observation that in the melody the rhythms of a rather 
greater number of p-times are concluded by a longer tone (in the approximation by a crotchet 
forming an elementary thesis). As one could notice, such a modification was introduced very early 
for the conclusion of the whole phrase; it consisted in a step that the pitch of the last but one p-time 
was assigned to be equal to that of the last p-time and in case the last elementary component 
contained three p-times the first of them was refused), but a similar rule appeared to be applied 
more frequently. Therefore such steps are introduced to be randomly applied at the end of the 
rhythms; the probability of application the corrections descends with the “distance” of the applying 
rhythm from the rhythm of the whole phrase (expressed e.g. according to the line number at the 
schemes like in Fig. 1).  
For a better understanding, simple information on the rhythmical structure is added to the 
transcriptions, inspired by the usage introduced several decades ago into Gregorian chant 
transcriptions into modern notation. It was decided to use that practice, as it appeared as the optimal 
way of graphical representation of independent melodies in free rhythm. That is namely a certain 
short hierarchy of “punctuation signs” that readably express the rhythmical structure (and that so a 
bit illustrate the process of the origination of the melody), organized in a simple hierarchy: incise (a 
small vertical bar placed at the upper part of the stave), membre (a longer vertical bar placed across 

three central lines of the stave) and period (a vertical bar over all five lines of the stave) that 
represents the end of the whole phrase (see e.g. [1]). In Fig. 7 an example is presented.   
 
 
5 Modality Regards  
 
An essential concept characterizing any free melody is its modality. In spite of its historical 
development from the antiquity to the nowadays and in spite of geographical differences in its 
understanding, one can take a stand that the modality consists in a certain preferring two pitches, 
called tonic and dominant. Tonic should be the pitch concluding the phrase, while dominant is a 
pitch superior to the tonic, which should occur in the melody more frequently than the other pitches. 
Modality offers almost infinite spectrum of studying, of which only a start is displayed in the 
present paper. This start consists in a principle that dominant represents a certain “center of 

. 

 

Fig. 7. A melody with rhythmic punctuation signs and long conclusions of rhythms 
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gravitation” for the other pitches, that tries attracting the nearest pitches. The principle was included 
into the algorithm so that the attraction subjects to a certain probability sampling.  
The attracting causes a similar effect like that known 
in a so called Nordic (or German) dialect of Gregorian 
chant: the leading tone, normally introduced into the 
melodies of Gregorian chant during the VII – IX 
centuries was felt rather problematic at the beginning 
of the second millennium, when the classic modal 
feeling changed to approach to the modern major and 
minor base, especially when the leading tone si was 
accessed from the lower do; while the practice in the 
Mediterranean domain solved that obstacle by lower-
ing the leading tone by giving it a flat, the ultramon-
tane praxis rounded si to the nearby upper do. In Fig. 8 
an illustration can bee seen: the top there is the original 
version, in the middle its variant existing in the Mediterranean dialect and below the same fragment 
in Nordic dialect can be seen 
The scholars (e.g. [4]) mentioned that the Nordic dialect results in greater jumps in the melody at 
the cost of poorer economy in the application of the diatonic, as actually the illustration in Fig. 8 
exemplifies. It was truly reflected in the results produced by the mentioned algorithm, as Fig. 9 
illustrates. Note that the “rounding” leads to frequent iteration of the same pitch, which is very 
similar to repercussion, i.e. to melodic structures that the Gregorian tradition calls distrophas and 
tristrophas and that the transcriptions in modern notation express by two or three quavers under 
ligature; the same usage is respected in Fig. 9.    

One could also observe certain analogies with an indispensable number of pre-Christian melodies 
arisen in the Greek-Roman domain, but we do not point to them in the present paper because the 
analysis would ask rather many pages of text and because the pre-Christian melodies so not satisfy 
what one would expect under the term conventional cantilena.  
 
 

 

Fig. 9. Melody with and dominant fa 

 Ro  -  rá -  -  -  te   caé  -  -  li 

 Ro  -  rá -  -  -  te   caé  -  -  li 

 Ro  -  rá -  -  -  te   caé  -  -  li 

 

Fig. 8. Dialects of Gregorian chant 
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6 Approaching to Martinů’s Cantilenas   
 
Bohuslav Martinů (1890-1959), a great Czech composer of the XX century, active namely in France 
and USA, had two phases of creative activity. In the first phase (approximately until 1940), he 
applied shocking rhythms and harmony, while in the second one (beginning in 1941 namely with 
his symhonies), he surprised by frequent use of pure diatonics in that he placed melodies based at a 
rhythms containing an odd number of quavers and exposed so that the odd numbers 2k+1 were 
expressed by k crotchets followed by one quaver. k may freely change during the time flow. An 
example – the outline of the orchestral introduction to the second part of the second concert for 
violin and orchestra is in Fig. 10. Contrary to the frequent discussions and admiring (or even 

refusing) expressed by of musicologists on Martinů’s “contretemps”, for a person who knows the 
free rhythm systems of the early medieval chant, the mentioned rhythmical structures of the form 
2k+1 can be understood as k–1 elementary components composed of two p-times followed by an 
elementary component composed of three p-times (note that that observation does not diminish the 
admiration for the Martinů’s genius). And thus an evident idea arises, namely for adjusting the 
algorithms described above to produce the cantilenas “like those by Martinů”, The adjusting is 
simple: after generating the melody, the pitch of the first p-time of chosen elementary components 
is assigned to be equal to that of the second p-time (the choice is performed pseudo-randomly and 
the results discovered that a greater number of the chosen components gives a better impression). 
Fig. 11 carries two examples: in the first line there is a cantilena generated without using fuzzy 
numbers, while in the second line there is that obtained with help of  fuzzy arithmetic. 
 
 
7 Conclusion   
 
The presented algorithms were not constructed to replace Bohusla Martinu or the genial – often 
anonyme – authors of medieval homophonic melodies, but to display what all satisfy the free 
cantilenas and what may be absent in the exact rules that the non-composer accepts as those 
defining cantilena as a product of the art. Naturally, experimenting with computerized algorithms 

Fig. 10. Example of Cantilena Composed by B. Martinů 
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discoveres lacks in one‘s understanding to the melodical creativity and gives new stimuli for 
improving. 
Nevertheless, even without further experimenting one can formulate some stimuli for the next 
development of the algorithms, namely 

(1) studying of modality factors in greater details, 
(2) rhytmizing the melodies appeared in free rhythm so that they respect bound rhythm (beats), 

as appered in some musical components composed e.g. by W. A. Mozart  
(3) experimenting with automatized polyphonic combining of the generated melodies (leading 

to polyrithmics as was presented e g. by B. Martinů or K. Sklenička in their compositions).    
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GRAPHICS   OF   ITERATIVE   MAPPINGS -  

MATHEMATICAL   BEAUTY   OF   PLANTS 
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Abstract. Wild, natural and complex form of plants, beautiful in a way, that is both rugged and 

delicate... It seems to defy us to describe it with mathematics. In fact, many forms in nature have 

this character. In spite of we are trying to link natural art with mathematics, and the complex 

beauty of nature is one of the most important subjects of the visual artist. 

In 1968 a biologist, Aristid Lindenmayer, introduced a new type of string-rewriting mechanism, 

subsequently termed L-systems. L-systems are applied in parallel and simultaneously replace all 

letters in a given word. The generated structures are one-dimensional chains of rectangles, 

reflecting the sequence of symbols in the corresponding strings. In order to model higher plants, 

a more sophisticated graphical interpretation of L-systems is needed. 

In this paper we will show, the several techniques on the borders between mathematics and art, 

how to model beautiful plants with iterative mappings with memory. We concern on 

webMathematica techniques which allow us to generate plants via dynamical math web-pages 

also. Several examples and links to the web sources will be present. 

 

Key words: iterative mapping, L-systems, fractals, modeling plants, math & art techniques. 
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Figure. 1 Vine and Table cloth - two geometries. 
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Let us introduce this article with beautiful and very accurate words written in 2000 by Marc Frantz in 

his introduction Lesson to fractal geometry: 
 

The introduction graphic with the title Vine and Tablecloth in Figure 1 gives a visual 

metaphor for the contrast that many people feel exists between mathematics and the natural 

world, or between mathematics and art. The pattern of the tablecloth reminds us of the 

coordinate grid of the xy-plane, with its neat rows and columns of little boxes. The vine has 

a completely different character. It exhibits a wild, natural and complex form, beautiful in a 

way that is both rugged and delicate. In no way does it fit into the rigid order of the 

coordinate grid, and it seems to defy us to describe it with mathematics. In fact, many forms 

in nature have this character, and this presents a problem for us. After all, we are trying to 

link art with mathematics, and the complex beauty of nature is one of the most important 

subjects of the visual artist. 
 

Also Asian artists have long admired those forms in nature which look least like what we 

traditionally think of as geometry. The subject of the ancient Chinese philosophy of Taoism is the 

Tao, which can be interpreted as the “way” or the “course" of nature, and the following quote by the 

popular philosopher Alan Watts [1] on the Tao neatly summarizes our apparent difficulty in finding 

a mathematical description of the geometry of nature: 
 

The Tao is a certain kind of order, and this kind of order is not quite what we call order 

when we arrange everything geometrically in boxes, or in rows. That is a very crude kind 

of order, but when you look at a plant it is perfectly obvious that the plant has order. We 

recognize at once that it is not a mess, but it is not symmetrical and it is not geometrical 

looking. The plant looks like a Chinese drawing, because they appreciated this kind of non-

symmetrical order so much that it became an integral aspect of their painting. In the 

Chinese language this is called li, and the character for li means the markings in jade. It 

also means the grain in wood and the fiber in muscle. We could say, too, that clouds have li, 

marble has li, the human body has li. We all recognize it, and the artist copies it whether he 

is a landscape painter, a portrait painter, an abstract painter, or a non-objective painter. 

They all are trying to express the essence of li. The interesting thing is, that although we all 

know what it is, there is no way of defining it [1].  
 

At the time he wrote these words, Watts was indisputably correct. However, Alan Watts died in 

1973, and that is significant, for only two years later there appeared a book entitled Les objects 

fractals: form, hazard et dimension[2], which later evolved into an English version entitled The 

Fractal Geometry of Nature [3]. The author of these books, a mathematician named Benoit 

Mandelbrot, had discovered a new kind of geometry, called fractal geometry, which would radically 

change the way mathematicians and scientists - as well as many artists - viewed the natural world. 

Mandelbrot coined the word “fractal” from the Latin word fractus, meaning “fragmented” or 

“irregular”, because of the forms fractal geometry describes. In his introduction to The Fractal 

Geometry of Nature, Mandelbrot echoes the sentiments of Watts concerning the discrepancies 

between traditional geometry and nature, but goes on to announce that the scope of ‘geometry” has 

now been widened dramatically: 
 

Why is geometry often described as `cold' and `dry'? One reason lies in its inability to 

describe the shape of a cloud, a mountain, a coastline, or a tree. Clouds are not spheres, 

mountains are not cones, coastlines are not circles, and bark is not smooth, nor does 

lightning travel in a straight line. 
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The existence of these patterns challenges us to study those forms that Euclid leaves aside as 

being ”formless”, to investigate the morphology of the “amorphous”. Mathematicians have 

disdained this challenge, however, and have increasingly chosen to flee from nature by 

devising theories unrelated to anything we can see or feel. 

 

Responding to this challenge, I conceived and developed a new geometry of nature and 

implemented its use in a number of diverse fields. It describes many of the irregular and 

fragmented patterns around us, and leads to full-fledged theories, by identifying a family of 

shapes I call fractals. 
 

We see in Figure 1 that fractal geometry is appropriate for many natural forms. Natural shapes 

which are well-approximated by fractals include clouds, mountains, trees, bushes, rocks, dirt, 

leaves, snow flakes, lightning, turbulent water, tree bark, rugged coastlines, brain convolutions, 

capillary beds, bronchial tubes, and the distribution of galactic clusters. To the artist, “well-

approximated” means visually convincing, while to the scientist it means descriptive and/or 

predictive in a quantitatively meaningful way. 

 

 

2 Mathematics and beauty plants 
 

The beauty of plants has attracted the attention of mathematicians for centuries. Conspicuous 

geometric features such as the bilateral symmetry of leaves, the rotational symmetry of flowers, and 

the helical arrangements of scales in pine cones have been studied most extensively. This focus is 

reflected in a quotation from [4],“Beauty is bound up with symmetry.” 

In case we want to understand the “beauty” of flowers from the mathematical point of view, it is 

need to analyze two separate look in for that prolem. The first is the elegance and relative simplicity 

of developmental algorithms, that is, the rules which describe plant development in time – see later 

in the article. The second is self-similarity, characterized by Mandelbrot [3] as follows: 
 

When each piece of a shape is geometrically similar to the whole, both the shape and the 

cascade that generate it are called self-similar. 
 

This corresponds with the biological phenomenon described by Herman, Lindenmayer and 

Rozenberg [7]: 
 

In many growth processes of living organisms, especially of plants, regularly repeated 

appearances of certain multicellular structures are readily noticeable.... In the case of a 

compound leaf, for instance, some of the lobes (or leaflets), which are parts of a leaf at an 

advanced stage, have the same shape as the whole leaf has at an earlier stage. 
 

Thus, self-similarity in plants is a result of developmental processes. The developmental 

processes are captured using the formalism of modeling of L-systems. They were introduced in 1968 

by Lindenmayer [8] as a plants theoretical framework for studying the development of simple 

multi-cellular organisms, and subsequently applied to investigate higher plants and plant organs. 

After the incorporation of geometric features, plant models expressed using L-systems became 

detailed enough to allow the use of computer graphics for realistic visualization of plant structures 

and developmental processes. 

The emphasis on graphics has several motivations. A visual comparison of models with real 

structures is an important component of model validation. The display of parameters and processes 

not observable directly in living organisms may assist in the analysis of their physiology, and thus 
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present a valuable tool for educational purposes. From an aesthetic perspective, plants present a 

wealth of magnificent objects for image synthesis. The quest for photorealism challenges modeling 

and rendering algorithms, while a departure from realism may offer a fresh view of known 

structures. The application of computer graphics to biological structures is only one of many factors 

that contribute to the interdisciplinary character of this problem.  

 

 

3 Modeling of plants 
 

In 1968 a biologist, Aristid Lindenmayer, introduced a new type of string-rewriting mechanism, 

subsequently termed L-systems [8]. L-systems are applied in parallel and simultaneously replace all 

letters in a given word. The generated structures are one-dimensional chains of rectangles, 

reflecting the sequence of symbols in the corresponding strings. In order to model higher plants, 

a more sophisticated graphical interpretation of L-systems is needed. The first results in this 

direction were published in 1974 by Frijters and Lindenmayer, the L-systems were used primarily 

to determine the branching topology of the modeled plants. The geometric aspects, such as lengths 

of line segments and the angle values were added in a post processing phase. During the next years 

this field of research was widely exploited, e.g. Prusinkiewicz focused on an interpretation based on 

LOGO-style turtle and presented more examples of fractals and plat-like structures modeled using 

L-systems [5,6]. 

 

The basic idea of turtle interpretation is given below. The state of the turtle is defined as a triplet 

( ), ,x y α , where the Cartesian coordinates ( ),x y  represent the turtle’s position, and the angle α , 

called the heading, is interpreted as the direction in which the turtle is facing. Given the step size d  

and the angle increment δ , the turtle can respond to commands represented by the following 

symbols 
 

F  Move forward a step of length d . The state of the turtle changes to 

( )', ',x y α , where ' cosx x d α= +  and ' siny y d α= + . A line segment 

between points ( ),x y  and ( )', 'x y  is drawn. 

f  Move forward a step of length d  without drawing a line. 

+  Turn left by angle δ . The next state of the turtle is ( ), ,x y α δ+ . The 

positive orientation of angles is counterclockwise.  

−  Turn right by angle δ . The next state of the turtle is ( ), ,x y α δ− . 

 

Given a string ν , the initial state of the turtle ( )0 0 0
, ,x y α  and 

fixed parameters 2d =  and 90δ =

� , the turtle interpretation of ν  

is the figure (set of lines) drawn by the turtle in response to the 

string ν  (figure on right-hand side.). 

Specifically, this method can be applied to interpret strings which 

are generated by L-systems. For example, Figure 2. presents four 

approximations of the quadratic Koch island generated by 

webMathematica, for more details, see next section. These figures were obtained by interpreting 

strings generated by the following L-system and they represent four steps of the iteration process. 

start FFF-FF-F-F+F+FF-F-FFF
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axiom ω : F F F F− − −  

replacement rule p : F FF F F F F F F→ − − − − − +   

 

 
Figure 2. Simple interpretation of L-systems 

 

The images correspond to the strings obtained in derivations of length 0 to 3. The angle increment 

δ  is equal to 90� . The step length d  is decreased four times between subsequent images, making 

distance between the endpoints of the successor polygon to the length of the predecessor segment. 

The above example reveals a close relationship between Koch constructions and L-systems. The 

initiator corresponds to the axiom and the generator corresponds to the production successor. The 

predecessor F represents a single edge. L-systems specified in this way can be perceived as coding 

for Koch constructions. Figure 3 presents further examples of Koch curves generated using L-

systems. In case we change the angle of rotation to angle from interval ( )/ 4, / 2π π  we receive the 

L-systems which look-like as plants / flowers. (Figure 4). For receiving the flowers with the natural 

look-like it is need to take the axiom and the replacement rules with longer definition parts. 

 

axiom: F F F F− − −  

replacement rule: F FF F F F FF→ − − − −  

axiom: F F F F− − −  

replacement rule: F F FF F F→ − −− −  
 

 

 

 
 

Figure 3. 

 



 

 

 

Aplimat – Journal of Applied Mathematics 

 

  volume 3 (2010), number1 
 

 

118 

 

 
 

Figure 4. 

 

 

4 Axial trees 

 

According to the rules presented before, the turtle interprets a character string as a sequence of 

line segments. Depending on the segment lengths and the angles between them, the resulting line is 

self-intersecting or not, can be more or less convoluted, and may have some segments drawn many 

times and others made invisible, but it always remains just a single line. However, the plant 

kingdom is dominated by branching structures; thus a mathematical description of tree-like shapes 

and methods for generating them are needed for modeling purposes. An axial tree [6] complements 

the graph-theoretic notion of a rooted tree with the botanically motivated notion of branch axis. 

A rooted tree has edges that are labeled and directed. The edge sequences form paths from a 

distinguished node, called the root or base, to the terminal nodes. In the biological context, these 

edges are referred to as branch segments. A segment followed by at least one more segment in 

some path is called an internode. A terminal segment (with no succeeding edges) is called an apex. 

Plants are generally modeled with a special type of rooted tree called an axial tree. At each of its 

nodes, at most one outgoing straight segment is distinguished, so it is the same situation as in the 

vegetable kingdom. All remaining edges are called lateral or side segments. A sequence of 

segments is called an axis if the first segment in the sequence originates at the root of the tree or as 

a side element at some node; each subsequent segment is a straight segment, and the last segment is 

not followed by any straight segment in the tree. Together with all its descendants, an axis 

constitutes a branch. A branch is itself an axial (sub)tree. An axial tree is describe in  Figure 5. 

Axes and branches are ordered. The axis originating at the root of the entire plant has order zero. 

An axis originating as a lateral segment of an n-order parent axis has order n+1. The order of a 

branch is equal to the order of its lowest-order or main axis. 

The proposed scheme for ordering branches in axial trees was introduced originally by Gravelius 

and MacDonald [9, pages 110–121] surveys this and other methods applicable to biological and 
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geographical data such as stream networks. Axial trees are purely topological objects. The 

geometric annotation of such terms as straight segment, lateral segment and axis should be viewed 

at this point as an intuitive link between the graph-theoretic formalism and real plant structures. 

 

terminal node

branching point

apex

internode

tree root

lateral 
segment

lateral 
segment

base
 of branch

first order
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first order
axis

second order
axis

main axis
(zero order)

 
 

Figure 5. An axial tree 

 

In order to model development of branching structures is need to create a rewriting mechanism 

which is able to operate directly on axial trees. We need  at least one rewrinting rule, or tree 

production rule, which relpaces a predecesor edge by a successor axial tree in such a way that the 

starting node of the predecessor is identified with the successor’s base and the ending node is 

identified with successor’s top. In mathematical notation we can write the tree L-system G  as a 

system of three components: a set of edge labels  

 

A tree OL system G  is specifie by three components: a set of edge labels V , an initial tree ω  with 

labels from V , and a set of tree productions P . Given the L-system G , an axial tree 
2

T  is directly 

derived from a tree 
1
T , noted 

1 2
T T→ , if 

2
T  is obtained from 

1
T  by simultaneously replacing each 

edge in 
1
T  by its successor according to the production set P . A tree T  is generated by G  in a 

derivation of length n  if there exists a sequence of trees 
0 1
, ,...,

n
T T T  such that 

0
T ω= , 

n
T T=  and 

0 1
...

n
T T T→ → → . 

 

 

5 Bracketing and other visualization techniques in OL-systems 

 

First, it is need to note the definition of tree L-systems does not specify the data structure for 

representing axial trees. One possibility is to use a list representation with a tree topology. 

Alternatively, axial trees can be represented using strings with brackets. A similar distinction can 

be observed in Koch constructions, which can be implemented either by rewriting edges and 

polygons or their string representations. From the artistic point of view and interpretation to 
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introducing the brackets to the standard L-systems is better posibility. An extension of turtle 

interpretation to strings with brackets and the operation of bracketed L-systems are described 

below. We will show also results obtained by this descrition system. 

Two new symbols are introduced to delimit a branch. They are interpreted by the turtle as follows: 

 

[ Push the current state of the turtle onto a pushdown stack. The information 

saved on the stack contains the turtle’s position and orientation, and 

possibly other attributes such as the color and width of lines being drawn. 

] Pop a state from the stack and make it the current state of the turtle. No 

line is drawn, although in general the position of the turtle changes. 

 

An example of an axial tree and its string representation are shown in the next Figure. 

 

 
Figure 6. Bracketed string representation of an axial tree  

F[+F][-F][-F]F]F[+F][-F] 

 

Examples of two-dimensional branching structures generated by bracketed OL-systems are shown 

in Figure 7. 

 

axiom: F  

replacement rule: [ ] [ ]F F F F F F→ + −  

4n = ; 27.7δ =

�  

axiom: F  

replacement rule: [ ] [ ][ ]- -F F F F F FF F→ +  

4n = ; 22.5δ =

�  

  
 

Figure 7. Examples of plant-like structures generated by bracketing OL systems, 

 edge-rewriting method was used 
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axiom: X  

replacement rule: 
            [[ ] ] [ ]X F X X F FX X→ + + + −  

            F FF→  

5n = ; 25δ =

�  

axiom: [ ]X F X XF X− + − − − + − −  

replacement rule: 
        [ ] [ ] [ ] [ ]X F FFF FF XXFFXFF XX→+ − + + −  

        
[ ] [ ] [ ]F X FXF F X F X X F→−− + − + + − + − + + +  

3n = ; 329δ =

�  

  
 

 

6 webMathematica visualization techniques in OL-systems 

 

webMATHEMATICA is a new web technology that allows the generation of dynamic web content 

with Mathematica. It integrates Mathematica with a web server. webMATHEMATICA harnesses the 

full range of Mathematica technology to build sophisticated web applications, especially in creating 

dynamical web art objects, or the graphical objects for teaching. 

 

webMATHEMATICA provide immediate access to the technical computing software with very firm 

abilities especially in Mathematica graphics from any web browser. It allows to incorporate also 

dynamical possibilities to creating graphics objects, so the graphics are live, interactive and 

responsive to user needs. 

 

webMATHEMATICA is the clear choice for adding interactive calculations to the web. This 

unique technology enables the user to create web sites that allow users to compute and visualize 

results directly from a web browser. This approach can be used in teaching fundamentals of 

computer graphics, but also as a tool for artists. Based on the world's leading technical computing 

software and Java servlets, a proven server technology, webMATHEMATICA is fully compatible 

with Mathematica and state-of-the-art dynamic web systems. This tool allow the teacher to 

explained directly the principles of programming to their students, e.g. programming plant-like 

structures with memory. But at least one other point of view there exists. These techniques allow to 

users, e.g. artists, to create artistics works and to better explore how algorithms work. They do not 

need to know how OL-systems with memory work, they should to experiment and using their sense 

for beautiful works in creating process. There is no need to install nor special program, nor special 
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working space, only web browser is need. It is very advantageous for artists, due to they need no 

special tools and techniques. 

 

webMATHEMATICA allows a site to deliver HTML pages that are enhanced by the addition 

of Mathematica commands. When a request is made for one of these pages, the Mathematica 

commands are evaluated and the computed result is inserted into the page and delivered to the client 

browser. This is done with JavaServer Pages (JSP), a standard Java technology, making use of 

custom tags. After the initial setup, all that you need to write webMATHEMATICA applications is a 

basic knowledge of HTML and Mathematica. webMATHEMATICA is based on two standard Java 

technologies: Java Servlet and JSP. Servlets are special Java programs that run in a Java-enabled 

web server, which is typically called a "servlet container" (or sometimes a "servlet engine"). There 

are many different types of servlet containers that will run on many different operating systems and 

architectures. They can also be integrated into other web servers, such as the Apache web server.  

 

Included in webMathematica are professionally designed web page templates that can artists modify 

for their needs, thus saving design time. All standard web technologies, CSS styles allow creator to 

create more attractive and powerful sites. 

 

 
 

webMathematica is based on two standard Java technologies: Java Servlets and JavaServer Pages 

(JSP). Servlets are special Java programs that run in a Java-enabled web server, which is typically 

called a "servlet container" (or sometimes a "servlet engine"). There are many types of servlet 

containers that can run on many different operating systems and architectures. There is no need to 

know technical details of servlet containers for teachers created jsp pages. 

 

webMathematica allows a site to deliver HTML pages that are enhanced by the addition of 

Mathematica commands. When a request is made for one of these pages, the Mathematica 

commands are evaluated and the computed result is inserted into the page. This is done with a 

standard Java technology, JSP, making use of custom tags. 

 

We will show in this section not only the programming capabilities of Mathematica, but also the 

technical capabilities of webMathematica. We will start with the simplest L-systems (only the 

simplest version will be demonstrated here due to lack of space) explained in the section 3. Here is 

shown an implementation. We use our own special function (very simple programming code), 

which has four arguments: the initial object (the axiom), the replacement rule, the number of 

recursive replacement steps to take, and the rotation angle. The result is a nested rule created by the 

L-system object.  

 
LSystemWithF[axiom_,      (* initial sequence     *) 
             rules_,      (* replacement rules    *) 
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             iterations_, (* number of iterations *) 

             δ _    (* angle of rotation    *)]  
   := Module[{minus, plus, fastRules, last, direction}, 

(* computation of the two rotation matrices,    for "right" and "left" *) 
minus = {{ Cos[ δ ], Sin[ δ ]}, {-Sin[ δ ], Cos[ δ ]}}; 
plus  = {{ Cos[- δ ], Sin[- δ ]}, {-Sin[- δ ], Cos[- δ ]}}; 

(* we rewrite the replacement rules in a form that is faster. Since we give the replacement the head Sequence, we 

avoid the use of inner brackets. We could have also used Flatten[... /. rules] *) 
fastRules = rules/. {(a_ -> b_) -> (a :> Sequence @@ b)}; 

(* Initial position and direction *) 
last = {0, 0}; 
direction = {1, 0}; 
Select[Prepend[ 
      (Which[# == "F", last = last +  direction, 
             # == "+", direction = plus.direction;, 
             # == "-", direction = minus.direction;]& /@ 
       Nest[(# /. fastRules)&, axiom, iterations]), 

              {0, 0}], (* select all points *) # =!= Null&]] 

 

In the next step we will create the jsp file. The main general principles regarding the generation of 

jsp files with graphics and animation were described in [1, 2]. There is a need to specify in the head 

document how that document will be compiled, e.g. 
 

<%@ page language="java"  %> 
<%@ page contentType="text/html;charset=utf-8" %> 
<%@ taglib uri="/webMathematica-taglib" prefix="msp" %> 
 

We will use several types of special HTML, Java and MATHEMATICA variables. From the HTML 

form we take the default values and the kernel will provide the interpretation of the result in the 

same way as the MATHEMATICA kernel on the local computer. See the main parts of that HTML 

page. 

 

It is necessary to determine, how the context of that page would be interpreted 
<msp:evaluate> 
   MSPPageOptions[ "ContentType" -> "text/xml"]; 
</msp:evaluate> 

 

The input forms for all variables used on the jsp web page would be interpreted as follows:  
 <input type="text" name="MyAxiom" size="40" value="   
 <msp:evaluate> MSPValue[$$MyAxiom,"F-F-F-F"]  </msp:evaluate>" /> 
 <msp:evaluate> 
  Clear[MyAxiom]; 
  If[MSPValueQ[$$MyAxiom],  
  MyAxiom=Characters[ToString[$$MyAxiom]],  
  MyAxiom = Characters["F-F-F-F"] 
  ]; 
 </msp:evaluate> 

 

Next the object will be displayed on the webpage as a graphical object. 
<msp:evaluate> 
 MSPShow[ Graphics[ Line[ 
 LSystemWithF[ MyAxiom,  {"F" -> MyRules }, 
  MyIterations, N[AngleRotationDegree]]    ], 
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  AspectRatio -> Automatic, ImageSize->150]  
</msp:evaluate> 

 

And here are results: 
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ART  &  MATHEMATICS   IN  ANTONI   GAUDÍ’S  ARCHITECTURE:  

“LA   SAGRADA   FAMÍLIA” 
 

LORENZI  Marcella  Giulia (I), FRANCAVIGLIA  Mauro,  (I) 

 

 
Abstract. We shortly discuss the work of the great Catalan Architect Antoni Gaudí – and 

especially his masterpiece “La Sagrada Família” – in relation with the Geometry used by him 

therein to create his revolutionary projects, as well as the relations that existed at the turn of XX 

Century between the development of new ideas in Mathematics and Physics (Riemannian 

Geometry, Relativity, Fractals, Topology) and the development of new forms of Art (Cubism, 

Art Nouveau, Modernism). We also discuss the “pseudo-magic square” that decorates the 

façade of “La Sagrada Família”. 

 
Key words. Geometry of Curved Surfaces, Magic Squares 

 
Mathematics Subject Classification:  Primary 01A16, 51-03 

 

 

“L’Architettura, sebbene dipenda dalla Matematica, nulla meno ella è un’arte adulatrice, che 

non vuole punto per la ragione disgustare il senso: onde sebbene molte regole sue seguano i 

suoi dettami, quando però si tratta che le sue dimostrazioni osservate siano per offendere la 

vista, le cangia, le lascia, ed infine contraddice alle medesime; onde non sarà infruttuoso, per 

sapere quello che debba osservare l’architetto, vedere il fine dell’Architettura, ed il suo modo 

di procedere”. 

 

“Architecture, although it depends on Mathematics, nevertheless it is a flattering Art, that by no 

means wants to be distasteful: even if many of its rules follow the dictates [of Mathematics], 

when its observed demonstrations result to be offensive for the sight, it  changes them, abandons 

them and eventually contradicts the same; so that, to know what an Architect should observe,  it 

will not be unfruitful to see the real scope of Architecture, as well as its way of proceeding”. 

 

Guarino Guarini, Architettura Civile, Torino 1737, Trattato I, Capitolo I 
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1 Introduction 

 

 

1.1  Historical Remarks 

 

Antoni Gaudí (in fact, Antoni Plàcid Guillem Gaudí i Cornet) was born in Reus (Cataluña) -  or 

maybe in Riudoms - the 25th of June 1852. He died at the age of 73 years in Barcelona, in 1926, 

leaving to the posterity his most famous and incomplete work of Architecture: the Basilica Church 

of “La Sagrada Família” (The Sacred Family) – a fantastic monument that is still under 

construction (Fig. 1), as a symbol of the heritage that Gaudì left to the town of Barcelona, as well as 

a monument to the revolution in Architecture that Gaudì left to mankind. In this work, as well as in 

many of his earlier buildings, Gaudì left an impressive mark that reveals his continuous interest in 

the role that Mathematics (and more generally the observation of Nature) plays in Art in general and 

in Architecture in particular; see [1].  

 

Following [2] we might recall that Gaudì was somehow influenced by Francesc Llorens i Barba, 

who professed a spiritualist doctrine according to which Philosophy was “complete knowledge”; 

something that led Gaudì to follow also the ideas of Ernst Haeckel, who put forward a “biological 

concept” of Universe according to which matter was integrated in Thought rather than in Life. The 

“General Morphology of Organisms” of Haeckel – translated in Spanish and published in 

Barcelona in 1887 – were certainly a source of inspiration for the fantastic geometric and natural 

shapes that Gaudì used in his work. As we shall also recall below, Gaudì was moreover a fervent 

Catholic: he saw the presence of God in all manifestation of Nature (see [2], page 19), to the point 

that his “scientific principle” becomes in fact the counterpart of a “supranatural revelation”. 

According to [2] this is why Gaudì was searching the presence of “beauty” in force lines and 

funicular polygonals, with the consequence of preferring helicoids and parabolas with respect to 

circles and squares. A way of thinking peculiar of the difference between “Classicism” and the 

pathos of new “Modernism” (see [2], p. 19) about which we shall come later. 

 

 
 

Fig. 1 “La Sagrada Familía” by Antoni Gaudí, still under Construction, 

 photo by Marcella Giulia Lorenzi 
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All his career as an Architect, that made him one of the most renowned Architects of the XIX and 

XX Century and reserved him an eternal place also in the Ghota of Art & Science, was pervaded in 

fact by a scrupulous attention to the structure that curvilinear Geometry can offer to Architecture – 

so anticipating and paving the way to the achievements of other great Architects such as Le 

Corbusier and Calatrava, and partly also of Lloyd Wright. The new style that in the twenties 

eventually assumed the name of “International Style” originated in fact from the “Modern 

Movement”, that was in turn an evolution of the “Catalan Modernisme” (indeed an important part 

of the “Art Nouveau”, also known as “Liberty”). All over the World some Architects begun to 

develop new solutions aimed at integrating solid traditions (such as, e.g., Gothic) with the new 

technological possibilities (besides Gaudí we can also mention Louis Sullivan in Chicago, Victor 

Horta in Bruxelles, Otto Wagner in Wien and Charles Rennie Mackintosh in Glasgow) – the 

Catalan Architects Lluís Domènech i Montaner and Josep Puig i Cadafalch were the most famous 

followers of Gaudí. Earlier and precursory ideas are due to William Morris, who in the XIX 

Century dictated the first principles for a renovation in Architecture; these cultural bases saw, 

across the turn to XX Century, the flourishing of new ideas originated thanks to the great revolution 

stimulated by new Science and new Technology. All “personal experiments” of Antoni Gaudí are 

indeed a genuine expression of the roots of this change (Fig. 2).  The “International Style” was 

aimed at constructing a “Universal Architecture”, valid globally and independently of the specific 

site chosen, while the later “Organic Architecture” of Frank Lloyd Wright would instead follow the 

interpretation of the site, as well as of Space and Time. 

 

 
 

Fig. 2 “La Sagrada Familía”, photo by Marcella Giulia Lorenzi 

 

 

1.2  Art Nouveau, Cubism and Science at the Turn of XX Century 

 

One of the most important characteristics of the New Style (i.e., Liberty) resides in its continuous 

reference to Nature, from which the structural elements are derived and given dynamical undulate 

contours. The clever use of geometrical structures inspired by such curves would produce shapes in 

the form of trees and flowers, a reason for which the Style was also called “Floral”. Some of the 

curved lines used became clichés, to be adopted by artists worldwide. 
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It is not casual that all these changes in perspective do in fact temporally coincide with the great 

revolutions that Science and Technology had across the Century. As we said in another contribution 

to these Proceedings [3] in the second half of XIX Century and at the beginning of the XX Century 

a number of new scientific and technological discoveries changed in fact Mathematics as well as 

our perception of the World; in particular, we mention in Mathematics the change of vision from 

flat to curved, from single absolute entities to “manifoldness” (i.e., the property of being global by 

gluing together local pieces), from continuous to discrete, from the geometry of rigid forms 

(Euclidean Geometry) to Riemannian Geometry (the revenge of curvature against linearity), as well 

as Topology as the Geometry of “plastic forms”. While in Physics the Theory of Special Relativity 

(1905) and the Theory of General Relativity (1915-1916), both formulated by Albert Einstein in his 

strenuous efforts to describe on a single base both Electromagnetism and Gravity (see [4],[5]), led 

to a new conception of simultaneity, to a different awareness of the role that Time plays in our 

understanding of the World, as well as to the mathematical structure of a new Geometry, in which a 

continuum and curved SpaceTime is at the same time the arena of light propagation and of 

gravitational forces. SpaceTime did acquire a dynamics of its own and Euclidean Geometry – that 

dominated until the XIX Century as the unique way of measuring “physical reality” – had to be 

definitely replaced by  non-Euclidean Geometry. Einstein’s revolution was in a sense a revenge of 

Time and Dynamism against Space and Staticity (see [3]). On the artistic side the rigidity of an 

absolute Space with a fixed Euclidean Geometry had already been destroyed by Impressionism, in 

the search of more emotional paintings. With  Cubism, Picasso and Braque introduced the idea that 

a painting might reflect more specific and single viewpoints on a subject all collected together in a 

single canvas ([6],[7]), de-facto destroying central perspective and replacing it with a “multicentral 

perspective” (the artwork becomes a manifold, in which separated spatial perceptions are 

represented altogether and accurately glued). In a sense, Painting acquires some methodology from 

Science, becoming a cognitive instrument and addressing directly to intellect without passing 

through physical impressions; see also [8]). 

 

New conceptions of Space and Time had also begun to pervade Art through Photography (even if it 

had to wait many years to be considered as a form of Art) and also Cinema was taking its first steps. 

Linearity and Staticity were eventually dethroned in favor of Curvature and Velocity. Future begun 

to be perceived as something less remote and, in 1909, the “Futurists” had a new artistic vision 

(see [3],[9],[10]) that aimed at creating a new form of imagery expressing movement (“All things 

move, all things run, all things are rapidly changing. A profile is never motionless before our eyes, 

but it constantly appears and disappears” – quoted from the “Futurist Manifesto”; [9]). Guillame 

Apollinaire, theorizing Cubism, declared in 1913: “Today scientists no longer limit themselves to 

the three dimensions of Euclid. The painters have been led quite naturally, one might say by 

intuition, to preoccupy themselves with the new possibilities of spatial measurement which, in the 

language of modern studios, are designated by the term: the fourth dimension” (see also [9]). 

 

Worthwhile to mention is also the birth, across the same period, of the further revolutionary idea 

that continuity and dimension may be different from the notions that resisted since the time of 

Greeks, through the advent of “fractals” (self-reproducing objects at smaller and smaller scales that 

at the same time show an ordered and a chaotic behaviour; see also the Lecture of D. Velichova in 

these Proceedings [11]). On purpose or not, it is remarkable that Gaudí used a lot of fractal ideas in 

his Architecture (see later). 
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1.3  Gaudí and “La Sagrada Família” 

 

These are precisely the years and the cultural substrate in which Gaudí operated in between the XIX 

Century and 1926, dead in poverty but destined to become famous for his unique and highly 

individualistic designs. The years in which Gaudí was – as we said – rather attentive to the new 

aesthetic developments of Geometry but also to the mysteries of antique Symmetries and of 

Arithmetic. He lived part of his youth in isolation, and this is considered one of the reasons why he 

tended to include natural shapes and themes into his later work. He was awarded the title of 

Architect in Barcelona in 1878 and at that time Elies Rogent declared in Catalan: "Qui sap si hem 

donat el diploma a un boig o a un geni: el temps ens ho dirà" ("Who knows if we have given this 

diploma to a nut or to a genius…? Only time will tell us"). As it often happens, time told that he 

was in fact a genius…! In the same year Gaudí had an acquaintance with Eusebi Güell - a rich 

industrialist who eventually become his only real supporter and for whom he would later make 

many masterpieces of his new Architecture. From 1878 to 1882 he designed for the Obrera 

Mataronense at Mataró and his architectural plans shows his first use of parabolic arches, later 

replaced by catenaries. The crypt of the Sagrada Família (that had been started by Francisco del 

Villar in 1882, who abandoned the project in 1883) was completed by Gaudí in between 1884 and 

1891. Gaudí was in fact a rather devout Catholic: in his later years he eventually abandoned secular 

work and devoted the rest of his life to Sagrada Família. He then planned a fantasmagoric 

constructive project, in which curved Geometry and Fractals dominated alongwith remnants of 

antique esoteric knowledge. He designed the Sagrada Família to have 18 towers (12 for the 12 

Apostles, 4 for the 4 Evangelists, one for the Virgin Mary and one for Christ). The construction was 

unfortunately slowed down both by personal problems of Gaudí and by Barcelona hard economic 

times. Also the construction of “La Colonia Güell” for his main patron Eusebi Güell ceased 

altogether (in 1918 Güell did in fact die). Gaudí became introspective and concentrated on his 

masterpiece, to the point of spending the last few years of his life living in that crypt. On 7 June 

1926 Gaudí was run over by a tramway and he died three days later, on 10 June 1926. 

 

 
 

Fig. 3 Pinnacles of “La Sagrada Familía”, photo by Marcella Giulia Lorenzi 
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As far as the construction of Sagrada Família was progressing the style adopted by Gaudí became  

more and more fantastic. The four towers – inherited from the (neo)-Gothic Architecture – 

reminded termite’s houses. These towers are terminated by cusps having a precise geometric form, 

covered by multicolored ceramic tiles, certainly influenced by Cubism (they were in fact finished 

around 1920); their pinnacles (Fig. 3) are a composition of various intertwined geometrical 

elements (among which Platonic Solids abound: triangular pyramids, cubes, octahedral; but also 

spheres and other figures; Fig. 4.a, 4.b and 4.c – see also [12], page 35).  

 

 
 

Fig. 4.a Cubic Elements for the Pinnacles of “La Sagrada Familía”, in the Museum of the Church, 

photo by Marcella Giulia Lorenzi 

 

 
 

Fig. 4.b Platonic Solids and other Geometrical Shapes for the Pinnacles of “La Sagrada Familía”, in the 

Museum of the Church, photo by Marcella Giulia Lorenzi 
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Fig. 4.c Elements for the Pinnacles of “La Sagrada Familía”, in the Museum of the Church, 

photo by Marcella Giulia Lorenzi 

 

Many decorations of the Basilica are directly referable to the Art Nouveau and, as such, to the 

geometric shapes that characterize this new artistic style of the beginning of the XX Century. It has 

been argued that Gaudí – conscious of the fact the construction of the Church would much probably 

extend well beyond his death – preferred not to complete the perimeter of the Church but rather 

dictate its geometric “vertical” structure by completing some of the geometrized towers. After 1940 

the construction was retaken by Francesc Quintana, Puig Boada and Lluis Gari, with sculptures 

by J. Busquets and Josep Subirachs in the façade. The current work are computer assisted; the 

computer modelling has revealed itself to be extremely useful to give a perfect and coherent 

geometric shape to the various elements, such as internal pillars and columns (Fig. 5). 

 

 

 

Fig. 5 Columns of “La Sagrada Familía”, photo by Marcella Giulia Lorenzi 
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The central naves are characterized by columns in the form of trees and a ceiling that is formed by a 

tessellation of shapes resembling sunflowers, with a great rotational symmetry (Fig. 6).  

 

 
 

Fig. 6 The Vaults of “La Sagrada Familía”, photo by Marcella Giulia Lorenzi 

 

It is remarkable that Gaudì did in fact invent a new geometric structure for his columns, a structure 

“able to include motion and change”, much in the spirit of the new age and of Futurism itself (see 

[12], page 64). Gaudì ideated a column with a “variable transversal shape”, i.e. a polygonal shape 

(either a regular polygon or a starred one) that gradually changes its degree of rotationally 

symmetry, i.e. it increases gradually its number of sides, passing slowly to an almost circular 

section and eventually to a circle (Fig. 7). The result was obtained by the intersection of two 

helicoidal columns, one rotating clockwise and other counterclockwise. At each intersection the 

number of edges increases with eight (in fact it doubles), while the vertices reduce their size, so that 

the section is finally turned into something very near to a circle.  

 

 
 

Fig. 7 Columns of “La Sagrada Familía”, photo by Marcella Giulia Lorenzi 
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Fig. 8 The Shape of Columns of “La Sagrada Familía”, image from [12] 

 

As en example, with such a progression, a square is transformed into an octagon, then in a polygon 

with 16 sides, and so on as far as the column progresses vertically (Fig. 8). The columns of “La 

Sagrada Família” present different initial sectional shapes, ranging from 4 to 12 initial sides, that of 

course increase with height as discussed before. The family of “structural columns” includes also 

intermediate columns that in turn form the base for smaller columns, in number from 2 to 5, 

necessary to split the weight of the vault into separate forces. Also these smaller “inverted” columns 

share the same geometric construction based on the intersection of two helicoids, in which the 

passage from a polygon to a circle is now obtained from top to bottom.  

 

 

 

Fig. 9 Columns resemble Trees, from the Museum of the Church, photo by Marcella Giulia Lorenzi 
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This clever system not only generates rather interesting geometrical shapes and symmetries, but 

also allows to mimic an astonishing continuity between lines and surfaces of different columns, 

exactly as it happens in Nature when passing from the trunk to the stakes of a tree (Fig. 9 - see again 

[12], page 66). A fully “natural fractal structure”, in fact, much in the aforementioned spirit of 

imitation of Nature. It is impressive how Gaudì was in fact able to obtain such a naturalistic 

structure by a clever use of Euclidean Geometry, with a fractal process of self-similarity and self-

reproduction (Fig. 10). As another example of his creative geometric geniality, we mention that in 

the “Schools” that stand in the area of the Basilica – designed in 1909 – Gaudí made a clever use of 

small straight segments to construct curved surfaces. The roof is in fact a conoid with a sinusoidal 

section (see [12], page 70), again a “natural shape”, able to produce a good acoustic and also to be 

robustly sustained by relatively thin walls (just 9 centimeters for a building of 10 x 20 meters and an 

eight of 5 meters…!). 

 

 
 

Fig. 10 Computer Design of the Construction of Columns  

(a project of Victoria University of Wellington, New Zealand, and Politecnico de Barcelona, Spain) 

 

As we said, “La Sagrada Família” is still under construction (Fig. 11). The central cupola of the 

Basilica – yet to be terminated – will have a circular shape. It should be remarked that the only 

existing copy of Gaudí‘s last recorded blue prints was destroyed in 1938 during the Spanish Civil 

War and this made it very difficult for his workers to complete the Sagrada Família in the fashion 

Gaudí most likely would have wished; this masterpiece is now being completed, but differences 

between the original project of Gaudí and the new additions can be easily recognized. 
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Fig. 11 “La Sagrada Familía” is still under Construction, photo by Marcella Giulia Lorenzi 

 

 

2 Magic and “Pseudo-Magic Squares” 

 

Worth of mention is the “pseudo magic square” of Subirachs that appears in the “Passion Façade” 

(Fig. 12). This numerical table is not a “magic square” in the appropriate sense: a “magic square” 

is in fact a  (n x n)  matrix containing all numbers from 1 to n
2
, such that all arrows, all columns and 

all diagonals give always the same sum, called its “magic sum”; this one is in fact a 4 x 4 matrix, in 

which two numbers are missing (12 and 16) while two other numbers (10 and 14) are repeated 

twice. Here the sum is always 33, namely the age of Christ. It can be easily shown that this square is 

not magic, since it is impossible to construct a magic square having 33 as “magic sum”: each magic 

square with 16 entries should in fact have magic sum 34. 

 

 
 

Fig. 12 The Pseudo-Magic Square of Subirachis in the Passion Façade, photo by Marcella G. Lorenzi 



 

 

 

Aplimat – Journal of Applied Mathematics 

 

  volume 3 (2010), number1 
 

 

136 

More generally, in fact, if one has such a square matrix (magic or not) the sum n of each arrow 

(and column, and diagonal) should obey the equation 

 

( )2 21
. 1

2
n

n n n= +∑  

 

so that 

 

( )21
1

2
n

n n= +∑  

One has thence 
2

5=∑ , 
3

15=∑  and
4

34=∑ .These are, of course, necessary but not sufficient 

conditions for “magicity”.  

The “pseudo magic square” of Subirachis can in fact be derived from the following square matrix, 

that does in fact form a magic square 

 

 

 

Fig. 13 The Magic Square of Albrecht Dürer (Melancholia) 

 

that appears (modulo a rotation of ) in the famous “Melancholia” of Albrecht Dürer (Fig. 13). It 

is enough to subtract in it 1 from its four entries 15, 12, 11 and 16 (in four independent lines and 

arrows – Fig. 14) to reduce the sum 34 to 33 and to generate the Subirachis square: 

 

 
 

Fig. 14 The Pseudo-Magic Square of Subirachis 

 

It has been argued that Subirachis choose this particular square (there are in fact other possibilities) 

since the sum of the two repeated numbers is 48 (namely, 10+10+14+14), that in the Latin alphabet 

is also the sum of the places of the four letters I.N.R.I. (namely, 48 = 9+13+17+9). The same sum 

33 can be obtained in several other ways (See Fig. 15). 
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Fig. 15 Summing up to 33 in the Pseudo-Magic Square of Subirachis,  

from the Museum of the Church, photo by Marcella G. Lorenzi 

 

 

3 Gaudí and Catenaries 

 

Gaudí begun working in the gothic architectural style (also under the influence of Eugene Viollet-

le-Duc) but he soon developed his own distinct sculptural style (irregular and fantastically 

intricate). For the design of “La Sagrada Família” Gaudí studied and developed a new method of 

structural calculation based on models involving ropes and small sacks of lead shot (Figg. 16 and 

17). The outline of the church was traced on wood and placed on a ceiling, with ropes that hung 

from the points where columns had to be placed. The sacks of pellets - weighing just a fraction of 

the weight the real arches would have to support - were hung from each arch formed by the ropes. 

These ware in fact catenaric arches, as the Calculus of Variation dictates. After taking photographs 

of the resulting model, shot from various angles, turning then upside-down the lines of tension 

formed by the ropes and weights would eventually indicate the pressure lines of the structure 

envisaged. In this way Gaudí obtained many natural forms in his work. 

 

 
 

Fig. 16 Archive Photo with the Model chosen for Simulation of Forces 
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Fig. 17 The Model for the Construction, from the Museum of the Church, photo by Marcella Giulia Lorenzi 

 

In Geometry – as well as in Physics - a “catenary” is a plane curve representing the shape that an 

idealized hanging chain (or better a rope) assumes when it is supported at its fixed ends and acted 

upon by gravitational Galilean forces (i.e., weight); see [13]. The name is derived from the Latin 

word “catena”, i.e. "chain". The curve has a U-like shape and is in fact related with the graph of the 

hyperbolic cosine; it is superficially similar to a parabola, especially in small portions. Its surface of 

revolution, called “catenoid”, is a minimal surface and is therefore the shape assumed by a soap 

film bounded by two parallel circles (as it was first proved by Euler in 1744). Galileo was the first 

to define it [14] but he erroneously believed it was just a parabola; this was disproved by Joachim 

Jungius (1587–1657) and published posthumously in 1669. The correct equation was in fact 

derived in 1691 by Leibniz, Christiaan Huygens and Johann Bernoulli. Huygens first used the 

term “catenaria” in a letter to Leibniz in 1690. The catenary begun early to be used in the 

construction of arches (already at the time of pre-Greek and pre-Roman Architecture). In antiquity 

the curvature of the inverted catenary was in fact intuitively discovered and understood to be useful 

in the construction of stable arches and vaults; see [15]. Examples may be found in Taq-i Kisra in 

Ctesiphon (Mesopotamia), while Greek and Roman cultures reverted to the (much less efficient 

curvature of the circle) in circular arches and semi-spherical vaults. It somehow remained in Arab 

Architecture but in Europe it remained therefore forgotten for long time.  It is supposed that its 

“modern rediscovery” was due to Robert Hooke - famous for his studies on Elasticity - who 

discovered it in the context of the rebuilding of St Paul's Cathedral. In 1671 Hooke did in fact 
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announce to the Royal Society that he had solved the problem of the optimal shape of an arch, and 

in 1675 published an encrypted solution as a Latin anagram in an appendix to his Description of 

Helioscopes, where he wrote that he had found "a true mathematical and mechanical form of all 

manner of Arches for Building" (see [13]). 

 

The catenary is very important in modern Architecture; it is in fact the ideal curve for an arch that 

supports only its own weight. When the centerline of an arch follows the curve of an inverted 

catenary, then the arch is known to endure only pure compression (at a good first approximation), 

so that no significant torsional moments occur inside the material. When individual pieces form the 

arch and their contacting surfaces are perpendicular to the curve of the arch, moreover, it is known 

that no shear forces are present at the contact (again in a good first approximation). No specific 

buttress is required, since the forces acting on the arch at the two endpoints are tangent to its 

centerline. 

 

Antoni Gaudí made extensive use of catenary shapes not only in the Sagrada Família but in most of 

his architectural work. First in the crypt of the Church of Colònia Güell, for which he constructed 

inverted scale models (a technique that worked well for the vaults with a single-curvature). The 

same technique could not be however used to project the more complex vaults of the nave of the 

Sagrada Família, that present in fact a double-curvature.  

 

The Cartesian equation of a catenary can be written under the following form 

 

y = a cosh (x/a) = ½[exp(x/a) + exp(-x/a)] 

 

where cosh is the hyperbolic cosine function and a is a real constant, that can be interpreted as the 

ratio between the horizontal component of the tension on the chain (assumed to be homogeneous, so 

that the tension is constant) and the weight of the chain per length unit. 

It is also possible to derive two equations which together define the shape of the curve and the 

tension of the chain at each single point. See [13]. 

 

 
 

Fig. 18.a Hyperbolic Paraboloids in the Interior of the Vaults of “La Sagrada Familía” 
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4 Final Remarks: Paraboloids, Hyperboloids and Nature in Gaudí 

 

As we already said, throughout his life Gaudí studied natural angles and curves and tried to 

incorporated them into his sculptured particulars, into mosaics and into the designs of his 

Architecture. Instead of relying directly on the “simple shapes” of Geometry he rather mimicked 

Nature by subtly combining them (see our remarks above); in his work rotational surfaces having a 

peculiar role, such as hyperboloids and paraboloids (Figg. 18.a and 18.b), were in fact borrowed 

from Nature, so to allow his work to resemble environmental elements. He said once: “Those who 

look for the laws of Nature as a support for their new works collaborate with God”. 

 

For example, an hyperbolic paraboloid (formed by straight lines according to the fact that it is a 

ruled surface – Fig. 19) was used in the construction of the “Colonia Güell” (see [12], page 72); 

and the use of parabolas can be seen elsewhere (Fig. 20) as well as in various particulars of “La 

Sagrada Família” (e.g., the columns of the “Passion Façade”, the coverings of the naves, the 

junctions between light openings, the central towers as well as the huge Sacristies). And 

hyperboloids can be found also in “La Sagrada Família”. Gaudí was the first Architect to make a 

conscious use of such kind of quadrics. Realized again as ruled surfaces, they were used to design 

and construct some openings between the columns and the vault, with the purpose of giving more 

light to the interior (see [12], page 74); this was a rather clever choice, able to capture a lot of light 

and diffuse it in the interior both because of its negative curvature in one direction at the saddle 

points and because of them being formed by two families of straight lines revolving in two different 

senses around the circular section of the surface. 

 

 
 

Fig. 18.b Hyperbolic Paraboloids from the Exterior of the Vaults of “La Sagrada Familía” 
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Fig. 19 Designing Hyperboloids and Paraboloids, Museum of the Church, photo by Marcella G. Lorenzi 
 

 

 

 

Fig. 20 Parabolic Vaults in “Casa Batlló” 
 

We like to mention that Gaudí – working in a Liberty style – was in fact implicitly referring also to 

the structure of Mandala’s (see, e.g., our earlier paper [16]). According to [17] a Mandala is “an 

organized figure with a centre around which dynamical relations are established with any other 
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point of the Mandala, so that an external bound exists that gives perfection to the whole object”. In 

[17] a number of Mandalic figures are drawn out of Gaudí’s designs; e.g., several ones belonging to 

“Park Güell” and others recurrent in most of Gaudí’s decorative work (Fig. 21). 

 

 
 

Fig. 21 A Mandala Shaped Vitral in Bellesguard 

 

A further interesting remark concerns the interest towards “geodesics” that Gaudí showed in his 

celebrated house “La Pedrera”, that are particularly evident in the shape of the roof of this work 

(see [2], page 73) and in its undulate and helicoidal chimneys, but also in its animated façade in 

stone, with seven curved plies that surround esoteric balconies. The construction lasted from 1906 

to 1912; it manifestly shows curved surfaces that gradually pass from plane to ovoidal shapes (so 

anticipating Arp and Brancusi; see [18]). Not to speak of helicoidal stairs…(Fig. 22). 

 

 
 

Fig. 22 Helicoidal Stairs in “La Sagrada Familía”, photo by Marcella G. Lorenzi 
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Just to mention another example, we recall that the central hall of what should have been the house 

of the family Güell was a fantastic reproduction of Cosmos – a celestial cupola that, according to 

critics, followed the constructive canons of the cupola of Saint Paul’s Cathedral in London (Fig. 

23). Gaudí's originality was at first misunderstood and even poked fun at; his work became more 

famous after his death and he stands now as one of history's most original architects. Gaudí's 

influence on Culture can be recognized also in the Pokémon film “The Rise of Darkrai” [19] as 

well as in the later work of Godey, designer of the Space-Time Towers [20] (which are in fact based 

on the “Sagrada Família”). 

 

 
 

Fig. 23 The “Cosmic” Cupola in “Casa Güell” 

 

This is a list of Gaudí’s main Artworks: Casa Vicens (1884–1885), Palau Güell (1885–1889), the 

College of the Teresianas (1888–1890), the Crypt of the Church of Colònia Güell (1898–1916), the 

Casa Calvet (1899–1904), the Casa Batlló (1905–1907), Casa Milà (better known as “La 

Pedrera”, 1905–1907), Park Güell (1900–1914), the Nativity façade and Crypt of “La Sagrada 

Família” (1884-1926, still under completion as of 2010). 
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GEOMETRY   AND   PERSPECTIVE 

   IN  THE  LANDSCAPE  OF  THE SAQQARA   PYRAMIDS  
 

MAGLI  Giulio,  (I) 

 
Abstract. A series of  peculiar, visual alignments  between the pyramids of the pharaohs of the 

4th , the 5th and the 6th Egyptian dynasties exists. These alignments governed from the very 

beginning the planning of the funerary monuments of successive kings and, in some cases, led 

to establish building sites in quite inconvenient locations from the technical viewpoint. 

Explaining the topography of these monuments means therefore also investigating on their 

symbolic motivations: religion, power, dynastic lineage and  social context, as well as getting 

insights on the skills of the ancient architects in astronomy and geometry. In the present paper 

we focus on the relationships between the Old Kingdom pyramids at Saqqara. 

 

Key words. Ancient astronomy. Ancient and sacred geometry. Egyptian pyramids. 

 

Mathematics Subject Classification:  Primary 01A16, 51-03. 

 

 

1 Introduction 

 

It is known since the 19th century that an interesting feature exists in the layouts of the pyramids of 
the 4th dynasty at Giza: the presence of a “main axis” connecting the south-east corners of the three 
main monuments and directed to the area where the ancient temple of the sun of Heliopolis once 
stood, on the opposite bank of the Nile [1,2,3]. This line is connected with a process of 
“solarisation” of the pharaohs which started with Khufu, the builder of the Great Pyramid, and 
lasted up Menkaure, the builder of the third Giza pyramid [4,5]. The kings of the 5th dynasty moved 
- in spite of the presence of several favorable  places to the immediate south of Giza - some 7 Kms 
apart on the plateau of Abusir. Here, again, a “main axis” similar to the Giza one was inaugurated: a 
straight line indeed connects the north-west corners of the pyramids of three successive kings [6] 
(on the problems related to the topography at Abusir see [7] and references therein). Besides such 
“diagonal” alignments, another type of visual relationship is also known to exist between pyramids 
and sacred sites: meridian (i.e. north-south) alignments. A meridian line was, for instance, 
suggested by Goyon [8] to connect Giza with the sacred center of Letopolis located due north. The 
research presented here is part of a wider program aimed at a complete (topographical, historical 
and astronomical) analysis of the whole set of alignments in the pyramid's fields of the Old 
Kingdom [9]. 
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Fig. 1 Map of Saqqara (numbering of the monuments in chronological order).  

1- Archaic Mastabas    2-Gisr el-Mudir    3- Djoser Step Pyramid    4-Pyramid of Sekhemkhet     

5- Mastaba El Faraun    6-Pyramid of Userkaf,    7-Pyramid of Djedkare    8- Pyramid of Unas  

9-Pyramid of Teti    10-Pyramid of Pepi    11-Pyramid of Merenre 

 

The final aim of this project is to obtain a complete picture of these peculiar elements of the design 
of the “sacred landscape” and to analyze its implications both from the historical and from the 
technical point of view. In the present paper, we shall concentrate on the visual relationship existing 
in the pyramid's fields at Saqqara.   
 

 

2 Historical and architectural context 

 

In what follows we will be interested in the funerary complexes constructed during the course of the 
so-called Old Kingdom in the central area of Saqqara and in Saqqara south (Dashour). I will 
therefore recall briefly the historical development of these sites; as a reliable working framework I 
refer here to the chronology by Baines and Malek [10]. 
The “Age of the Pyramids” starts with the so-called Step Pyramid, built by the first 3th dynasty 
pharaoh Djoser around 2630 BC [11]. Saqqara was already at that time a very important necropolis, 
located on the desert plateau overlooking the area of the capital, the “White Wall” later called 
Memphis (Fig. 1). Some of the  pharaohs  of the previous dynasties were buried in tombs located 
south-west of the future Djoser building site. Further, since a few years ago most Egyptologists 
were convinced that almost all the kings of the first two dynasties were buried in Saqqara, their 
tombs being the  mastabas (“bench-like” buildings) located on a line which flanks the ridge of the 
plateau; today, these tombs are rather attributed to high state officials, and the tombs of the first 
kings are identified with the burials – before considered symbolic cenotaphs - present at Abydos, 
the city sacred to Osiris. This riddle is not definitively solved; in any case, the importance of 
Saqqara is confirmed also by the presence of another monument, pretty similar to those existing in 
Abydos. These monuments – usually called with the German name Talbezirke- are huge rectangular 
enclosures which were ritually leveled at the death of the king. The unique which survives intact in 
Abydos is the Shunet el-Zebib, a rectangular mud-brick building measuring 123 x 64 meters, built 
by king Khasekhemwy at the beginning of the 27 century BC. The (leveled) one existing in Saqqara 
is today called Gisr el-Mudir; it is roughly oriented to the points of the compass  and it is located  
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west of Sekhemkhet's pyramid. Almost certainly, it belongs to a king of the second dynasty – 
perhaps Khasekhemwy himself – and it was very large, with walls as wide as 15 meters and 
dimensions around 650x350 meters.  
Djoser's pyramid complex represents a clear breakthrough in the history of art and architecture. It is 
comprised in a high-walled rectangular enclosure – reminiscent of the Talbezirke, but built in stone 
– and consists of several buildings. The key of the complex is of course the Step Pyramid, the first 
pyramid ever built in Egypt, about 60 meters tall. The enclosure is roughly oriented to the cardinal 
points (as is the pyramid) and originally had only one entrance, located near the south-east corner, 
and a huge surrounding dry moat [12].  
After Djoser, other pyramids will be built by kings of the same dynasty. The first is Sekhemkhet’s, 
a project very similar to Djoser's which was however left unfinished and – probably – filled with 
earth and rubble already by its builders. Then followed the so-called Layer Pyramid at Zawiet el 
Arian  and another very far south, in Meidum, perhaps to be attributed to Snefru, the first king of 
the 4th dynasty. In any case, it is with Snefru (around 2575 BC) that building of pyramids had the 
final technical breakthrough, with  the first “geometrical” pyramids built with huge stone blocks  
and cased with Tura white limestone. These are the two magnificent pyramids located in Dashour 
(South Saqqara) called today the Bent Pyramid and the Red Pyramid (due to a change in the slope 
of the first and the color of the stones of the nucleus of the second).  
With the son of Snefru, Khufu, we have the beginning of the time of the “solar kings”, i.e. those 
who declared a direct descent from the Sun God.  Khufu was the builder of the Great Pyramid in 
Giza (and perhaps initiated also the project of the second one [3,13,14]). His son Djedefre moved to 
Abu Roash, while Khafre and Menkaure built in Giza. The successor (probably the son) of 
Menkaure, Shepsekaf,  broke however the “solar” tradition. His name does not bring the “solar” 
suffix -re; his funerary monument is  not in view from Heliopolis and it is actually the unique royal 
monument of the epoch which is not a pyramid. It is indeed a somewhat unique monument, called 
today Mastaba El Faraun, which we shall describe in more details later (for a discussion of different 
viewpoints about Shepsekaf see [6]) . Perhaps inspired by a total solar eclipse occurred on April 1, 
2471 in the area of the Delta, the successor Userkaf (around 2465 BC) returns to the tradition. He 
builds a pyramid in Saqqara, located as close as possible to the wall of the first pyramid ever 
constructed, Djoser’s, and a huge monument devoted to the Sun God in Abu Gorab. After Userkaf, 
we have a new series of  “solarised” kings which will successively build their pyramids in Abusir: 
Sahure, Neferirkare, Neferefre, Shepseskare (pyramid building site not certain) and Niuserre. After 
Niuserre, the kings will definitively move to Saqqara for their pyramids: Menkahour (pyramid 
building site not certain) and then Djedkare, who choose a prominent position directly at the ridge 
of the plateau. After,  Unas, whose project, developed in a very unfavorable position near Djoser's, 
will be of particular interest for us as well as that of his follower Teti. The pyramid building site of 
Teti’s immediate successor, Userkare, has never been individuated. The last three kings to build a 
pyramid before the end of the Old Kingdom will be Pepi I, Merenre and Pepi II, who all choose the 
area half-way between Saqqara and Dashour.  
 
 
3 Art and landscape at Saqqara 

 

To describe the way in which geometrical alignments and artistic perspectives were established at 
Saqqara we follow strictly the chronological order recalled in the previous section. Indeed, we must 
take into account that the whole “sacred landscape” visible today is the result of successive 
additions in the course of several centuries.  
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3.1 The Snefru project 

 

The pyramids constructed by Snefru at Dashour stand, still today, among the most huge and 
beautiful monuments ever built by humankind. The Bent Pyramid owes its name to a sudden 
softening of its inclination, which was effected when the construction had reached 49 meters (the 
initial inclination of 54°3' drops to 43°21', thus forming an angle in the pyramid’s profile). One of  
the ten biggest and heaviest objects ever created throughout history, the pyramid has a 189 meter 
wide base and is 105 meters tall. The north pyramid of Dashour or Red Pyramid owes its modern 
name to the reddish hue of the limestone used to build it.  The base measures 218.5 by 221.5 
meters, is 104.4 meters tall, with a gradient virtually identical to that of the upper section of the 
south pyramid. The two pyramids are relatively far apart (about 1,850 meters) and are not on the 
same meridian (the distance between their meridians is about 300 meters). The Red Pyramid is so 
far from the Nile floodplain that a two-kilometer-long causeway would have been needed to access 
it from the river. These facts implied several logistical difficulties (for instance, for the transport of 
construction materials from the Nile) and have never been satisfactorily explained.  Further, at the 
moment of construction  the whole desert area between the Saqqara central field and Dashour was 
almost completely free. It is therefore also unclear why Snefru choose to build his pyramids so far 
from the capital. To gain insight into this problem, we must first mention the fact that most 
Egyptologists believe that the two monuments do not belong to a unitary project. Generally, it is 
believed that the Red Pyramid was the “real” tomb and was erected because the Bent Pyramid 
became structurally unstable during its construction. Because the Bent Pyramid was in danger of 
collapsing, its gradient was first softened, and then it was decided to build a new pyramid anyway. 
However, not all scholars in the past agreed with this view, which is actually – at least in the 
author's view – simply untenable for a long series of reasons (a complete discussion can be found in 
[7]). Thus, it is much more likely to think that the Snefru project comprised two pyramids from the 
very beginning, as will probably occur for the project of his son Khufu at Giza [7,13,14,15]. The 
real explanation for the riddles of the Dashour complex are to be sought at a more symbolic level. 
What particularly arouses suspicion is the “duality” apparent in the site – two enormous pyramids, 
two (and not three) slopes, two funerary apartments in the south pyramid – prompting some 
scholars in the past to suggest that the pairing represents, a tribute to the tradition of the Pharaoh as 
the ruler of unified Upper and Lower Egypt. The “duality” in the sepulchre is actually easily traced 
back in the funerary cult before Snefru, e.g. in the curious “south tomb” - a underground maze 
similar to that beneath the Step pyramid and probably meant as a cenotaph for the king - present in 
Djoser's complex. The change in the slope of the Bent pyramid remains something of a mystery, 
however the pyramidion (the monolithic capstone which was put on the apex of the pyramids) 
found in pieces near the Red pyramid has the same slope of the lower part of the Bent pyramid, and 
was perhaps meant to introduce a further element of symmetry in the project.  To this interpretation 
of the Snefru pyramids as a unitary project I would also add that the Snefru monuments were meant 
to represent an artificial horizon. Indeed, the ancient pathway leading from the capital to the 
Saqqara plateau almost certainly raised up a wadi (dried river) located a few hundreds meters to the 
north [11] and followed the line of the archaic mastabas up to the area were the Userkaf and Teti 
pyramids would later been built. At Snefru times this path was free up to the entrance of the Djoser 
complex on its right and a person ascending the plateau would have seen the two giant pyramids of 
Dashour standing alone at the profile of  the horizon (actually, this impressive experience is still 
enjoyable today, especially in clear days). The (symbolic) horizon was, in ancient Egypt, 
represented in hieroglyphs by a sign of two paired mountains . Perhaps the two artificial 
mountains of Snefru actually represented the two (re-united) parts of the country themselves. As a 



 

 

 

Aplimat – Journal of Applied Mathematics 
 

volume 3 (2010), number 1  
 

 

151

matter of fact, immediately thereafter, the first of the solar kings, Khufu, will design his funerary 
project at Giza following the same pattern, but adding to the „paired mountains“ the sun setting in 

between . This was achieved with a spectacular phenomenon, a hierophany, which can still be 
experienced from the Sphinx area at the summer solstice, when the sun setting between the two 
giant pyramids  replicates one time a year in the sky the very same name of the Great Pyramid, 
Akhet Khufu or „the horizon of Khufu“ [1,3,14].  

 
 

Fig. 2 The southern horizon viewed from the the Saqqara central field, near the Teti pyramid.  

In the foreground, the huge mole of the Mastaba el Faraun; in the background 

 the “Snefru project”: the Bent and the Red pyramid. 

 
Further to such considerations, it is interesting to observe that the Snefru project was conceived 
taking into account the position of the pre-existing monuments of the Saqqara central field. It was 
indeed already noticed by Goyon [8] that the Red Pyramid lies on the same meridian of the Gisr el-
Mudir. Actually, the correspondence looks closer, since the the Red and the Bent pyramid of Snefru 
appear to have been constructed in such a way that their west sides align with the two south corners 
of the enclosure. Interestingly, the Snefru project seems  to be ideally connected also with Djoser's, 
in that the center of the valley temple of the Bent pyramid aligns with the apex of the Step Pyramid. 
 

3.2 The Shepsekaf project 

 
At the moment of construction of the funerary monument of Shepsekaf, the area between Saqqara 
and Dashour was still as empty as it was in Snefru's times. The king choose however to build his 
tomb in the very middle of this area, and therefore quite far from both the two pre-existing 
necropolis. Again, this fact seems to await for an explanation. To try to get rid of this enigma, we 
must first of all observe that the resemblance between Shepsekaf's tomb and a “true” Mastaba is 
only apparent. The tomb is, indeed, gigantic in size (around 100x75 meters base and 19 meters tall) 
and its lower courses  were cased in granite, as were those of the pyramid of his father Menkaure; 
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further, the interior arrangement of it is that of a pyramid. Contrary to mastabas indeed – which 
were usually composed by a sort of “apartment” of several rooms devoted to the funerary rites, 
while the funerary chamber was located  in deep shaft, the Mastaba el Faraun has a descending 
corridor oriented to true north and lined in granite, and a subterranean antechamber/chamber 
system. Also the shape of the “bench”  is much more elaborate to that of a Mastaba, with a sort of 
vault between vertical ends; it has been proposed  that it recalls a giant sarcophagus or archaic 
models such as the so-called Buto shrine [11]. Actually, at least in the author's view, the monument 
also resembles the hieroglyph for “sky” . All in all, we can be certain that also the Mastaba el 
Faraun was conceived – from the point of view of the art of the landscape – as a monument devoted 

to occupy the horizon. Of course, the south horizon from Saqqara was already “occupied” by the 
Snefru pyramids as Verner [6] has already put in evidence, suggesting  that Shepsekaf's choices 
might have been motivated by the will of the king to exploit his dynastic lineage up to Snefru. My 
proposal is that it was indeed the complete project – choice of the building site, and design – to be 
conceived in order of harmonize the monument with the pre-existing Snefru-built landscape, and 
therefore stressing the return of the king to a “pre-solar”, “horizon” tradition. Indeed, if a line is 
traced from half the distance between the two Snefru pyramids and the center of Shepsekaf, it is 
seen that it crosses the Saqqara central field in the same “entrance” area located near the Teti 
pyramid. As a consequence, anyone reaching the summit of the ridge would have seen (and still can 
see, Fig. 2) the king's tomb forming a sort of regular baseline for the double-mountains symbol 
“created” at the horizon by the two giant pyramids of Snefru; on the other end, it is easily seen that  
the position of the monument is not dictated by the morphology of the territory: the huge building is 
founded on an artificial terrace and is relatively far from the ridge of the Plateau. 
 
3.3 The Unas project 

 
As mentioned in the previous section, the pyramid building sites of the solarized kings (Abu Roash, 
Giza and Abusir) exhibit the “dynastic lineage” of the kings from the Sun God by means of 
topographical alignments with Heliopolis [2]. In particular, the south-east corners of the three 
pyramids in Giza and the north-west corners of three pyramids in Abusir align in the direction of 
the sacred city. Interestingly enough, the idea of “dynastic” alignments (representing lineage, or 
closeness of religious ideas, or more simply hints to past traditions) remained up to the end of the 
Pyramids age and is clearly visible also at Saqqara. There is, in fact, no other feasible way to 
explain the most “crazy” pyramid complex ever built, that of king Unas, the last king  of the 5th   
dynasty.  The pyramid is constructed near the south-west corner of the precinct of Djoser, thus very 
far in the desert. Consequently, the builders had to construct also a very long (more than 700 
meters) causeway connecting the complex with the valley temple. Even worse, they had to “clear” 
the zone near Djoser’s south wall which was already overcrowded by many pre-existing mastabas 
and even by some royal tombs of the first dynasties. Some tombs were thus filled with earth, and 
some mastabas were even completely dismantled (one has been reconstructed in the 70' of last 
century from blocks found beneath the causeway). Clearly, Unas must have had an important reason 
for choosing such an unfavorable building site, if only one considers that the pyramid could have 
been built in front of the area south of the Step pyramid (admitting that the king wanted to stay 
close to it anyway). Actually, already in 1985 Lehner [1]  noticed the existence of a “Saqqara 
diagonal”, without however attempting to discuss its meaning.  It is a line oriented roughly SW-NE 
(it is difficult to ascertain the azimuth precisely, but it can be estimated as being ~39° east of north) 
which connects the south-east corner of Userkaf pyramid with the south-east corner of Djoser’s 
pyramid and then crosses over Unas' north-east/south-west base diagonal. There can be no possible 



 

 

 

Aplimat – Journal of Applied Mathematics 
 

volume 3 (2010), number 1  
 

 

153

doubt, at least in the present author's view, that it was precisely the will of realizing this alignment 
which governed the choices made by Unas' architects.  Actually indeed, the Unas pyramid has also 
another “strange” peculiarity. Although its side base (57.7 m) is the smallest among all the royal 
pyramids – implying a relevant economy in its construction - the monument is also the one with the 
steepest slope (the slope was of course chosen with the help of rational fractions, and Unas' is 3/2 
[16]). This implies that the pyramid rose at the respectable height of 43 meters.  The likely reason 
for this choice is that another problem in realizing the project was that it was to be recognizable to 
anyone approaching the plateau, while  the height of the wall of the Step pyramid complex would 
have obstructed the view of the pyramid (on the issue of visibility see also the discussion). To 
increase visibility further, the alignment was designed  along the diagonal of the pyramid, not along 
the south-east corner, again a unique case among the various “diagonals”. The final result of the 
Unas project is that the placement of the three pyramids of the Saqqara central field resembles that 
of the three pyramids of Giza, to the point that the resemblance can hardly be considered casual. A 
similarity was already noticed some years ago by Goedicke [17], who observed  that an 
unobstructed line of sight connects the Userkaf pyramid with Khufu's. 

 
 

Fig. 3 A picture from south of Unas pyramid (foreground). The “Saqqara diagonal” connecting  Unas' 

diagonal with the south-east corners of the Step (middle) and Userkaf (background) pyramids can be 

perceived .  

 
Actually, if connecting lines are traced between the summits of Djoser’s and Unas’ pyramids and 
the apexes of Khafre’s and Menkaure´s monuments respectively, it becomes clear that the 
placement of Unas pyramid was actually conceived to realize a sort of (rough) copy of the 
arrangement of the Giza pyramid field. These lines are in fact about 14.5 Kms long (and therefore 
allow a direct visibility) and, although they are not parallel, their relative deviation stays within 2°. 
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3.4 The Teti project 

 
Lehner [1] noticed that the Saqqara diagonal also touches (roughly) the north-west corner of 
Sekhemkhet’s unfinished pyramid to the south-west, and Teti's north-west corner to the north-west. 
Perhaps, however, the alignment with Sekhemkhet’s pyramid occurs by chance, since the pyramid 
itself might have been already buried at Unas' time [9]. Teti instead was Unas’ successor, and it is 
therefore conceivable that he may have wanted to align his pyramid along the “Saqqara diagonal”. 
The architect of the king was faced, however, with a difficult problem, since it was nearly 
impossible  to build the pyramid in a position very far in the desert, along the diagonal to the south-
west of the Unas one, while the outcrop of the Saqqara ridge in front of Userkaf pyramid was 
completely free. So, Teti complex was located in this area. Interestingly enough, in the course of the 
project it was decided to try to respect the “dynastic” perspective of the pre-existing diagonal, and 
probably for this reason it is the north-west corner of the Teti pyramid to lie on the pre-existing line. 
Another “mystery” of the Teti project is the fact that the pyramid complex is badly aligned with 
respect to the cardinal points (it deviates about 9 degrees west of north). Recently however, it has 
been shown that is probably due to a solar (as opposed to stellar) orientation of the complex [18]. 
 
3.5 The pyramids of the 6

th
 dynasty 

 
The pyramid building site of Teti’s immediate successor, Userkare, has never been individuated. 
His reign was very short, and perhaps his project remained unfinished; in what follows we shall, 
however, make a guess on the place where its remains could perhaps been found. The successive 
kings of the 6th dynasty, Pepi I, Merenre and Pepi II, choose indeed the area between the Saqqara 
main field and Shepsekaf's monument, where only Djedkare monument was pre-existing. 

 
 
Fig. 4 Meridian alignments between the Saqqara central group and the 6th dynasty pyramids. A- Userkaf A'- 

Pepi I; B- Unas B' -Merenre; C denotes the Step Pyramid, C' the hypothetical position of a further royal 

project, perhaps Userkare's. The diagonal Pepi I-Merenre is also shown.  

 



 

 

 

Aplimat – Journal of Applied Mathematics 
 

volume 3 (2010), number 1  
 

 

155

In particular, Pepi I built his pyramid near the ridge of the plateau. A meridian alignment connects 
the apex of his pyramid with that of Userkaf in the central Saqqara field. This may be considered as 
a chance. However, if we look at the position of  his successor Merenre we see that he moved 
south-west in such a way to align the diagonal to that of Pepi I and the center of the pyramid with 
the apex of Unas (this line also touches the west side of Shepsekhaf's Mastaba to the south). 
Therefore, there is a symmetrical connection between the Pepi I/Merenre complexes and the 
complexes placed at the two ends of the Unas diagonal, namely Unas and Userkaf. This connection 
can hardly be considered as casual, since it seems – once again – that Pepi I and Merenre wanted to 
replicate a pre-existing “diagonal”, in this case the Saqqara diagonal. If this is accepted, then it is 
immediately seen that the position at the center of the diagonal, which corresponds to a meridian 
alignment with the Step pyramid, is left free. One may at this point seriously suspect that the – 
perhaps unfinished – complex of Userkare may have been the first to be located in this area and 

might therefore be located approximately in the middle of the line connecting Pepi I and Merenre's 

diagonals. Interestingly, recent excavations in the nearby Tabbet al-Guesh area gave many hints at 
the possibility that a pyramid has still to be discovered there [19]. The area is actually criss-crossed 
by yet another possibly non-casual connecting line, since the northwest-southeast diagonal of Pepi I 
aligns with the south-east corner of the Gisr el-Mudir. Regarding Pepi II, successor of Merenre, we 
shall never know if he would have liked to add his monument to the south-west of Merenre's 
because that area is occupied by a dried river and is unsuitable for building. Perhaps as a 
consequence, he choose a position immediately to the south, near Shepsekhaf’s monument. 
 
 
4 Discussion and conclusion 

 
The placement of pyramidal complexes had to take into account a series of  practical factors  such 
as presence of nearby stone outcrops to be transformed into quarries and accessibility of materials. 
Perhaps also the presence of the - still active - building site of the pyramid of the preceding pharaoh 
may have influenced the choice [20]. However, there can be no doubt on the fact that, in many 
cases, the pyramids were not constructed were reasonableness would have wanted. Following the 
historian of religion Mircea Eliade, according to whom [21] the symbolism contained in  the sacred 
space is so “old and familiar” that it may be difficult to recognize it, we have thus pursued a 
systematic search of the possible geometrical and perceptive connections between the pyramids of 
the Old Kingdom. What turns out is, that it was the way in which the pyramidal complex 
harmonized with the pre-existing landscape to be the main motivation for many of the topographical 
choices. Here, „landscape“ must be understood in a very broad sense: it was the natural landscape, 
the sky, and also what could be called „dynastic“ landscape, namely the will of putting the funerary 
monument in direct relationship with pre-existing ones, built by pharaohs which were  related by 
direct lineage (e.g. as occurs in Giza and Abusir) and/or by closeness of religious/political ideas. 
From this point of view, the results of the present research have still to be developed, and may lead 
to historical information about poorly known pharaohs such as Shepsekaf. 
A point which emerges clearly is, that it was not enough that the planners or perhaps the priests 
were aware of the existence of a symbolic link of the newly built pyramid complex with the pre-
existing ones. These links were by no means a sort of „esoteric“ (or worse „initiatic“) knowledge: 
they had to be made visible - I would say familiar - to any pious person approaching the royal 
Necropolis, the places were the cults of the dead pharaohs was carried out. Actually, the ideal lines 
which visually connect such sacred places are still clearly perceptible, after 4500 years, to anyone 
visiting the pyramids fields today.     
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The existence of these lines raises also a series of technical issues about ancient survey techniques 
and astronomy. Indeed, from one side, alignments with pre-existing, elevated points put in evidence 
with sun-reflecting (golden) signals might have been useful to establish references during the 
planning and the construction of the pyramids; therefore, alignments - especially meridian - may 
have had also a technical motivation. In any case, how were they obtained? To answer this question 
it is necessary to assess the precision attained in them. The validity of the meridian alignments 
mentioned here has been controlled on topographic maps and, whenever possible, by direct survey 
with a precision magnetic compass, with a nominal precision of 0.5°. However, when the same 
alignments are re-run using the Google-earth program, they are not only fully confirmed, but most 
of them turn out to be valid with an astonishing precision, comparable to that reached by the ancient 
Egyptians in orienting the pyramids (of the order of 20' or even less). This would lead to new 
possibilities in checking ideas about orientation of monuments on the Old Kingdom, like e.g. the 
so-called simultaneous transit theory (a complete discussion of these theories can be found in [7]). 
The satellite images used by the program can produce distorsional effects however, and an error is 
always to be expected in centering the monuments. It would, therefore, be very interesting to carry 
out complete survey of these alignments using a high-precision transit instrument, to check if this 
computer-based estimate is truly valid.  
Finally, an interesting issue is connected with the ubiquitous (Giza, Niuserre at Abu Sir, Unas at 
Saqqara, Saqqara south) existence of survey lines oriented (more or less precisely) quarter-
cardinally. A similar family of orientations has been shown to exist for the Egyptian temples [14]. 
These orientations are difficult to explain, and it has been proposed that it was achieved by 
determining the meridian and turning its direction by 45º; the origin of such a custom should be the 
will of accomplishing two religious precepts: orientation to the celestial realm (the circumpolar 
stars) and orientation perpendicular to the Nile [18]. However, the idea of “averaging“ between 
these two conflicting needs looks unconvincing. For instance, it certainly cannot be applied to 
Mesopotamia, where similar customs of „quarter cardinal“ orientations entered in use already in the 
4th millennium BC (e.g. at Eridu) [22]. Further, it can hardly be applied to alignments of pyramids, 
since all such monuments took already care of both needs in having entrances aligned to true north 
and valley temples facing the Nile. Actually, the first of inter-cardinal diagonals, that connecting 
Giza with Heliopolis, corresponds with impressive precision to the setting of the brightest part of 
the Milky Way. At the times of the construction of the Great Pyramid (say 2550 BC) an observer 
looking from Heliopolis would have seen the stars of the Southern Cross-Centaurus "flow" together 
with the celestial river – probably the „Winding Waterway“ cited in the Pyramid Texts - and 
disappear from view behind the apex of Khufu's monument. Due to the extension of our galaxy as a 
sky-band, this interpretation (with the corresponding one at rising) remains - in spite of precession 
effects – a valid alternative for inter-cardinal orientations during the Old Kingdom; due to the 
similar latitudes, the same explanation might be hypothesized  for Mesopotamian temples as well. 
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Abstract: Starting from a painting of M.C. Escher we raise a problem and we try to see the 

perception of bipolar gravity in art. First, we consider it as “belonging to Gods-belonging to 

Humankind” as reflected in Egyptian art, then a comparison between wings, flying and floating 

in air. Bipolar gravity is analyzed as difference between bodies and souls or as a difference 

good-evil. In the end we present the solution of the problem.   
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1 Introduction 
 

I saw a man having problems in understanding how he can solve the equation 2x-1=0. I tried to 

explain him giving an example. “Two apples cost one euro, how much is an apple?”  His answer for 

this situation was “I don’t know, maybe 1 euro maybe less, you have to ask in the market.”  

It was clear for me that his thinking obeys some rules of common sense, real, but not the rules my 

thinking obeys. The world of his thinking is a real one with no possibilities of abstraction or 

generalizations, mine is also a real and rigorous world, in which I can make abstractions and 

generalizations and I can create mathematics. Solving an equation is an abstraction and as a 

mathematician I can think abstract. All scientists can think abstract. What about artists? For them it 

is not interesting if two apples cost two times the cost of an apple, not the quantity is a criteria but 

the symbolic value that counts.  

Their mind has no restriction in producing art. Their vision can be strange and unrealistic but the 

result of their creation impresses always.   

Embedding mathematics in art or art in mathematics is not quite the same thing. Artists with some 

skill in mathematics are more interesting people than mathematicians doing art. I know a 

mathematician painting algebraic structures and I am not sure if now I understand better or less the 

notion of group.   But if a painter is interested in some problem of mathematics and he knows the 
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answer, you will be surprised how he can twist the notions, relations and evidence to give you the 

unexpected interpretation of the fact.  

Let us consider this problem (Penrose, Impossible Objects). “Construct a triangle with the edges 

orthogonal each other. For a mathematician the answer is simple. In the geometry of our common 

senses this is impossible. The three vertices of the triangle are coplanar and in plane two lines 

orthogonal to the third one are parallel. So there is no triangle with this property. But, for an artist, 

the problem is if he can draw it red or blue because he can draw it even if it is not real. They draw 

such an impossible triangle and this model had an impact on reality. It becomes the symbol of a 

recyclable object. 

  
 

So, objects of art must not obey the rules of mathematics. But can they ignore even the rules of 

physics? Can they ignore gravity laws for example?  Usually not, but observing some M. C. 

Escher’s paintings, the answer is: sometimes yes. 

 

 

2 Some considerations about gravity and art 

 

Let us consider the painting of M.C. Escher “Stairs”. 
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Here everything is about gravity. Every person has his own gravity force. Every object has its 

gravity. 

 For me “Stairs” raises also a simple problem of gravity forces.  

“Find a configuration in this world where two men walking in the same direction and the same 

sense, one is going upstairs, and one is going downstairs.” 

Let us make some considerations about the perception of gravity along the history. 

Unexplained since Newton, but present in the weight of objects and bodies, at the beginning of the 

human history, gravity was felt as a capacity to belong to some communities, religiously speaking.  

Pharaohs are living expressions of Gods. Terrestrial Gods, so everything connected to them must be 

huge, dominant, durable, emerging force, but in the same time imponderables.  Take a look to the 

statues of Ramses the III-rd. You feel that he can walk with you, but his steps will make no sound, 

no tremble of the ground. Look to the Colossi of Memnon, two sitting women, lonely, singing to 

you in the evening winds. Their dimension is speaking for itself. Look to the great pyramids, no 

binding material between the regular faces blocks of stone and the upper polished stones seem to 

float like clouds. No earthquake produced damages on the pyramids even if it produced a fracture in 

the limestone around them. But better let’s look to the Meidum pyramid. We suppose that in a 

primordial phase it was a step pyramid and after that it was improved as a seven level pyramid. The 

inner stones of the construction are irregular, without binding material but you can build a tunnel 

inside without need to reinforce the hanging roof. Again you will have the feeling of floating stones. 

There is no gravity for those stones. 

 

If Egyptian made their kings belong to Gods, the Greeks made their last generation of Gods 

belonging to the Human archetype. Looking human, living in the clouds on top of Mountain 

Olympus, being in the same time material and immaterial, they don’t obey the laws of physics. 

They hunt, they sing, they dance, they drink, they work hard and in the same time they represent the 

idea of hunting, dancing, drinking and so on. Usually they walk on solid surfaces but also they float. 

No wings to fly, no horses to go faster, no special chariots. Still they can be in two different places 

quite simultaneously. Only Hermes had some help in displacement with his wings attached to his 

ankles.  
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Speaking about wings, even in art, flying was forbidden for humans. Belonging to Mother Earth, 

“dust to dust”, Daedal tried to fly and he died. Only the characters of heaven could detach from 

Earth. There is no gravity for them or better, another kind of gravity force, another center of gravity. 

Angels had wings like birds but they don’t fly, they float. They belong to the concept of beyond, of 

heaven, of world of God. Look at Tiziano’s “Tabiano and the angel”. We see two children walking 

and the need of the artist to place them in their own “gravity field”. The Angel has wings and points 

to the sky, to the promised better world, Tabiano, even looking to the angel, is pointing toward 

Earth, and let us understand that he is human, he needs food, he is connected to the real world by 

his fish. The Angel is dominant but Tabiano is stronger. The wings make this angel immaterial. He 

walks but his steps seem to be dancing steps. Without the contrast between the color of the wings 

and the colors of himself, this angel could be part of the cloud or of the wind.  

The same type of wings you can see looking to the statue “Nike tis Samothraces”, the Victory of 

Samothrace. 

In this case the wings seem realistic. The Goddess Nike descends from the skies to honor a 

triumphant fleet. The statue conveys a sense of action and triumph as well. The wind of glory blows 

around this statue. Nike came from her irreal world in our touchable reality and takes the 

consistence of a woman. Now she has weight and uses her wings to beat the force of gravity.  
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If this statue represents the flight from heaven to earth bringing to the people the message of Gods, 

Brancusi’s “Bird in space” represents the perfection in the flight from earth to heaven, bringing to 

the sun and to divinity our message of joy, of life, our songs of happiness. Folded wings in a 

supreme effort to kiss the sun, this bird cross the line between worlds and succeeds in beating the 

ideea of gravity. 

The ideea of the existence of two centers of gravity is also expressed in the opposition of body and 

soul. At living people there is a balance between forces of those two centers of gravity and death 

tears to pieces this equilibrium. Let us see Michelangelo’s “Pieta”. 

 

 

One can inscribe it in the Light Cone percieved as a gate between worlds. The body of Jesus, 

material, liveless, soulless, goes down atracted by the Earth. For the moment the body’s role is 

finished. In this statue, the soul of Jesus is present too, going up, preparing to pass the gate. The 

marvelous face of Virgin Mary is not her face, but the image of Jesus spirit. 

The bipolar gravity acts also in the relation between soul and soul and to illustrate this we can 

present the fresco painted on the west wall of the Voronets Monastery (Bucovina, Romania). It is 

the Last Judgement and a river of fire generates the energy who makes a soul to resonate with the 

gravity center of heaven or contrary, of the hell. 

From examining the fresco we can observe that in the world of souls the bipolar gravity acts on the 

left- right direction. The top to bottom stratification of the picture indicates the hierarchy God-Jesus 

and the saints – level of judgement- heaven and hell.   

Now we can give the solution to the problem raised at the beginning of the paper. 

On Earth, due to gravity, we can consider movements in three directions: forward-backward, left-

right, up-down. If we refer to a man positioned on Earth, left-right and forward-backward can be 

any two orthogonal horizontal directions but up and down are always imposed by the gravity centre 

placed in the Earth centre, toward this point means down. So if one goes away from the gravity 

centre, he goes up.  
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Then we can consider the space between Earth and Moon where the two gravity forces are zero. It 

is a contact space of order greater than two, a so called Osculator space. We can consider also a 

straight path from Earth to the Moon passing by the contact space and two people, one before the 

contact space and the other after. If they are going in the same sense then one is going up and the 

other is going down. 

So, Enscher’s painting “Stairs” is not only a product of an artist moment of inspiration but also a 

possible real configuration. 
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THE  HARMONIC   GEOMETRY   OF  ART 

 
SAMOILA Gheorghe Stefan, (RO) 

 
Abstract. The paper presents arguments for the existence of a geometric order, 
harmony in nature and the arts based on the presentation of the amazing number Ф, 
known as the Golden Section. The paper also presents simple geometric considerations 
regarding Ф’s special properties, and those of rectangles, triangles, spirals built around 
the Golden Section. Due to its properties, the Golden Section has been used from the 
early Paleolithic man to the artist of today passing through Egyptian times, Antiquity, 
Renaissance, modernism and post modernism. Without excluding other connections 
between science and art, the author presents evidence of the presence of Ф in some 
works of Art whose harmonic analysis is presented in this paper. 

 
 
1 Introduction 

 
Old Greeks called the geometrical proportion (a/b=c/d) analogia. Vitruvius used the same word to 
express harmoniously ordered repeated proportions. These proportions, or “analogies”, introduced 
“symmetry” and analogical recurrences in all consciously composed plans. Recent discoveries in 
archaeology show that “human understanding of analogy occurred much earlier than ever thought 
(Lower Paleolithic), and by way of a “mathematical idea” which remained firmly routed in human 
thought to this very day [2]. “Symmetry, after Vitruvius, resides in the correlation by measurement 
between various elements of the plan, and between each of these elements and the whole… As in 
the human body…It proceeds from proportion and it achieves consonance between every part and 
the whole…This symmetry is regulated by the modulus, the standard of common measure which 
the Greeks called the number” [1]. 
“Everything is arranged according to Number” was the principle announced by the Pythagoreans 
and adopted by Plato. This fundamental principle is not present only in Art (in 1398 a Gothic 
Master Builder said with no doubt that “Ars sine Scientia Nihil”) but also in Life and Living 
Growth. 
The idea of proportion used beginning from Paleolithic times passing through Egyptian times and 
extensively used by the Greeks and Gothic architects and present in living forms as well, has as a 
common characteristic, the use of a ratio or proportion called by Luca Pacioli, the friend of 
Leonardo, “The Divine Proportion”. Keppler called it “one of the Two Jewels of Geometry” while 
today this concept goes by the name of “The Golden Section.” 
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2 Geometrical considerations 

 

A ratio is the definite measuring, the quantitative “weighing” of two values. If a and b are two 
segments, the ratio a/b is the measure of a if b is taken as unit of length. As Euclid said “Proportion 
is the equality of two ratios” / /AB BC a b m= =  where m is the module of the ratio. 
A proportion is formed when we equal two or more ratios having the same module. If A,B,C,D are 
segments of a straight line measured by the lengths , , ,a b c d  if / /a b c d=  we have a geometric 
proportion. This proportion is discontinuous if , , ,a b c d  are diferent, or continuous if two terms are 

equal. The typical continuous proportion is / /a b b c= . From this ratio, we have 2
.b a c= . 

Therefore, .b a c=  which signifies that b is the geometrical mean between a  and c . 
In Timaeus, Plato observed that „it is impossible to combine two things without a third one: we 
must have between them a correlating link. Such is the nature of proportion...” 
If we take the continuous proportion / /a b b c=  and we try to make a simplification considering 

the case in which c a b= + , we obtain the proportion / / ( )a b b a b= +  or ( ) ( )
2

/ / 1b a b a= + . If we 

note /b a x= , we have an equation 2
1x x= +  whose roots are ( )1 5 / 2 1.618+ =  and ( )1 5 / 2− . 

The positive root is the ratio called Golden Section, or „division into mean and extreme ratio”. 
Geometrically, if we have a segment divided in two parts, these parts correspond to the Golden 
section if „the ratio between the greater and smaller part of  a segment is equal with the ratio 
between the whole segment and the greater part”. 
 
This is illustrated by the figure 1:                           A________________C_________B 
 
It presents one segment divided by the Golden Section: / / 1.618AB AC AC CB= =  and is noted 
with symbol Φ. 
Now, if we take a closer look to the human hand bones we will observe that the same proportion 
governs the dimensions of these bones: 
 

 
Figure 2:Human hand bones: Let’s notice that 11/12=(11+12)/11=1,618= Φ  

and that lengths of 12,11,10, 9. 

 
This number Φ  has several remarcable algebraic properties. The Platonic school called it „the 
section” and Luca Pacioli called it „the Divine Proportion”. 
Properties of Φ: 
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Φ=(1+√5)/2=1,618; Φ²=2,618…=(√5+3)/2; 1/Φ=0,618…= (√5-1)/2 
Φ²= Φ+1    Φ³=Φ²+Φ…. Φn=Φn-1+ Φn-2; This is also valuable for negative exponents: 
Φ=1+1/Φ   Φ1=Φ0+ Φ-1     Φ-2=Φ-3+ Φ-4  sau                        1/Φ2=1/Φ3+1/Φ4 etcaetera… 
We can notice that inside the geometrical progression 1, Φ, Φ2, Φ³,...., Φn.... every term equals the 

sum of the preceding two terms. 

 

Important property: The Φ progression is at the same time additive and geometrical. The 

growth of living beings follows the same alghoritm like this Φ progression.  

 
If we come back to the length of human hand bones, we observe with respect to the figure 2 that the 
length of the bone noted 10 equals the length of the bone 11 added to the length of the bone 12. The 
same is valuable for the bones 9=10+11. It is important to notice that the growth of bones are 
subject to a constant growth, therefore they are growing with a constant in such a way that this 
golden section will be allways respected (correspond to the progression 1, Φ, Φ², Φ³). 
Now, we will show simple geometrical ways to built segments whose lengths are correlated 
according to the Golden Section. 
 
1. Starting from a segment AB to which we add a smaller segment BC in such a way that 
AB/BC=1,618=Φ   

2. Starting from a segment AC which will be divided in two segments whose lengths forms a 
Golden Section: AC/AB=AB/BC= Φ=1,618, figure 3B 
 

 

Figure 3A                                                                              Figure 3B 

 
Seeing these graphical representations we understand better Vitruvius when he says “Symmetry 
resides in the correlation by measurement between various elements of the plan, and between each 
of these elements and the whole”. Indeed we see that what is segment BC for AB, is AB for the 
whole segment AC and it is 1.618, the Golden section. And this division of a segment is the most 
satisfactory for the eyes, giving too an aesthetic impression. This is also valuable for three 
horizontal lines separated by intervals obeying the proportion as seen in the figure 4: 
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Figure 4 

 
Fechner, in 1876, initiated a sort of Gallup poll for the “golden rectangle” where the ratio between 
length and height is 1,618. A large audience reached the conclusion that between many types of 
rectangles, the most satisfactory for the eyes is the Golden Rectangle. This rectangle is full of 
surprises. If we build a square on the smaller side, we get a new rectangle which is also a golden 
rectangle, and the process can be repeated indefinitely as bellow. 
 

 
Figure 5A Dividing the Golden rectangle                   Fig 5B The progression in the Golden 

                                                                rectangle. 

 
We can notice that the area of the squares and that of rectangles built in this way form a diminishing 
progression of 1/ Φ2.  Reversely, we see that the smallest area we add to a golden rectangle in order 
to get a new golden rectangle is a square. This square is called “gnomon” and is the smallest surface 
which, added to a given surface, produces a similar surface. The golden rectangle is the only 
rectangle the gnomon of which is a square. Related to the Golden rectangle and the gnomonic 
growth is also the logarithmic spiral having the Φ rectangle as characteristic rectangle built using 
the Hambidge’s “wirling” squares as in figure 5B. This spiral and other based on √ Φ are often seen 
in nature in the shape of shells. Aesthetically speaking, we can quote professor Timmerding who 
said that this idea gives “the reassuring impression by what remains similar to itself in the diversity 
of evolution”. This gnomonic growth of consecutive segments in Φ progression can be illustrated 
also by a simple geometric construction using the compass as in figure 6 bellow: 
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Note AB=BC+CD, BC=CD+DE… ; AB/BC=BC/CD=CD/DE 

Figure 6. 

 
In this progression we notice that every term is the sum of the preceding two and that is valuable 
because the segments are correlated by a Golden section rule. (see similarities with the human hand 
already mentioned before). Again the quotation from professor Timmerding is reassuring :  
“The Golden section imposes itself whenever we want by a new subdivision to make two equal 
consecutive parts or segments fit into a geometric progression, combining thus the threefold effect 
of equipartition, succession, continuous proportion.” 
Once we have the notion of Golden section let’s see its occurrence throughout time. As we have 
already mentioned in the introduction, the extensive and systematic archaeological studies of 
Gowllett showed that the amazing Φ was present from the early time of the hominids. “Making 
hand-axes in the same proportions (Φ proportion) at different sizes provides the earliest practical 
demonstration of principles treated hundred of thousand years later in Euclid’s Elements of 
Geometry” (Gowlett 1993:71[3]). This idea is re-enforced by the numerous artifacts, the 
Bilzingsleben Microliths manufactured 350.000 years before. 
 

 
Figure 7: Φ in the Acheullian-Kilombe hand-axes respecting the Golden Section 

 
It is clear that it was not the mastery of mathematics was the reason of building such precise tools as 
these hand axes at that time, but something else, precisely, the capacity of early hominids to make 
analogies. Scientists agree that the transformation of primates into human evolved from the moment 
when these primates begun to use their hands to manufacture tools. Using the hand for hundred 
thousand years implied also carefully observing the hand and its inner proportions. No wonder, the 
first tools respected these proportions.  
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Now, moving to Egyptian times we notice already continuity in mastering Φ and the geometry of 
proportions based on the Golden Section. It is now the moment to present the special triangle of 
Price, a right angle triangle having the sides proportional with 1, √ Φ, and Φ. (see figure 8 where 
SM/SO=SO/OM=√ Φ , the only right angle triangle having sides in geometrical progression. W.A. 
Price observed that two such triangles having in common their longer of the right angle sides form 
the meridian section through the Great Pyramid of Giza.  
 

          
Figure 8  Price Triangle                             Figure 9 Great Pyramid of Giza. 

 
Dimensions of the great pyramid (after Howard Vyse): Height OS=148,2 m, OM=232,8/2=116,4 m 
148,2/116,4=1,273=√Φ. 
 
We notice from figure 8 that the Price triangle is half of the rectangle OMNS which has the ratio 
between longer and shorter side √ Φ. This rectangle can be also obtained from the Φ rectangle 
accordingly with figure 10a, is related with the Φ theme and can be divided into three similar 
rectangles like in figure 10b. 

 
Figure 10A                                            Figure 10B 

 
And because we have mentioned Egypt times and its architecture, it should be presented special 
right angle parallelepipeds as the one from figure 11 that has as base a Φ  rectangle, the vertical 
transversal section a square and the vertical sides also Φ rectangles. It is a form present in many 
Egyptian pieces of furniture as the stool of Tutankhamen’s tomb. 
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Figure 11                                                                                      Figure 12 

 
The right angled parallelepiped 1, Φ, Φ2, (see figure 12) that has been used in the form of many 
Egyptian tombs as for example tomb 105 of Giza. 
These geometric forms had a sacred significance too. The Egyptians assigned the concept of the 
ratio-retaining expansion of a rectangular area to the god Osiris, who was, therefore, often shown in 
ancient Egyptian frescoes seated on a square throne (square= kingship) in which the original square 
and its L-shaped gnomon are clearly delineated (Catherine Yronwood-Sacred Geometry-What is it? 
[4] ). 
Now, let go back to the geometry of the plane to observe a special isosceles triangle, the one that 
has an angle of 36o at the sharp vertex A (see figure 13a). This triangle has the ratio between any of 
the equal sides and the side opposite to the 36o angle governed by the Golden Section. 
AC/CB=AB/BC= Φ. This triangle is the constitutive component of the Pentagon that is closely 
related to the Golden Section, too. (See figure 13b). Here the characteristic ratio is the ratio between 
any diagonal of the pentagon starting from a vertex and the side opposite to that vertex. 

 
Figure 13a                                           Figure 13b 

 
The beauty and harmony of Greek temples fascinated many. It was, of course, the mastering of 
numbers and geometry in which Greeks, through the Pitagorean school excelled, that led to such 
harmonious proportions and enchanted the view of so many visitors. Researchers tried to find 
canons of proportion governing the building of those famous monuments and the reason for that. 
Catherine Yronhood considers that “The ancient Greeks assigned various attributes to the Platonic 
solids and to certain geometrically-derived ratios, investing them with "meaning." For example, the 
cube symbolized kingship and earthly foundations, while the Golden Section was seen as a dynamic 
principle embodying philosophy and wisdom. Thus a building dedicated to a god-king might bear 
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traces of cubic geometry, while one dedicated to a heavenly god might have been constructed using 
Golden Section proportions.” 
The American J. Hambidge, after numerous studies over Greek monuments and art objects, found 
that the ionic capitals are built following the logarithmic spiral based on the “whirling squares” 
presented previously in figure 5b.  

 
Figure 14 Ionic capital containing the logarithmic spiral. 

 
Zeissing, in 1850 noted the presence of the Golden Section in the frontal view of the Parthenon and 
that enforces the previous idea. AC/AD=DC/AC= Φ (See figure 15a) 
Hambidge rediscovered an important rule for symmetry stated by the architect Alberti during the 
Renaissance, specifically the rule of “non mixing of discordant themes” that specifies that the 
mixing on the plane of themes √2, √3 and  Φ should be avoided, while the mixing of themes Φ, √Φ, 
1(square), 2 (double square), √5 can be done because they belong to the same symmetry. 
 

 
                                       Figure 15a                                                                  Figure 15b 

 
We can see that in the diagram of the Parthenon in figure 15b as done by Hambidge. He also 
pointed out that the static rectangles that have as characteristic ratios “arithmetic” rational fractions 
like 1/2, 2/3, 3/3, 3/4 are not helpful to produce Harmonic divisions, while those dynamic that have 
as characteristic ratio irrational fractions or numbers as √2, √3, and especially √5, √Φ, Φ, Φ2 are 
suitable to produce satisfactory harmonic divisions and subdivisions. 
The Dark Ages marked a loss of general geometric knowledge. The geometry became 
“mysterious”, the old Egyptian and Greek geometry was no longer passed along. That was also 
done because of the adopting of the Arabic numeric system which induced into Europeans another 
way of thinking. The arithmetically handling of irrational numbers as Φ or √Φ, being so difficult, 
was left of academicians. Interest in geometry was revived during the Renaissance (despite these 
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observations) through Luca Pacioli with his books where he presented Φ, the “divine proportion”, 
and also by Leonardo, Alberti, Dürer, who contributed to a revival of Neo-Platonist ideas of the 
conception of Proportion, Rhythm and Beauty.  
Professor Moessel from Munich had the privilege to build up a satisfactory theory emphasizing that 
important monuments from every great period were built according with a very subtle “dynamic 
symmetry” which used the properties of the Golden Section in order to obtain what he called 
“eurithmy”. The Romanian Matila Ghyka had important contributions to the overall study of Φ 
through his books Esthétique des Proportions dans la nature et dans les arts, Paris, 1927, Le 

nombre d'or. Rites et rythmes pythagoriciens dans le développement de la civilisation 

occidentale.Essai sur le rythme, Odille Iacob, Paris, 1938 and especially his fundamental book The 

Geometry of Art and Life, which substantially inspired this article. We have now the necessary 
instruments to have a harmonic analysis of works of art whose composition was based on geometric 
considerations. Leonardo’s Mona Lisa is full of Golden rectangles as described in the figure bellow. 
If we draw a rectangle from the right wrist to the left elbow and vertically to the top of the head, we 
observe that this is a golden rectangle which can be decomposed using Hambidge’s technique in 
squares and other golden rectangles. All the focal points of the painting are placed in the corners of 
those squares. It is difficult to believe that Leonardo did this unintentionally. See figure 16a. 
 

             
                     Figure 16a                                Figure 16b                              Figure 16c 

 
Salvador Dali was himself attracted by Matila Ghyka’s theory and under his indications he painted 
Leda atomica (16c). It is obvious for us that he had a view over the harmonic analysis made by 
Funk-Hellet on Leda by Leonardo, presented by Matila Ghyka in his book, The Geometry of Art 
and Life (Figure 16b). Following his inspired knowledge transferred to me through the same book I 
dare to present the harmonic analysis of a work of art belonging to the American painter’s Floyd 
Alsbach who, as a professional painter, has painted a serie of paintings under the theme: Geometric 
abstraction based on ideas generated by the study of The Geometry of Art & Life by Matila Ghyka 
reproduced here with his kind permission. I quote from his own description: 
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Figure 17a,b: Evening Canticle (Oil on Panel 119,38 cm*53,34 cm), Harmonic analysis 

 
“ I do use the Golden Mean as a starting point and to arrive at basic dimensions.  However I round 
the sizes off, mostly because I cut the wood panels with an older table saw which is not 
exceptionally accurate. The design begins with the Golden Mean, but I also played with the 
geometry somewhat as I painted.” From figure 17b we observe that this painting is formed by 8 
superposed golden rectangles having in common for golden rectangles at the middle. Therefore, 
these 4 Golden Rectangles stays on top of the four lower squares and other four on the top of the 
upper squares. The two diagonals of the created rectangle and all the other diagonals divide 
harmonically this rectangle. The color palette completes the harmony of this painting. We retain 
from Floyd Alsbach’s assertion the proposition –“I played with the geometry somewhat as I 
painted” which is a fundamental observation. The artist does not perceive the geometry as a 
limitation, but an invitation to play. The creative work, even in a constructivist and geometric 
approach, is perfectly at home. It proves once again that the Golden Mean maintains its role even in 
our modern art. 
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SIDERISVOX 

A STAR   IN  THE  BAPTISTERY  OF  PISA 

 

TARABELLA Leonello,  (I)  

 

 

 
 

Abstract. Piazza dei Miracoli in Pisa, Italy, is very famous in the world and considered one of 

the most beautiful architectural site of the Romanic period in the History of Art.  It’s well 

known that the monuments of the Piazza (the Leaning Tower, the Cathedral and the 

Baptistery) are the result of a very rich and glorious period in the History of  Pisa. What is less 

known is that the whole Piazza was designed and built as a giant solar clock and solar 

calendar for marking time during the day and during the seasons of the year for people of past 

times. 

The Baptistery is famous for its internal echo and reverberation characteristics: during the visit 

of tourists the guardians sing inside the Baptistery for emphasizing this fantastic resonance. A 

computer analysis on the reverberating characteristics of the Pisa Baptistery, led to the 

discovery of a suggestive reference frame used for designing and building the monument: 

everything here is based on the golden number, the regular pentagon and, finally, a star. 

The project named “Siderisvox” has been proposed with the aim of investigating the internal 

acoustic characteristics of the Baptistery and for composing and executing a special music. 

Here the monument is considered not a "place" where to execute music but, rather, an 

"instrument" for executing electro-acoustic music under the control of computer generated 

anechoic sounds: the baptistery-instrument plays and tells about the Baptistery Monument. 

 

Key words. Baptistery of Pisa, golden section, regular pentagon, star. 
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1 Architecture 

 

All over the world in the past times, men have built clocks and calendars based on the daily and 
yearly position of the Sun. In this way the simple sundial becomes a giant stone building that, as a 
result, is the paradigm on earth of what happens in the upper sky context [1]. 
The Piazza dei Miracoli in Pisa is a good example of an astronomic calendar and a cosmic clock, as 
described by Silvano Burgalassi in [2,3,4]. Two main features suffice: 

1) the axis Cathedral-Baptistery is exactly in line with the East-West direction so that the façade 
of the Cathedral is line with the North-South axis. This means that at noon (local time) of every 
day during the year, the shadow of the façade is perfectly in line with the façade itself;  
 
2) the position of the Leaning Tower (originally designed for not leaning and, in any case, as 
Bell-Tower) is shifted toward south in respect to the east-west axis of the Cathedral-Baptistery 
so that the axis dome-tower points to sunrise at winter solstice, four days before Christmas. 

 

  
 
At the beginning the Baptistery was open at the top of the conic dome (7 meters in diameter at the 
height of 54 meters) in order to collect rain water into the christening font at ground. Two centuries 
later a huge architectonic modification was made: a semispherical dome was super-imposed on the 
conic dome and the top opening was closed. In consequence of that, it is said that a new acoustic 
configuration resulted in addition to the main characteristics of the monument, that is the circular 
shape and the plain surfaces of the internal walls: from that moment on, the 28300 m3 internal 
volume behave as an uniform and clean reverberating environment of about 14 seconds so that 
singing an arpeggio a chord is experienced. 
 
This is the most evident acoustic characteristic also daily demonstrated to tourists by the guardians 
of the Baptistery. So, in such a way a cane becomes a flute and a stretched string becomes a violin 
or a guitar, the Baptistery becomes the instrument-baptistery for which it’s possible to compose and 
play music that there and only there can be played. 
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2 Geometry rather than mathematics 

 

Starting from researches on the acoustic characteristics of the Baptistery [5] promoted by the late 
Mons.Silvano Burgalassi who spent many years of his extraordinary life as priest, humanist and 
scientist, I discovered a missed link with the golden ratio and the monument  that for its peculiarity 
has been well accepted by experts of Art and reported in [6].  
 
During the XII century the healthy Republic of Pisa dominated the Mediterranean sea militarily, 
economically and culturally: thanks to the contacts with the different civilizations facing the 
Mediterranean sea, Pisa developed an original, rich and flourishing school of architecture. Pisa 
stated strong relationships with people of different cultures and religions from where two architects 
came to Pisa for building the most important monuments of the city: Busketo who in 1064 started 
to build the Piazza and the Cathedral; Deotisalvi who a century later re-designed the whole Piazza 
on the model of the Temple of Jerusalem, re-built the façade of the Cathedral and in 1152 designed 
and started to build the Baptistery.  
 
Deotisalvi is considered the architect of the golden age of Pisa. 
 
Leonardo Fibonacci, illustre matematico pisano, is important for understanding how the Piazza and 
the Baptistery have been designed. Leonardo is son of Bonaccio, (filius Bonacci ->Fibonacci) a 
booking clerk of the Repubblica Marinara Pisana in Bugia (Algeria); following the father for his 
job he had the chance to visit and live in the arabian world where he gained knowledge of 
positional arithmetic. In 1202 he wrote the “Liber Abaci” so introducing modern arithmethics in 
western world. The well know serie (or better, the algorithm) leads mathematically to the golden 
ratio as solution of the 2nd degree equation coming from 

∏:1=(1- ∏): ∏   ->    ∏2 + ∏ – 1   ->   ∏1=(√5-1)/2=0.618 … ∏2= -(√5+1)/2 = -1.618… 

All that when the Baptistery and the other monuments were already designed and almost finished. 
It means that calculation was made by the architects on the basis of geometry rather than 
mathematics.  
 
This is in accordance with what well known in the history of science and focused by Italian 
mathematician Lucio Russo in La rivoluzione dimenticata [7] (the forgotten revolution). Prof. Russo 
claims that modern science was born when Galileo and Newton read ancient writings the content of 
which went forgotten after the destruction of the Ancient Library of Alexandria and writes (pagg.62-

63): “for computation involving integer numbers, different kind of abaci were used… for computation 

involving continuous quantities, geometry was taken into consideration: a problem was represented as 

geometric figures, found the solution with rule and compass, then the solution properly scaled…”.   
That is: analog vs. numeric! 
 
The golden section,  traditionally referred as ∏ in honor of the Greek sculptor Phidias (incidentally 
also, may be, also of Fibonacci), is found with rule and compass as shown in the next figure. 
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And it’s well known that the History of Art is full of monuments based on the golden section. The 
monuments of the Piazza dei Miracoli follows this basic schema. 
 
 
3 The Star in the Baptistery 

 
The regular pentagon and the regular five points star comes from the golden section (AG on AB 
and BC=AG) and the grid of reference used for designing the Baptistery comes from the regular 
five points star: 
 

 
 
on the star, draw the lines L-Lh and R-Rh; then links the points Lh and Rh; draw the circle with 
center in the center of the star and radius such that the circle is tangent to the base LR so “cutting”  
the  points of the star as shown. 
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Build a cylinder of diameter LR and height L-Lh (R-Rh); insert a dodecaedric pyramid or a cone 
that results from the rotation of triangle LRV: the base of the cone fits the base of the cilinder. Then 
remove the point of the dodecaedric pyramid at the same level where the circle cuts the point of the 
star: the main 3D shape of the Baptistery results. 

 
 
The vertical section of the Baptistery clearly shows how the star may reasonably have been chosen 
by Deotisalvi as the reference frame for designing the monument. The external semispherical dome 
super-imposed to the conical dome in XV century, hides in the original shape, however leaving at 
the sight the final part of the vertical point of the star.  
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Until the end of XIV century the Baptistery was open at the top in order to collect rain water down 
into the christening font. A drawings of the original shape highlight how the star precisely fits the 
main skeleton shape of the star. 
 

 
 
On the basis if the schema of the Baptistery at the origin, by the use of Photoshop I reconstructed a 
“photo” of the monument as it appeared in the ancient times.  
 
 
4 San Sepolcro 

 

Few decades before the Baptistery, Deotisalvi had built in Pisa the Church of Santo Selpolcro (Holy 

Sepulchre). Built for the Saint Johan Jerosolimitan Order, the Church has an octagonal shape just 
because the octagon is the symbol of Templars and recall the Holy Land. For this Church 
Deotisalvi used the same spatial geometry: in this case the conic figure is and octagonal pyramid 
and the container is an octagonal wall.  
 

 
 
In some way the Baptistery can be considered an evolution of the Church of San Sepolcro and, 
mathematically, a forward step from  √2  to √5. 
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5 Concert for batistery and computer 

 

What found on the geometry of the Baptistery after reading [8] has been an unexpected result while 
researching on the internal acoustics of the monument. Three are the main acoustic characteristics 
that emerged from the research in terms of -1) response at the impulse, -2) resonance frequency and 
-3) stationary waves. 
 
1) The following graphics shows what recorded as response at a gun shot inside the monument: the 
left part represents the sound in the time domain that show an astonishing perfect negative 
exponential decay of about 14 seconds; the right part is the spectrum in waterfall representation 
(time from back to front) that also shows a major duration in the zone of 400Hz. 
 
2) More precisely, by playing single sounds at different frequencies, it results that the longer delay 
happens at 430Hz, that being the resonance frequency of the Baptistery which, by the way, 
confirms what calculated in advance from the geometry and the dimensions of the monument. 
 
3) As a consequence of internal geometry, the acoustic response of the Baptistery consists of two 
stationary waves: the first one, horizontal, with a period of about 180msec given by reflections of 
sound on the internal wall and clearly audible everywhere at ground; the second one, vertical, with 
a period of about 320msec and a little bit “shaded” as a consequence of the shape of the cone of the 
internal dome.  
 

 
 
Taking into account these acoustical characteristics I composed a piece of electro-acoustic music 
entitled Siderisvox (the voice of the star): dry sounds had been prepared and synthesized by the 
computer properly played by 6 powerful loudspeakers.  
 
The instrument-baptistery made the rest. 
 
The concert took place on the evenings of 25 and 26 June 2006 with 20 executions at the presence 
of 300 people for each execution in order to not modify the reverberating characteristics of the 
monument. 
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THE  FLOOR  PLAN   OF   SANT'IVO   BY  BORROMINI 
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Abstract. Borromini‘s use of symmetry is extensive, also in three dimensions, in architectural 

structures, plan and details. Scholars, at times point to symbolical meanings weaved into his 

compositions. We examine the plan of the floor of Sant’Ivo alla Sapienza, in Rome Italy, and 

analyze its symmetry group. This symmetry group is that of an equilateral triangle, and is also 

clearly perceivable as such on the lift of the walls. This merely mathematical analysis agrees 

with historical documents on the use of the compass by Borromini, and disagrees with a spread 

interpretation of symbolical order, which would require a hexagonal symmetry. This analysis, in 

turn, yields a further question on the organization of curved surfaces typical of Borromini. 

 

Key words. Dihedral symmetry group, invariance under rigid motion, perceptual analysis 

 

Mathematics Subject Classification: 01A45, 20B05 

 

 

1 Introduction 

 

Borromini erected the small baroque church of Sant’Ivo alla Sapienza in Rome in a period 

of time spanning three pontificates, from 1642 to 1660. Over this long period, Borromini and his 

assistants have made several drawings, and there is a large scholarly literature analyzing their 

differences [1 and 2, for extensive discussions of the literature]. In particular a wide debate has 

taken place over the compositional principle on which Borromini has arranged the entire plan of the 

church interior. In this paper, we are concerned with the geometrical organization of its map floor, 

and its relevance to perception of symmetry in the entire church interior. We take the standpoint of 

modern geometry, i.e. the study of invariance under transformations. This is to say we are not 

concerned for the moment with the historical otherwise very relevant problems, but we analyze the 

plan through its symmetry group, and study whether and how this invariance is actually perceived 

by a person standing today in the actual three dimensional space of the church’s interior. We think 

this is a methodological contribution that gives way to a number of different questions. Moreover it 

is a method that allows an organic discussion of the spectator’s perception. 

 The plan of Sant’Ivo, as it appears (fig.1) in the archives of Albertina in Vienna could well 

be graphically analyzed, both as an equilateral triangle with some niches, or as a six-pointed star 
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with some sides curved. The second organization, though, implies precise strong symbolical and 

cultural references, which many historians see as quite debatable in connection with Borromini. The 

triangle itself has symbolical meanings, whose bearings seem less controversial. 

 

 
 

Fig.1 floor map of Sant’Ivo, Albertina, Vienna 

 

Evidence of the second interpretation cannot be found on the several drawings by 

Borromini, but was instead drawn later, in 1720, by Sebastiano Giannini, pointing out its 

instrumental use for heraldic purposes, to the end of representing the bee of the Barberini family; 

we remark that the heraldic bee in itself could stem from either construction. We do not discuss 

further the implications of the salomonic symbolism; it could well have been an important principle 

of organization, but its structure is not reflected in the symmetry structure of sant’Ivo, in any of the 

three dimensions, which can be readily be accounted for without it.  

 In this paper we discuss the mathematical difference between an equilateral triangle and a 

six-pointed star, and argue that the entire building of Sant’Ivo is an equilateral triangle, not only at 

the ground level, but also up well into the dome, to a certain height, which will be interesting 

investigating per se. This observation yields a further question, far more sophisticated, concerning 

the shape changes that take place in the vertical dimension, in the unfolding of the dome. The 

question is strictly three-dimensional, as it regards changes in the sign of curvature of surfaces. We 

have not found reference to this problem in the scholarly literature about Sant’Ivo, while it is one of 

the aspects that strike the visitor as he gazes upward.  

 

 

2 The floor plan and its symmetries unfolding in the walls 

 

 Today for mathematicians and geometry is characterized by its invariance under a 

group of transformations. A symmetric figure is invariant under rigid motions of the plane. 
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This seemingly abstract treatment with regard to a built artifact, allows in fact to modeling the 

perception of a spectator, identifying symmetries in the invariance of his observations under 

his own motions in the space.  

The group of symmetries of a regular polygon is called dihedral, and consists of 

rotations in a plane and mirrors. 

 We call “equilateral triangle” any structure, which is invariant under the dihedral 

group 
2,3

D  generated by a rotation of 2 / 3π , and a mirror along an axis cutting this angle in 

half. The group has 6 elements, i.e. the cyclic group of rotations of order 3, and three mirrors. 

Obviously a classically drawn equilateral triangle is invariant under such isometries of the 

plane. 

 We call “regular hexagon” any structure, which is invariant under the dihedral group 

D2,6 generated by a rotation of 1/ 3π , and a mirror along an axis cutting this angle in half. 

The group has 12 elements, i.e. the cyclic group of rotations of order 6, and six mirrors. In 

particular a six-pointed star is a hexagon from the point of view of symmetric properties, as 

the same symmetry group characterizes it. 

 

 
 

Fig.2 analysis of the symmetry group of the plan. 

 

In fig. 2 we report a graphic analysis of the plan in fig.1. A symmetry analysis of the plan 

certainly yields those of an equilateral triangle, being invariant under rotations of multiples of 

2 / 3π , but not under a rotation of 1/ 3π . In Fig.2 we report the fundamental domain of the group, 

dotted. Sparse dotting corresponds to the minimal area that can be rotated, and more dots 

correspond to the fundamental domain of the geometry, i.e. the smallest area that can regenerate the 

entire motive under rotations and mirrors 
2,3

D .  
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Fig.3 the walls enclosing the spectator 
 

Coming to the three-dimensional aspect of the church, this symmetry is readily perceived by 

the spectator, not on the floor plan, but more naturally on the walls around him. In fig.3 an 

unfolding of what a spectator sees while rotating on himself. There are obviously three (and not six) 

congruent pieces of architecture, seen successively as the spectator rotates of an angle of 

2/3π, 120
� . In each piece, axis of mirror symmetries can be perceived; there appears to be six such 

axis, because we are really seeing in the picture their intersections on the surrounding walls: they 

obviously are paired on lines coming through the center of the plan. 

As a spectator in surrounded by such walls, the feature that strikes the perception is that of 

the alternating concavity and convexity of the walls; this is also the feature that makes the repetition 

really three-folded. There exist a number of churches with six-fold symmetry, and in this case the 

corresponding niches are all concave. This concave-convex feature is typical of Borromini. On the 

plan, it is easily designed by the use of a compass as shown in fig.4; the compass has an opening of 

a third of the triangle’s side, kept the for either the outward and the inward niches. The compass is 

pointed in the three vertices of the triangle for the convex niches, and in the midpoints of its sides 

for the concave ones. This is compatible with the traces of the points of the compass in the 

autograph in Albertina, as pointed out by prof. Gargano. 

 

 

 

Fig.4 How to design the niches with a compass. 
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3 From the walls into the dome, a problem. 

 

Once the spectator’s eye is on the walls, it goes up into the dome. The dome rises from the 

three-folded symmetry, and continues it. Now, a dome is a surface of positive curvature (i.e., 

roughly speaking, both principal curvatures bend toward the same side of the surface); this 

definitely has symbolic unchangeable meanings, regardless of its possible plane sections: a surface 

of positive curvature mimics the celestial vault and also all containers. With respect to a central 

vertical axis, this dome obviously bends vertically toward the center, as all domes; the other 

curvature, that could be seen in sections parallel to the ground, is a continuation of concave and 

convex niches, i.e. of curves bending toward (concave) or away (convex) from the central axis. The 

continuation of the convex niches in a smooth way into the dome would yield a surface of negative 

curvature. One can also appreciate that as the dome unfolds upward the hexagonal symmetry is 

attained. We think the two problems: the correction of the negative curvature and its dissimulation, 

and attaining a hexagonal symmetry at the top (base of the lantern), are in fact the same problem. 

We would like the opinion on this of experts in history of science of constructions; at the moment it 

seems the windows opening in the dome play such a role of concealment, to the eye, but study of 

the structural elements is needed. 

 

 
 

Fig.5 Dome 
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Abstract. Paper deals with connections and differences in mathematical and artistic 

views to the fractal geometry, deterministic chaos and theory of catastrophe. Historical 

overview of concepts of fractional dimension and self similarity are discussed. Fractal 

artefacts received by means of iterated function systems are presented. 
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1 From the history 
 

Mathematics and art have been on opposite poles when describing the real world throughout 

history, although both artists and scientists were regarded as kind of bizarre people interested in 

useless, strange and outrageous things. Starting from ancient Greece, where all fine arts including 

art of mathematics flourished and artists belonged together with scientists to the noble part of the 

society. Here the genius of ideal geometrical concepts had arisen, content to deal with undefined 

"points", "straight lines" and "planes" together with study of ideal objects and shapes like triangles, 

circles and conic sections or squares, cubes or pyramids. These efforts had to be compensated for 

their apparent weirdness by making up real architectonical and sculptural miracles that were, 

beyond any understanding, based in these ideal geometric objects. The division between a 

supposedly perfect, measureable triangle and the rough and at times outrageously uncouth world 

was distinct from the beginning. 

In the course of time mathematics became a lot like philosophy, mathematicians substituted 

their own new discoverings, which had a lot to do with those ideal triangles and things like "log", 

"f(x)" and "
dy

/dx", arithmetic, algebra and geometry, by symbolic language of maths formulas. This 

was considered by some people to be slightly useful, as it was relegated to a role in a weird, perfect, 

whole-dimensional fantasy, where it would hopefully remain safe from inquiring minds. 

Mathematics was quite content in its dream world, preferring to split with all real things by dealing 

with lines and objects and curves that did not really exist until mathematicians said so. Normal 

people found problems with this idea, wondering how one could use maths in real life situations 
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where perfectly straight lines and absolutely accurate whole-number measurements were not easy to 

come by, or, in fact, were impossible. This old mathematics was centered around the idea of 

dimensions. Nobody except the really elite mathematicians knew exactly what a dimension was, but 

it was generally accepted that figures either existed in 0 dimensions like points, 1 dimension like 

lines, 2 dimensions like figures in planes and surfaces in space, or 3 dimensions like solids in space. 

Later, mathematicians tried to find out why these numbers had been selected, and it looked like 

there was a good reason to it in the beginning, but they discovered that there was no reason and it 

could be anyway. 

Early in the last century, mathematician Georg Cantor decided to pull a little trick on the 

problem with dimensions. He tried to imagine a thing constructed in a curious, recursive manner. 

Cantor took a line segment of length x. Then he took out the middle third as his first step in building 

a new object. Then, he divided the remaining segments by three as well, taking out the middle thirds 

of those. After that, he imagined what would happen if we keep doing that selection forever. The 

problem with infinite things is that we can't actually calculate each step, but theoretically the end 

result would be point-like things clustered around a few areas. 

 

 
 

 
 

 
 

 
 

Figure 1. Cantor's dust. 

 

Mathematicians were shocked as two startling facts became apparent: 

1. Performing the described selection process forever, we would not end up with a finite 

set of zero-dimensional objects. There would be an infinite number of them, and they 

were not really points but bits of a line segment cut to lengths of infinite smallness. 

2. This random collection of points was not a one-dimensional line either, as we had begun 

by cutting it up, and infinite iteration of that process would never yield anything capable 

of having length, i.e. a one-dimensional measurement. 

Thus in a lower dimension Cantor's dust, as it came to be known, was infinite when measured, 

but in the next possible step up it had a one-dimensional measure of zero.  

Sierpiński came with a similar idea, when he created figure made from a solid, two-

dimensional triangle with the triangle formed by the midpoints of its sides taken out, and continuing 

so on to infinity. This was equally troublesome, as: 

1. It was obviously a bit more than some lines. 

2. If its area was being subtracted from by a certain amount that got smaller and smaller, 

the area left approached a certain fraction of the original area, so there was definite area 

involved. But, endless iteration of the middle-triangle removal process would result in 

an increase of the length needed to enclose the increasingly divided area without bound. 

Infinite length was enclosing a finite area, not something that mathematicians were 

locked in, i.e. 0, 1, 2, 3, or n dimensions, for any natural n. 
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Figure 2. Sierpiński triangle. 

 

In 1924, Benoit Mandelbrot turned the mathematical world on its head. Mandelbrot solved 

traditional equations by turning them into pictures in his visually-oriented mind. He began to 

formulate his own definition of dimensionality, sparked mostly by the idea of self-similarity over an 

infinite scale, which had been inspired by the ideas of the philosopher Liebniz and immortalized in 

the following verse by Jonathan Swift in 1733. 

  So, Nat'ralists observe, 

    a Flea hath smaller Fleas that on him prey, 

    and these have smaller Fleas to bit 'em, 

    and so proceed ad infinitum. 

The idea behind self-similarity as applied to dimensions was that one could take a little bit of 

a bigger mathematical figure that, when enlarged or duplicated, would exactly resemble the original 

figure. And it is exactly this relationship between enlargement and duplication that determines the 

dimensionality of an object. Considering first the one-dimensional line segment of length x let us 

divide x by two. If we took one half-line segment and wanted to make a copy of the original object, 

we could enlarge it by a factor of 2, 2x/2 = x, or add 2 copies of it together, x/2 + x/2 = x. Looking at 

the two dimensional square of side length x, let us divide this x by two. If we took one of the small 

boxes and wanted to build the original box again, we could either enlarge it twice, 2(x/2) = x, or add 

4 copies of it together, while their areas add up to form that of the original square 4 (x
2
/4) = x

2
. Now 

let us take a cube of side length x, and divide its side length by two. If we wanted to construct the 

original cube from a part of side length x/2, we could again just double its side length, magnify it by 

2. If we wanted to add boxes together, we would need 8 of them. 

 

                             
 

      Figure 3. Self-similarity of a square.                              Figure 4. Self-similarity of a cube. 
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Table 1 shows the relationship between enlargement and duplication in the above 3 examples. 

 

Figure Enlargement Duplication Known Dimension 

line 2 2 1 

square 2 4 = (2 * 2) 2 

cube 2 8 = (2 * 2 * 2) 3 

Table 1. Enlargement and duplication of figures. 

 

Extension of this would reveal that enlargement by n results in duplication by n for a one-

dimensional object, n
2
 for a two dimensional object, and n

3
 for the three-dimensional figures. 

Dimensionality looks like the power you raise the enlargement factor to in order to get the 

duplication factor or the logarithm with the base of the enlargement amount of the duplication 

factor. Letting d = the dimension, b = enlargement factor, and c = duplication amount, we receive 

relation logb c = d, which yields, after using the property logb c = logn c/logn b, the desired 

expression for dimension log c/log b = d. It would appear as if the dimensionality is the logarithm 

of the duplication amount divided by that of the enlargement factor. For whole-number-dimensional 

figures, notice in Table 2, how the expression for calculation of the dimension is easily simplified 

using formula logb a
n
 = n logb a. 

 

Figure Calculation Dimension 

line log (2
1
)/log (2) = 1 log(2)/log(2) = 1  1 

square log (2
2
)/log (2) = 2 log(2)/log(2) = 2 2 

cube log (2
3
)/log (2) = 3 log(2)/log(2) = 3 3 

Table 2. Dimension calculations. 

 

With this new concept in mind, let us look at the Cantor dust again, created out of a line 

segment of length n. Taking one of those dust segments of length n/3, its middle third would be 

missing, and the middle thirds of what is left over, and so on in an actual representation of the dust. 

If we wanted it to look like the original, we would multiply its length by a factor of three. If we 

wanted to get it like the length n dust through addition of n/3 dusts, we need to add two of them 

together. It is merely log(2)/log(3), or about 0.631, a "fractional dimension" somewhere between 0 

and 1, as befits something a little bit more than a 0-dimensional point but a little bit less than an 1-

dimensional line. Sierpiński triangle mysteries can be revealed in the same way. For each 

enlargement by two, we have to duplicate our figure by three. Its properties will be neither infinite 

nor zero in dimension log(3)/log(2), which gives dimension 1.585 approximately. 

Mandelbrot's study of this led to his proving that a fourth dimension exists, as dimension 

composed of all the fractional ones in between. The obvious question arises: how do infinite 
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triangles or something that looks like a line with holes have anything more to do with real life than 

"perfect" objects? 

The answer is in a somewhat uncommon idea: we are existing in these fractional dimensions, 

which are all under the fourth-dimension umbrella. "Real life" as we know it is in the fourth 

dimension, as we are four dimensional creatures, travelling at a constant rate and direction in the 

four dimensional "space-time continuum." Time passes for us, and time passes for nature, and 

nature has a lot more to do with infinite triangles then one might think at first. There is no reason 

for dimensionality to be constant, either. A roll of tinfoil exhibits fractional behaviour: when a sheet 

is at first torn off, its dimensionality is a little above 2.0. If crumpled and then flattened out, its new 

complexity results in a dimensionality closer to 3.0. This is another property of dimensionality, 

defined as how "space-filling" an object is. If the Cantor dust fills 0.63 of a 1-dimensional line, we 

can assume that something of a greater closeness to 1.0 would fill the space a little better. 

Interesting things result from fractional dimensions and self-similarity. Euclidean geometry, 

concerned mainly with perfect abstracts nonexistent in nature, had no way of describing items in 

our everyday lives. Mandelbrot's adaptation of the dimension into a flexible entity has contributed a 

great wealth of information to the progress of mathematics as we know it today. In the newer forms 

of maths dealing with the fourth dimension and all the fractional ones around it, we see a way to 

describe the chaotic elements of nature and our universe. 

Clouds are not spheres, mountains are not cones, coastlines are not circles, and 

bark is not smooth, nor does lightning travel in a straight line. 

Fractal geometry is not just a chapter of mathematics, but one that helps Everyman 

to see the same world differently. 

Benoit Mandelbrot 

Fractal structures have been noticed in many real-world areas, as well as in mathematician's 

minds. Blood vessels branching out further and further, the branches of a tree, the internal structure 

of the lungs, graphs of stock market data, and many other real-world systems all have something in 

common: they are all self-similar. The human heart also has a chaotic pattern. The time between 

beats does not remain constant; it depends on how much activity a person is doing, among other 

things. Under certain conditions, the heartbeat can speed up. Under different conditions, the heart 

beats erratically. It might even be called a chaotic heartbeat. The analysis of a heartbeat can help 

medical researchers find ways to put an abnormal heartbeat back into a steady state, instead of 

uncontrolled chaos. Chaos even has applications outside of science. Computer art has become more 

realistic through the use of chaos and fractals. Now, with a simple formula, a computer can create a 

beautiful and realistic tree. Instead of following a regular pattern, the bark of a tree can be created 

according to a formula that almost, but not quite, repeats itself. 

 

 

2 Mathematical chaos 
 

While there is no universally accepted mathematical definition of chaos, a commonly-used 

definition says that, for a dynamical system to be classified as chaotic, it must have the following 

properties:  

1. it must be sensitive to initial conditions, 

2. it must be topologically mixing, and  

3. its periodic orbits must be dense. 



 

 

 

Aplimat – Journal of Applied Mathematics 

 

  volume 3 (2010), number1 
 

 

194 

“Sensitivity to initial conditions” means that each point in such a system is arbitrarily closely 

approximated by other points with significantly different future trajectories. Thus, an arbitrarily 

small perturbation of the current trajectory may lead to significantly different future behaviour. 

However, it has been shown that the last two properties in fact imply sensitivity to initial conditions 

(an alternative, weaker, definition of chaos uses only the first two properties in the above list). 

Sensitivity to initial conditions is popularly known as the "butterfly effect," so called because of the 

title of a paper given by Edward Lorenz in 1972 to the American Association for the Advancement 

of Science in Washington, D.C. entitled Predictability: Does the Flap of a Butterfly’s Wings in 

Brazil set off a Tornado in Texas? The flapping wing represents a small change in the initial 

condition of the system, which causes a chain of events leading to large-scale phenomena. Had the 

butterfly not flapped its wings, the trajectory of the system might have been vastly different. 

“Topologically mixing” means that the system will evolve over time, so that any given region 

or open set of its phase space will eventually overlap with any other given region. Here, "mixing" is 

really meant to correspond to the standard intuition: the mixing of coloured dyes or fluids is an 

example of a chaotic system. 

Linear systems are never chaotic; for a dynamical system to display chaotic behaviour it has 

to be nonlinear. Also, by the Poincaré–Bendixson theorem, a continuous dynamical system on the 

plane cannot be chaotic; among continuous systems only those whose phase space is non-planar 

(having dimension at least three, or with a non-Euclidean geometry) can exhibit chaotic behaviour. 

However, a discrete dynamical system (such as the logistic map) can exhibit chaotic behaviour in a 

one-dimensional or two-dimensional phase space. Sharkovskii's theorem is the basis of the Li and 

Yorke (1975) proof that any one-dimensional system which exhibits a regular cycle of period three 

will also display regular cycles of every other length as well as completely chaotic orbits. 

Mathematicians have devised many additional ways to make quantitative statements about 

chaotic systems. These include also fractal dimension of the attractor. There are two main 

approaches to generate a fractal structure. One is growing from a unit object, and the other is to 

construct the subsequent divisions of an original structure, like the Cantor dust (Fig. 1) and 

Sierpiński triangle (Fig. 2) in the first paragraph.  

If we take an object with linear size equal to 1 residing in Euclidean dimension d, and reduce 

its linear size by the factor 1/l in each spatial direction, it takes N = l
 d

 number of self similar objects 

to cover the original object. However, the dimension defined by 

( )
l

lN
d

log

log
= , 

where the logarithm can be of any base, is still equal to its topological or Euclidean dimension.  

By applying the above equation to fractal structure, we can get the dimension of fractal 

structure as a non-whole number, which is more or less the Hausdorff dimension, while N(ε) is the 

number of self-similar structures of linear size ε needed to cover the whole structure. 

( )

ε

ε

ε
1

log

log
lim

0

N
d

→

= . 

In geometry, lacunarity is a measure of how a fractal fills the space. It is used to further 

classify fractals and textures which, while sharing the same fractal dimension, appear very visually 

different. Dense fractals have a low lacunarity. As the coarseness of the fractal increases, so does 

the lacunarity; intuitively from lacuna meaning gap (more gaps = higher lacunarity). It is typically 
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represented by the symbol . Lacunarity is a notion distinct and independent from fractal 

dimension d; it is not related with the topology of the fractal and needs more than one numerical 

variable to be fully determined. Lacunarity is strongly related with the size distribution of the holes 

on the fractal and with its deviation from translational invariance; roughly speaking, a fractal is very 

lacunar if its holes tend to be large, in the sense that they include large regions of space.  

Overall study of chaos had been reflected in modern art, as artists commonly appear to be 

interested in the up-to-date philosophical and metaphysical theories, and their masterpieces mirror 

the most serious current problems of the intellectual elite of the society. Mathematical mysteries 

and unsolved problems had been always the most attractive ones.  

 

          

Figure 5. V. Kandinski: Composition VIII (left), F. Léger: Variation de Formes (right). 

 

 

3 Mathematical art 
 

With the inception of computers, there began a movement of computer generated 

mathematical art. In the early 1990s, they were merely visualization aids in the study of 

mathematics. Gradually, the complexity and artistry of the images becomes an art itself. It is not an 

easz task to give a definition of algorithmic mathematical art. Plots of arbitrary 3D surfaces for 

visual arts purposes have not been explored much. The exception is visualization of some special 

mathematical surfaces, especially in differential geometry, for example Klein bottle or minimal 

surfaces. Even today it is scarcely known how surfaces look like for arbitrary equations of 3 

variables. Equations with more than 3 variables could be projected as sliced to 3 dimensional space 

portions, and this is completely unexplored.  

 

    

Figure 6. From left: Klein´s bottle, Boy´s surface, spheroid, knotted torus. 
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Fractals are plots of mathematical objects. They began as a visual representation of an infinite 

mathematical process. Fractals, by their very nature of garishness and bizarreness, have been 

extremely popular among computer artists — even those who are not interested in mathematics or 

computer science. Fractals as a visual art have been explored extensively, and great many varieties 

and galleries have been created on the web. The exploration of fractals as a visual art form has 

somewhat limited expression. Artistic creativity is limited to concocting equations and coloring 

schemes. Some people have started to mix computer generated fractals with manual manipulations, 

such as mixing in digitally modified photos. Such artwork ceases being algorithmic or 

mathematical. Modern mathematical knowledge adds incredible amount of new possibilities at 

decorative designs. The math understanding of symmetry, and the discovery of aperiodic tilings, 

and also designs based on hyperbolic geometry and IFS – iterated function systems, were all not 

possible before. 

 

     
 

     

Figure 7. Fractal art created by means of IFS. 
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Figure 8. M. C. Escher: Snakes. 

 

M. C. Escher (1898-1972) was a Dutch artist whose works are predominated by mathematical 

themes, many of which are purely algorithmic. Escher is a traditional artist; his algorithmic arts are 

done manually, not by a program from computer, nor with a explicit algorithmic specification. It is 

easy to go from algorithms to visual images, but given a algorithmic artwork, it is difficult to extract 

the algorithm in the form of a precise run-able program. One of Escher's algorithmic mathematical 

pieces of art is “Snakes”. This artwork is made by inter-linked circles of various sizes to form a 

weaving, in a specific geometric layout inside a circle. The snake animal drawings are mere 

decorations that add spice to the artwork. 

To generate this work algorithmically, one needs to encode the knot process, i.e. when there is 

a intersection between 2 circles, which one goes on top. One also needs to encode the geometric 

layout, namely, the circle's positions and sizes. Note that circles are smallers near the center, but 

also get smaller near the edge. This size change is not linear. Also, note that the circles have 3 

different colors. The coloring basically cycle through as they are spread toward the edge. Also, each 

of the circle rings has a slant (a thin side), either facing the center or facing the edge. 

 

 

3.1  What is Algorithmic Mathematical Art? 
 

A visual artwork is mathematical if it appeals to mathematicians and the graphics itself 

encodes a mathematical structure. A visual artwork is algorithmic if it is recursive, symmetric, or 

embodies a mathematical equation, determining curves, surfaces, or relations and mappings. 

Algorithmic art exhibits recursion or symmetry, including quasi-symmetric ones like that of 

Penrose tiling.  
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Figure 9. Penrose tiling. 

 

However, artworks generated by computer programs are not necessarily algorithmic. For 

example, ray-traced computer generated sceneries, or digitally retouched fractal artworks, are not 

considered algorithmic, in our context. Algorithmic artwork might not be generated by a computer 

program. M. C. Escher's artworks are examples of algorithmic artwork not generated by computer 

programs. Computer generated algorithmic artworks might not be generated algorithmically either. 

For example, many tilings and patterns artwork today are spitted out by computer programs, but the 

programs are written in a case-by-case basis, consisting of drawing commands tweaked to match a 

desired output. Although generated by a program, but the essence of creation is manual. What we 

really want are programs in a form that embody, capture, or distil the algorithmic nature of the 

artwork, as a executable specification by means of recursion or symmetry code. The beauty of 

algorithmic artwork lies in its inherent beauty of algorithmic pattern or symmetry, and its creation 

process should be done that way. When this is achieved, and its algorithmic essence is captured, 

then we can create vast numbers of variations by changing parameters or input. This does not imply 

that results will be similar, as we know from chaos theory. Generating an algorithmic mathematical 

art by a algorithmic process can be likened to specifying a sequence by recursion, or a group by 

generators and relations, or modelling a physical phenomena by an equation or cellular automata. It 

is a pursuit of elegance that captures essence, and gives us a precise insight on relations, [3]. 
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Figure 10. H. Lundmark: Graph of function f(z) = (z − 2)
2
(z + 1 − 2i)(z + 2 + 2i)/z

3
.  
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GENERATED FUZZY IMPLICATORS AND FUZZY
PREFERENCE STRUCTURES

BIBA Vladislav, (CZ)

Abstract. Fuzzy preference structures (FPS for short) are multi-valued case of classical
preference structures. Preference structure is triple of relations: strict preference P , indif-
ference I and incomparability J . Implication in MV-logic is a mapping I : [0, 1]2 → [0, 1],
which is extension a classical implication. It is possible to define relation P using fuzzy
implication. In this paper we deal with several fuzzy implications and their use to
construct fuzzy preference structures.

Key words and phrases. generated implication, fuzzy preference structure, strict pref-
erence and implications

1 Preliminaries

In first section we will recall some important definitions we will use later:

Definition 1.1 A triangular norm (t-norm for short) is a binary operation on the unit interval
[0, 1], i.e., a function T : [0, 1]2 → [0, 1] such that for all x, y, z ∈ [0, 1], the following four axioms
are satisfied:
(T1) Commutativity T (x, y) = T (y, x),
(T2) Associativity T (x, T (y, z)) = T (T (x, y), z),
(T3) Monotonicity T (x, y) ≤ T (x, z) whenever y ≤ z,
(T4) Boundary Condition T (x, 1) = x.

Three most common continuous t-norms are:

• Minimum t-norm TM(x, y) = min(x, y),

• Product t-norm TP (x, y) = x · y,
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• Lukasiewicz t-norm TL(x, y) = max(0, x + y − 1).

Remark 1.2 Let s ∈]0, 1[ or s ∈]1,∞[, then

T s(x, y) = logs(1 +
(sx − 1)(sy − 1)

s − 1
)

is called Frank t-norm with parameter s. Limit cases are T 0 = TM , T 1 = TP and T∞ = TL.

Definition 1.3 A unary operator n : [0, 1] → [0, 1] is called a fuzzy negation if for any x, y ∈
[0, 1],

• x < y ⇒ n(y) ≤ n(x),

• n(0) = 1, n(1) = 0.

Continuous involutive negation is called strong negation. Most common strong negation is
N(x) = 1 − x which is called standard negation.

Dual operator to t-norm is called t-conorm, denoted S. Operator S can be obtained by
S(x, y) = 1 − T (1 − x, 1 − y). For more information, see [4].

Dual t-conorms to TM , TP and TL are:

• Maximum t-conorm SM(x, y) = max(x, y).

• Probabilistic sum SP (x, y) = x + y − x · y.

• Lukasiewicz t-conorm SL(x, y) = max(0, x + y − 1).

Definition 1.4 Let ϕ : [0, 1] → [0, 1] be an automorphism. Then

Tϕ(x, y) = ϕ−1(T (ϕ(x), ϕ(y))),

Sϕ(x, y) = ϕ−1(S(ϕ(x), ϕ(y))),

Nϕ(x, y) = ϕ−1(1 − ϕ(x)),

are called ϕ-transformations of T , S and N respectively.

We will use following definition of fuzzy implication, which is equivalent with definition by
Fodor and Roubens in [3]. The readers can obtain some background by reading [2] and [5].

Definition 1.5 A function I : [0, 1]2 → [0, 1] is called a fuzzy implication if it satisfies the
following conditons:

(I1) I is decreasing in its first variable,

(I2) I is increasing in its second variable,

(I3) I(1, 0) = 0, I(0, 0) = I(1, 1) = 1.

202 volume 3 (2010), number 1



Aplimat - Journal of Applied Mathematics

There are several ways to obtain fuzzy implication, best known are IS(x, y) = S(n(x), y)
called (S, n)-implications, IR(x, y) = sup{z ∈ [0, 1]; T (x, z) < y} called R-implications and
IQ(x, y) = S(n(x), T (x, y)) called QL-implications. Another way to construct fuzzy implica-
tion is using generator that are function of single variable. Two of these possibilities are in
next theorems. We will use pseudo-inverse of function, which is defined for non-increasing
function as f (−1)(x) = sup{z ∈ [0, 1]; f(z) > x} and for non-decreasing function as f (−1)(x) =
sup{z ∈ [0, 1]; f(z) < x}, with convention sup ∅ = 0.

Theorem 1.6 Let f : [0, 1] → [0,∞] be a strictly decreasing function such that f(1) = 0. Then
the function If (x, y) : [0, 1]2 → [0, 1] which is given by

If (x, y) =

{
1 if x ≤ y,

f (−1)(f(y+) − f(x)) otherwise,

where f(y+) = lim
y→y+

f(y) and f(1+) = f(1) is a fuzzy implication.

Proof. We proceed by the points of the Definition 1.5.

(I1) – Let x1, x2, y ∈ [0, 1] and x1 ≤ x2 and x1 ≥ y. Function f is decreasing and therefore
f(x1) ≥ f(x2) and f(y+) − f(x1) ≤ f(y+) − f(x2). Pseudoinverse f (−1) of function
f is decreasing, too, and f (−1) (f(y+) − f(x1)) ≥ f (−1) (f(y+) − f(x2)). Therefore
If (x1, y) ≥ If (x2, y) and it means that the function If is decreasing in its first
variable.

– If x1 ≤ y ≤ x2, then If (x1, y) = 1 and If (x2, y) ≤ 1.

– If x1 ≤ x2 ≤ y, then If (x1, y) = If (x2, y) = 1.

(I2) – Let x, y1, y2 ∈ [0, 1] and y1 ≤ y2 and x ≥ y2. Function f is decreasing and therefore
f(y+

1 ) ≥ f(y+
2 ) and f(y+

1 ) − f(x) ≥ f(y+
2 ) − f(x). Pseudoinverse f (−1) of function

f is decreasing too and f (−1)
(
f(y+

1 ) − f(x)
) ≤ f (−1)

(
f(y+

2 ) − f(x)
)
. Therefore

If (x, y1) ≤ If (x, y2) and this means that the function If is increasing in its second
variable.

– If y1 ≤ x ≤ y2, then If (x, y2) = 1 and If (x, y1) ≤ 1.

– If x ≤ y1 ≤ y2, then If (x, y1) = If (x, y2) = 1.

(I3) From the formula for function If we get If (0, 0) = If (1, 1) = 1 and for If (1, 0) we have

If (1, 0) = f (−1)
(
f(0+) − f(1)

)
= f (−1)(f0+) = sup{z ∈ [0, 1]f(z) > f(0)} = 0.

Theorem 1.7 [6] Let g : [0, 1] → [0,∞] be a strictly increasing function such that g(0) = 0.
Then the function Ig(x, y) : [0, 1]2 → [0, 1] which is given by

Ig(x, y) = g(−1)(g(1 − x) + g(y)),

is a fuzzy implication.
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Proof. We proceed by the points of the Definition 1.5.

(I1) Let x1, x2, y ∈ [0, 1] and x1 ≤ x2. Since g is increasing g(1−x1) ≥ g(1−x2). Pseudoinverse
g(−1) of function g is increasing too and g(−1)(g(1 − x1) + g(y)) ≥ g(−1)(g(x2) + g(y).
Therefore Ig(x1, y) ≥ Ig(x2, y) and it means that the function Ig is decreasing in its first
variable.

(I2) Let x, y1, y2 ∈ [0, 1] and y1 ≤ y2. Function g is increasing and therefore g(y1) ≤ g(y2).
Pseudoinverse g(−1) of function g is increasing too and g(−1)(g(1−x)+g(y1) ≤ g(−1)(g(1−
x)+g(y2)). Therefore Ig(x, y1) ≤ Ig(x, y2) and this means that the function Ig is increas-
ing in its second variable.

(I3) From the formula for function Ig we get

Ig(0, 0) = g(−1)(g(1) + g(0)) = sup{t ∈ [0, 1]; g(t) < g(1)} = 1,

Ig(1, 1) = g(−1)(g(0) + g(1)) = 1,

Ig(1, 0) = g(−1)(g(0) + g(0)) = sup ∅ = 0.

Remark 1.8 Previous theorem can be further generalized using negation n(x) instead of N(x) =
1 − x. Let g : [0, 1] → [0,∞] be a strictly increasing function, g(0) = 0 and n : [0, 1] → [0, 1] be
a fuzzy negation, then

Ig(x, y) = g(−1)(g(n(x)) + g(y))

is fuzzy implication. This fact can be proved in same manner as previous theorem.

2 Fuzzy preference structures

In classical preference structures we have relations P , I and J which are relations of strict
preference, indifference and incomparability respectively. Denote R = P ∪ I (R is called
preference relation), then it is possible to construct all three relations P, I, J using R:

P = R ∩ Rd, I = R ∩ R−1, J = Rc ∩ Rd,

where (a, b) ∈ R−1 ⇔ (b, a) ∈ R, (a, b) ∈ Rc ⇔ (a, b) /∈ R and Rd = (Rc)−1.
In fuzzy case it is also possible to define R = P ∪S I. But it is not possible to construct fuzzy
preference structure using only relation R as in classical case (see [1] or [3] for proof):

Proposition 2.1 [3] There is no de Morgan triple (T, S, n) such that R = P ∪S I holds with
P (a, b) = T (R(a, b), R(b, a)) and I(a, b) = T (R(a, b), R(b, a).

Therefore we need axioms to construct P, I, J :
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(R1) Independence of Irrelevant Alternatives
For any two alternatives a, b the values of P (a, b), I(a, b), J(a, b) depend only on the values
R(a, b), R(b, a). According to this axiom, there exists functions p, i, j : [0, 1]2 → [0, 1] such
that

P (a, b) = p(R(a, b), R(b, a)),

I(a, b) = i(R(a, b), R(b, a)),

J(a, b) = j(R(a, b), R(b, a)).

(R2) Positive Association Principle
Functions p(x, n(y)), i(x, y), j(n(x), n(y)) are non-decreasing in both arguments.

(R3) Symmetry
i(x, y) and j(x, y) are symmetric functions.

(R4) Functional equations
S(P (a, b), I(a, b)) = R(a, b),

S(P (a, b), J(a, b)) = Rd(a, b).

Denoting x = R(a, b), y = R(b, a), we write these conditions as system of functional
equations:

S(p(x, y), i(x, y)) = x,

S(p(x, y), j(x, y)) = n(y).

According to [3], (T, S, n) should be Lukasiewicz-like triple, i. e. (T, S, n) is (T∞
ϕ , S∞

ϕ , Nϕ)
where ϕ : [0, 1] → [0, 1] is automorphism. Because of this fact, solution (p, i, j, T, S, n) can be
denoted simply (p, i, j)ϕ.

Remark 2.2 Observe that for triple (T∞, S∞, N), (R4) is in the form:

p(x, y) + i(x, y) = x,

p(x, y) + j(x, y) = 1 − y.

Since in this case we have ϕ(x) = x, solution of system (R4) can be denoted (p, i, j).

Definition 2.3 Triple (p, i, j) where p, i, j : [0, 1]2 → [0, 1] is called triple of generators with
given continuous t-conorm S iff for any reflexive relation R on set A holds that triple (P, I, J)
of binary relations an A defined as

P (a, b) = p(R(a, b), R(b, a)),

I(a, b) = i(R(a, b), R(b, a)),

J(a, b) = j(R(a, b), R(b, a)),

is FPS on A and P ∪S I = R.
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Theorem 2.4 [7] Let p : [0, 1]2 → [0, 1] be a function, such that

• p(x, 1 − y) is a quasicopula

• p(x, y) − p(y, x) = x − y for all (x, y) ∈ [0, 1]2

then (p, i, j)ϕ, where

i(x, y) = x − p(x, y), j(x, y) = 1 − y − p(x, y) ∀(x, y) ∈ [0, 1]2

is triple of generators.

Recall that quasicopula is C : [0, 1]2 → [0, 1] that is non-decreasing, 1-Lipschitz function
and C(x, 0) = C(0, x) = 0, C(x, 1) = C(1, x) = x.

Proposition 2.5 [3] If (p, i, j)ϕ is a solution of the system in (R4) then I→(x, y) = Nϕ(p(x, y))
is a fuzzy implication such that

I→(1, x) = x ∀x ∈ [0, 1],

I→(x, 0) = Nϕ(x) ∀x ∈ [0, 1].

3 Preference structures given by generated implications If , Ig and Ig
n

First we will turn our attention to If implications. In next example, we assume Lukasiewicz
triple (T∞, S∞, N):

Example 3.1 Let f(x) = 1 − x, we will obtain implication If (x, y) = min(1 − x + y, 1). For
function p we have

p(x, y) = 1 − If (x, y) = max(x − y, 0).

Function C(x, y) = p(x, 1 − y) = max(x + y − 1, 0) is quasicopula:

• C(x, 0) = 0, C(0, x) = max(0+x−1, 0) = 0, C(x, 1) = x, C(1, x) = max(1+x−1, 0) = x,

• Let x1 < x2, then C(x1, y) = max(x1 + y − 1, 0) ≤ max(x2 + y − 1, 0) = C(x2, y). Let
y1 < y2, then C(x, y1) ≤ C(x, y2).

• C satisfies 1-Lipschitz property: Let x1, x2, y ∈ [0, 1] and x1 ≤ x2. Then

C(x2, y) − C(x1, y) =

⎧⎪⎨
⎪⎩

0 x2 + y ≤ 1,

x2 + y − 1 x2 + y > 1 & x1 + y ≤ 1,

x2 − x1 x1 + y > 1.

In all cases C(x2, y) − C(x1, y) ≤ x2 − x1.

Also p(x, y) − p(y, x) = max(x − y, 0) − max(y − x, 0) = x − y. Therefore (by Theorem 2.4)
(p, i, j) is triple of generators. Using (R4) we get i(x, y) = min(x, y), j(x, y) = min(1−x, 1−y).
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In previous example function p was defined using implication If (x, y) = min(1 − x + y, 1).
Following proposition shows that this is only one If implication that we can use:

Proposition 3.2 Let f : [0, 1] → [0,∞] be a strictly decreasing function such that f(1) = 0 and
p(x, y) = 1− If (x, y). Then triple (p, i, j), where i(x, y) = x− p(x, y), j(x, y) = 1− y− p(x, y),
satisfies (R3) and (R4) iff If (x, y) = min(1 − x + y, 1).

Proof.
⇐ This part of the proof is in previous example.
⇒ Let (p, i, j) be a triple of generators, then i(x, y) is symmetric function (by (R3)). Therefore
x − 1 + If (x, y) = y − 1 + If (y, x). Since

If (x, y) =

{
1 x ≤ y,

f (−1)(f(y+) − f(x)) x > y,

either If (x, y) = 1 or If (y, x) = 1, which means that If (y, x) = 1−y+x, or If (x, y) = 1−x+y.

In next example, we will have Lukasiewicz-like triple (T∞
ϕ , S∞

ϕ , Nϕ):

Example 3.3 Let ϕ be a [0, 1]-automorphism and

I(x, y) =

{
1 x ≤ y,

ϕ−1(1 − ϕ(x) + ϕ(y)) x > y.

Triple (p, i, j)ϕ such that p(x, y) = Nϕ(I(x, y)), i(x, y) = ϕ−1(ϕ(x) − 1 + ϕ(I(x, y))), j(x, y) =
ϕ−1(ϕ(I(x, y)) − ϕ(y)), satisfies axioms (R2) - (R4). After fully writing out If (x, y), we will
get:

p(x, y) = ϕ−1(max(ϕ(x) − ϕ(y)), 0),

i(x, y) = ϕ−1(min(ϕ(x), ϕ(y)),

j(x, y) = ϕ−1(min(1 − ϕ(x), 1 − ϕ(y)).

Now obviously p(x,Nϕ(y), i(x, y) and j(Nϕ(x), Nϕ(y)) are non-decreasing, i(x, y) and j(x, y)
are also symmetric function.

For triple (T∞
ϕ , S∞

ϕ , Nϕ) and implication If we get result similar to proposition 3.2:

Proposition 3.4 Let ϕ be [0, 1]-automorphism. Let f : [0, 1] → [0,∞] be a strictly decreasing
function such that f(1) = 0 and

If (x, y) =

{
1 x ≤ y,

f (−1)(f(y+) − f(x)) x > y.

Then system (p, i, j)ϕ such that p(x, y) = Nϕ(If (x, y)) holds (R3) and (R4) only if If (x, y) =
min(ϕ−1(1 − ϕ(x) + ϕ(y)), 1).
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We are able to generalize previous proposition to all implications that posses OP (or Or-
dering Property). Recall that implication satisfies OP iff x ≤ y ⇔ I(x, y) = 1.

Theorem 3.5 Let ϕ : [0, 1] → [0, 1] be an automorphism and p(x, y) = Nϕ(I(x, y)), where
I(x, y) is fuzzy implication that satisfies OP. Then system (p, i, j)ϕ holds (R3) and (R4) only
if I(x, y) = ϕ−1(min(1 − ϕ(x) + ϕ(y), 1)).

Proof. Let p(x, y) = Nϕ(I(x, y)), using axiom (R4) we get

ϕ(i(x, y)) = ϕ(x) − 1 + ϕ(I(x, y)) ∨ x = 1.

By proposition 2.5 if (p, i, j)ϕ is solution of (R4) then I(1, y) = y. Therefore case x = 1 is not
important. Since i(x, y) must be symmetric function, we have equality:

ϕ(x) + ϕ(I(x, y)) = ϕ(y) + ϕ(I(y, x)).

Because I(x, y) posses OP, if x > y we get I(y, x) = 1 and therefore

I(x, y) = ϕ−1(1 − ϕ(x) + ϕ(y)).

Corollary 3.6 Let (p, i, j)ϕ be solution of (R4) and also holds (R3). Then I→(x, y) = Nvarphi(p(x, y))
is equal to I(x, y) = ϕ−1(1 − ϕ(x) + ϕ(y)) or does not posses OP.

Now we turn our attention to functions Ig
n:

Proposition 3.7 Let g : [0, 1] → [0,∞] be a strictly increasing function such that g(0) = 0
and n : [0, 1] → [0, 1] be a negation. Then

Ig
n(x, 0) = n(x).

Proof. Let g be the function as in proposition and n be a fuzzy negation, then Ig
n(x, 0) =

sup{t ∈ [0, 1]; g(t) < g(n(x))} = n(x).

Because of this fact and 2.5, implication Ig
n can be used to construct p(x, y) only if n(x) =

Nϕ(x).

Example 3.8 Let g(x) = x. We obtain implication Ig(x, y) = min(1 − x + y, 1). As we know
from example 3.1, there exists triple of generators (p, i, j), such that p(x, y) = 1 − Ig(x, y).

Example 3.9 Let g(x) = − ln(1 − x). Implication Ig will be Ig(x, y) = 1 − x + xy (which is
Reichenbach implication). Now p(x, y) = x(1 − y) and i(x, y) = xy, j(x, y) = (1 − x)(1 − y).
C(x, y) = p(x, 1 − y) = x · y is quasicopula and p(x, y) − p(y, x) = x − y. Therefore (p, i, j) is
triple of generators by Theorem 2.4.

This example can be also generalized for all (T∞
ϕ , S∞

ϕ , Nϕ):
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Proposition 3.10 Let ϕ be a [0, 1]-automorphism. Let g(x) = − ln(1 − ϕ(x)), n(x) = Nϕ(x).
There exists solution (p, i, j)ϕ such that (R2) - (R4) holds and p(x, y) = Nϕ(Ig

n(x, y)).

Proof. Let g(x) = − ln(1 − ϕ(x)), n(x) = Nϕ(x), implication Ig
n is given by Ig

n(x, y) =
ϕ−1(1 − ϕ(x) + ϕ(x) · ϕ(y)) and then

p(x, y) = ϕ−1(ϕ(x)(1 − ϕ(y))).

Because (R4), functions i and j will be:

i(x, y) = ϕ−1(ϕ(x) · ϕ(y)),

j(x, y) = ϕ−1((1 − ϕ(x))(1 − ϕ(y))).

Since p(x,N(y)) = j(N(x), N(y)) = ϕ−1(ϕ(x)·ϕ(y)), obviously p(x,N(y)), i(x, y) and j(N(x), N(y))
are increasing in both variables and i(x, y), j(x, y) are also symmetric functions.
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ONE MORE TYPE OF A FUZZY CONTINUITY

DOBRAKOVOVÁ Jana, (SK)

Abstract. In this article we discuss how to define continuity and other properties
for some mappings of triangular fuzzy numbers.
This type of continuity is based on replacing usual crisp metric, in the space of
triangular fuzzy numbers, by a fuzzy metric that assumes fuzzy values and definition
of an appropriate type of fuzzy convergence w.r.t.this fuzzy metric.

Keywords: Fuzzy number, triangular fuzzy number, fuzzy metric, crisp conver-
gence, fuzzy convergence, fuzzy extension, fuzzy continuity

1 Preliminaries

This paper is intended to study a type of continuity and associate notions for some types of
real fuzzy numbers mappings. Let us recall, that a fuzzy quantity is (usually) called a real
fuzzy number (briefly fuzzy number), if it is normal, all its α-cuts are closed intervals and its
support is bounded. Moreover, in what follows we suppose, that its membership function is
continuous. We denote the set of all such fuzzy numbers by Rf . We restrict our attention
to the class of the simplest fuzzy numbers, so-called triangular fuzzy numbers. Remind that
a fuzzy number A is called a triangular fuzzy number, if there exist a triplet of real numbers
a1, a2, a3 ∈ R, a1 < a2 < a3, such that

A(x) =

⎧⎪⎪⎨
⎪⎪⎩

0, x ≤ a1,
x−a1

a2−a1
, a1 < x ≤ a2,

a3−x
a3−a2

, a2 < x ≤ a3,

0, a3 < x

Then it is written A = (a1, a2, a3). In the set of all triangular fuzzy numbers, denoted by RT ,
can be defined metrics in different ways. Mostly are considered two of them:
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Let A = (a1, a2, a3), and B = (b1, b2, b3), be two triangular fuzzy numbers. The real functions
�1 and �2 defined on the set of all couples of triangular fuzzy numbers by:

�1(A,B) =

√
1

3
[(a1 − b1)2 + (a2 − b2)2 + (a3 − b3)2]

and
�2(A,B) = sup

x∈R

|A(x) − B(x)|
are metrics on RT .

Evidently, these two metrics are not identical. But despite of that, it can be easily seen,
that the convergence established by these metrics is the same.

In [2] it was studied a question, inspired with a problem from numerical mathematics. This
problem concerns an estimate of functional values and it leads to a mapping defined on a subset
of triangular fuzzy numbers (for more details see [2]).

Suppose that f is a differentiable real function of a real variable. We consider the mapping
which assigns (for each x ∈ R and Δx > 0) the closed interval
〈f(x) − |f ′(x)|Δx, f(x) + |f ′(x)|Δx〉 to the closed interval 〈x − Δx, x + Δx〉 .

In this way there is uniquely determined a mapping F defined on the set of all symmetrical
triangular fuzzy numbers, with values in the same set:

A = (x − Δx, x, x + Δx) =⇒ F (A) = (f(x) − |f ′(x)|Δx, f(x), f(x) + |f ′(x)|Δx) (∗)
In [2] there is presented an example (Example 1) showing, that neither differentiability of

the function f guarantees the continuity of the derived mapping F , what means that there is
presented a sequence of symmetrical triangular fuzzy numbers

An =

(
1

2nπ
− 1,

1

2nπ
,

1

2nπ
+ 1

)
, n ∈ N ,

converging in the metric �1 to a fuzzy number A = (−1, 0, 1) i.e. lim
n→∞

�1(An, A) = 0, but for

the function

f : y =

{
x2 sin(1/x), x �= 0,
0, x = 0

lim
n→∞

�1(F (An), F (A)) �= 0. The same is, of course, true for �2.

This fact is not only due to the properties of the function f , but also due to the utilized
metrics. In fact, on the set of fuzzy objects we have a ”crisp” metric. It is connected with
the question how to measure ”distance” between fuzzy objects. It seems to be logical, that if
elements of a space are ”fuzzy”, their distance can be find or determined only approximately,
and therefore expressed also by a fuzzy number.

This idea gives birth to the definition of a fuzzy metric space. The Zadeh extension principle
provides an appropriate tool for definition of a fuzzy metric on a given space of fuzzy objects.
That can be, in general, a space of fuzzy sets on any linear metric space. See, for example, [1]
and [7]. We will introduce this definition for the space Rf , consisting of all real fuzzy numbers.
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2 Fuzzy metric on the space of triangular fuzzy numbers

Definition 1.

Let A and B be two real fuzzy numbers. Then their fuzzy distance is a (nonnegative real)
fuzzy number �f (A,B) ∈ Rf , for all real y defined by

�f (A,B)(y) = sup{min{A(x1), B(x2)}, x1, x2 ∈ R, |x1 − x2| = y}.

If there is no such couple (x1, x2), we put �f (A,B)(y) = 0.

The ordered couple (Rf , �f ) is said to be a fuzzy metric space.

In [3] there is investigated the fuzzy metric �f . Because of its range, it is clear, that it is
not a metric. Despite of that, it has properties, similar to those of metrics. As follows directly
from the definition, for any couple of triangular fuzzy numbers A,B, �f (A,B) = �f (B,A), it
means, that �f is symmetrical.

What about the triangular property, in [7] it is proved, that �f satisfies a kind of its fuzzy
version.

It is evident, that crisp reflexivity fails for any fuzzy number with a support containing at
least two points. If we restrict ourselves only to the case of triangular fuzzy numbers, then
clearly neither for any triangular fuzzy number A = (a1, a2, a3), is the fuzzy distance �f (A,A)
the crisp zero. As follows from the definition:

�f (A,A)(x) =

{
1 − x

a3−a1
, 0 ≤ x ≤ a3 − a1,

0, else

Since kernel of this nonnegative fuzzy quantity is a one-point set {0}, it can be considered
as a fuzzy zero. In this sense we consider the space (RT , �f ) to be a fuzzy metric space, a
subspace of (Rf , �f ).

In [3] are investigated different forms of the fuzzy distance for couples of triangular fuzzy
numbers. It is shown, that in fact, if A,B ∈ RT , then there are only three possible shapes of
�f (A,B), depending naturally on the relative position of A = (a1, a2, a3) and B = (b1, b2, b3).
There are distinguished three cases:

1) a2 = b2

2) supp(A) ∩ supp(B) = ∅
3) a2 �= b2

∧
supp(A) ∩ supp(B) �= ∅

These three typical shapes of �f (A,Bi) , for i = 1, 2, 3 are presented on the next picture,
for A = (−2,−1, 0), when B1 = (−3,−1, 2) (�f (A,B1)-the solid line),
B2 = (1, 2, 3) (�f (A,B2)-the dashed line), and B3 = (−1, 1, 3) (�f (A,B3)-the dot-dashed line).

Remark 1.

It follows, that for any couple A,B ∈ RT , the fuzzy distance �f (A,B) need not be again
triangular, but it is always an unimodal piecewise linear fuzzy number, similarly, like triangular
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Figure 1.

numbers. What seems to be a little curios, if, for example, A is as above A = (−2,−1, 0) and
B1 = (−3,−1, 2), then

supp(�f (A,B1)) = (0, 4) � (0, 5) = supp(�f (B1, B1))

Remark 2.

If A,B are trapezoidal fuzzy numbers, then their fuzzy distance �f (A,B) is again a piecewise
linear fuzzy number and it is trapezoidal if and only if supp(A) and supp(B) are disjunctive.

Remark 3.

If A,B are arbitrary fuzzy numbers, then, if we denote the fuzzy distance �f (A,B) = C,
supp(C) = (c1, c2), supp(A) = (a1, a2) and supp(B) = (b1, b2), it is simple to see, that always
c2 = max(|a2 − b1|, |b2 − a1|) and

c1 =

{
min(|a2 − b1|, |b2 − a1|), if 〈a1, a2〉 ∩ 〈b1, b2〉 = ∅,
0, if 〈a1, a2〉 ∩ 〈b1, b2〉 �= ∅

This fuzzy distance in the space (Rf , �f ) enables to define and study notions as convergence,
limits, continuity and so on. In [5] several types of convergence (fuzzy convergence) in this space
were introduced and studied. For our further investigation seems to be the most appropriate
the next definition.

Definition 2.

Let {An} be a sequence in (Rf , �f ). The sequence {An} is said to be �f -convergent to
A ∈ Rf , A is said to be �f -limit of {An} and it is written

An

�f−→ A
def⇔ ∀ε > 0 ∃n0 ∀n > n0 : sup (ker �f (An, A)) < ε

This definition gives very simple criterion for convergence in the space (RT , �f ).
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Proposition 1.(see Proposition 3 in [4])

Let {An} be a sequence in RT , such that ker(An) = {an}, an ∈ R for each n and let
A ∈ RT be such that ker(A) = {a}. Then

An

�f−→ A iff lim
n→∞

an = a

Corollary.

Let the sequence of real numbers {an} be convergent and let lim
n→∞

an = a. Then the sequence

of triangular fuzzy numbers {An} such that for each n ker(An) = {an}, is
�f -convergent and family of its �f -limits in RT consists of all triangular fuzzy numbers A,
for which ker(A) = {a}.

There arises a natural question about relationship between convergence in RT , with respect
to the metric �1 (or �2) and to the fuzzy metric �f .

It can be easily proved, that in the space RT is the fuzzy convergence a direct consequence
of convergence in the metric �1 (or �2), moreover:

If {An} is a sequence in RT , converging to a triangular fuzzy number A in the metric �1

(and �2), then

An

�f−→ B

for any B ∈ RT such that ker(B) = ker(A).

But it is clear that opposite is not true, these two kinds of convergence in the space of
triangular fuzzy numbers do not coincide (see Example 2 in [6]).

This fuzzy metric provides a new approach to the question of continuity of the mapping
F : RT → RT , defined above by (*). As follows from the next proposition, although it is not
continuous w.r.t. metrics �1 and �2, it is continuous, or more precisely, fuzzy continuous w.r.t.
fuzzy metric �f .

Proposition 2.

Let f be a continuous real function of a real variable and let F : RT → RT be a mapping,
such that for each A ∈ RT it holds ker(F (A)) = f(ker(A)). Then for any sequence of triangular
fuzzy numbers {An} and for any A ∈ RT :

An

�f−→ A ⇒ F (An)
�f−→ F (A)

Since the mapping F : RT → RT , defined by (*) satisfies the assumption of Proposition 2, it
is fuzzy continuous w.r.t. the fuzzy metric �f .
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3 Fuzzy mappings on the space of triangular fuzzy numbers

The Zadeh extension principle gives also a reasonable way, how to fuzzify crisp functions, it
means, how to extend their domain of definition from a set X to the power set F(X) and their
range of values from a set Y to the power set F(Y ). Let us state this extension principle for
real functions of a real variable.

Definition 3.
Let f be a real function of a real variable. Then the mapping f̃ : F(R) → F(R), defined

for each A ∈ F(R) in the following way: f̃(A) = B ∈ F(R), where

B(y) = sup{A(x), x ∈ R, y = f(x)},
with sup ∅ = 0, is said to be a fuzzy extension of the function f .

It is natural, that properties of the image f̃(A) depend on properties of the pre-image A,
as well as on the function f . One of fundamental questions is, if A is a fuzzy number, whether
f̃(A) must be a fuzzy number too. The answer to this question is positive only under some
additional conditions on f . Even if A = (a1, a2, a3) is a triangular fuzzy number, but continuity
of f on the closed interval 〈a1, a3〉 fails, f̃(A) need not be a fuzzy number (see [6]).

Nevertheless, it is clear that it holds

Proposition 3.
Let f̃ be the fuzzy extension of a function f and A = (a1, a2, a3) be a triangular fuzzy

number. If f is continuous on the interval 〈a1, a3〉, then B = f̃(A) is an unimodal fuzzy
number with ker(B) = {f(a2)}. Moreover, if f is on 〈a1, a3〉 a one-to-one function, then
inf(supp(B)) = min(f(a1), f(a2)) and sup(supp(B)) = max(f(a1), f(a2)).

From Propositions 2 and 3 it follows

Proposition 4.
Let f be a continuous real function of a real variable, then the mapping f̃ : Rf → Rf is

fuzzy continuous w.r.t. the fuzzy metric �f , what means that for any sequence {An} of fuzzy
numbers and any A ∈ Rf

An

�f−→ A ⇒ f̃(An)
�f−→ f̃(A).

On the other hand, it can be proved

Proposition 5.
Let f̃ be the fuzzy extension of a function f . Then f̃(A) is a triangular fuzzy number

for every triangular fuzzy number A = (a1, a2, a3), if and only if f is a linear (non-constant)
function and in that case f̃(A) = B = (b1, b2, b3), where

b1 = min(f(a1), f(a3)), b2 = f(a2), b3 = max(f(a1), f(a3))
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Therefore, if f is not linear, then images f̃(A) of triangular fuzzy numbers are no more
triangular, even if f is continuous and one-to-one on the closure of supp(A).

Example 1.
Let A = (0, 1, 2) and let f be the function f(x) = e−x. Then, as follows from the definition

and as illustrates Figure 2, B = f̃(A) is not a triangular fuzzy number, but only a real fuzzy
number, defined by

B(x) =

⎧⎪⎪⎨
⎪⎪⎩

0, x ≤ e−2,
2 + ln x, e−2 < x ≤ e−1,
− ln x, e−1 < x ≤ 1,
0, 1 < x

0.5 1.0 1.5 2.0 2.5

0.2

0.4

0.6

0.8

1.0

Figure 2.

Since in the practice we prefer to work with triangular fuzzy numbers, it seems to be useful
to modify somewhat definition of the extension f̃ , restricted to the space of all triangular fuzzy
numbers RT , in order that triangular shapes of pre-images are preserved.

Definition 4.
Let A = (a1, a2, a3) be a triangular fuzzy number and f be a real function of a real variable,

continuous and non-constant on the closed interval 〈a1, a3〉. The mapping f̂ : RT → RT for
A = (a1, a2, a3) defined by f̂(A) = B = (b1, b2, b3), where

b1 = inf(supp(̃f(A))), b2 = f(a2), b3 = sup(supp(̃f(A)))

is said to be a triangular extension of f .

For instance, in the preceding example f̂(A) = (e−2, e−1, 1).

Even though the extension f̂ is called triangular, and we have defined it as a mapping
RT → RT , it does not mean that the image f̂(A) is always a standard triangular fuzzy number
for any triangular number A and any function f . In some special cases it can be b1 = b2, or
b3 = b2. In this sense f̂ is not always a mapping into RT . But that cannot happen in the
following case:
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Proposition 6.

Let A = (a1, a2, a3) be a triangular fuzzy number and f be a real function of a real variable,
continuous on the closed interval 〈a1, a3〉. Then the image f̂(A) is a triangular fuzzy number if
and only if there exists a couple of points x1, x2 ∈ 〈a1, a3〉 such that

f(x1) < f(a2) < f(x2)

Corollary.

Let f be a real function of a real variable, continuous and strictly monotone on R. Then
the image f̂(A) is a triangular fuzzy number for any triangular fuzzy number A.

Remark.

It is obvious, that if A = (a1, a2, a3), then f̂(A) = (f(a1), f(a2), f(a3)), in the case of
increasing function f and f̂(A) = (f(a3), f(a2), f(a1)), if f is decreasing.

It is important to realize, that even if shapes of f̂(A) and f̃(A) for a triangular number
A are different, since they have the same kernel and support, their ”metric properties” are
preserved.

Proposition 7.

Let A = (a1, a2, a3) ∈ RT and let f be a real function of a real variable, continuous on
〈a1, a3〉. Let us denote the fuzzy distance �f (f̃(A), f̂(A)) = B ∈ Rf .

Then ker(B) = {0}, supp(B) = (0, a3 − a1) and for any sequence {An} of triangular fuzzy
numbers

f̃(An)
�f−→ f̃(A) if and only if f̂(An)

�f−→ f̂(A).

From this and from Proposition 4 it follows

Proposition 8.

Let f be a continuous real function of a real variable, then the mapping f̂ : RT → RT is
fuzzy continuous w.r.t. the fuzzy metric �f , therefore if {An} is a sequence of triangular fuzzy
numbers and A ∈ RT , then

An

�f−→ A ⇒ f̃(An)
�f−→ f̃(A).
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FOR A (SET-VALUED) FUZZY INTEGRAL
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Abstract. In this paper, we present some results on a Gould type (set-valued) fuzzy
integral introduced in a previous paper. We obtain various classical properties, such as a
mean type theorem, a Lebesgue (Fatou respectively) type theorem, Hölder and Minkowski
inequalities. Other results concerning semi-convexity, diffusion and atoms are also estab-
lished.
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Introduction

In [16], Gould introduced an integral for bounded real functions with respect to finitely additive
set functions taking values in a Banach space, integral which is more general that the Lebesgue
one. In the last years, the non-additive case and the set-valued case received a special attention
because of their applications in mathematical economics, decision theory, artificial intelligence,
statistics or theory of games. Precupanu and Croitoru generalized Gould’s results [16], studying
in [24] a Gould type integral for multimeasures with values in Pkc(X), the family of all compact
convex nonempty subsets of a real Banach space X. Also, Gould type integrals with respect to
a (multi)submeasure were studied by Gavriluţ [10-12] and by Gavriluţ and Petcu [15]. In [25],
Precupanu, Gavriluţ and Croitoru introduced and studied a Gould type set-valued integral for
bounded real functions with respect to a fuzzy set multifunction of finite variation with values
in Pbf (X), the family of all bounded closed nonempty subsets of a real Banach space X.

On the other hand, notions as atoms, pseudo-atoms, Darboux property, non-atomicity (with
different nonequivalent variants - see, for instance, [6,7]), (finitely) purely atomicity, semi-
convexity, diffusion were intensively studied in recent years, due to their applications in many
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classical measure theory problems, physics and convex analysis (see [3], [4], [6], [7], [8], [9],
[17], [19], [20], [21], [22]). That is why, in this paper, we study these notions for the Gould
type integral introduced in [25]. We prove that the Lebesgue theorem, Hölder and Minkowski
inequalities, Fatou lemma have here a correspondent and our integral preserves properties like
semi-convexity or diffusion.

1 Basic notions

Let (X, ‖ · ‖) be a real normed space, P0(X) the family of all nonvoid subsets of X, Pb(X) the
family of all nonvoid bounded subsets of X, Pf (X) the family of all nonvoid closed subsets of
X, Pbf (X) the family of all nonvoid closed bounded subsets of X, Pbfc(X) the family of all
nonvoid closed bounded convex subsets of X, Pkc(X) the family of all nonvoid compact convex
subsets of X and h the Hausdorff pseudometric on Pf (X), which becomes a metric on Pbf (X).
It is known that h(M,N) = max{e(M,N), e(N,M)}, where e(M,N) = sup

x∈M
d(x,N), for every

M,N ∈ Pf (X), is the excess of M over N and d(x,N), is the distance from x to N with respect
to the distance induced by the norm of X. We denote |M | = h(M, {0}) = sup

x∈M
‖x‖, for every

M ∈ P0(X), where 0 is the origin of X.
For every M,N ∈ P0(X) and every α ∈ R, let M + N = {x + y|x ∈ M, y ∈ N} and

αM = {αx|x ∈ M}. We denote by M the closure of M with respect to the topology induced

by the norm of X. On P0(X) we consider the Minkowski addition ”
•
+ ” [18], defined by:

M
•
+ N = M + N, for every M,N ∈ P0(X).
Let T be an abstract nonvoid set, P(T ) the family of all subsets of T and C a ring of subsets

of T . By i = 1, n we mean i ∈ {1, 2, . . . , n}, for n ∈ N∗, where N is the set of all naturals and
N∗ = N\{0}. We also denote R+ = [0, +∞) and R+ = [0, +∞].

Some properties of h are presented in the following proposition (see Hu and Papageorgiu
[18], Petruşel and Moţ [23]).

Proposition 1.1. Let A,B,C,D,An, Bn ∈ P0(X), for every n ∈ N∗. Then:
I) (α + β)A = αA + βA, for every α, β ∈ R+ and convex A.
II) If A,An ∈ Pb(X) and α, αn ∈ R, for every n ∈ N∗, are so that h(An, A) → 0 and

αn → α, then h(αnAn, αA) → 0.
We now recall some classical notions:

Definition 1.2. A set function m : C → R+, with m(∅) = 0, is said to be:
I) monotone if m(A) ≤ m(B), for every A,B ∈ C, with A ⊆ B.
II) subadditive if m(A ∪ B) ≤ m(A) + m(B), for every A,B ∈ C, with A ∩ B = ∅.
III) a submeasure (in Drewnowski’s sense [5]) if m is monotone and subadditive.

Remark 1.3. Suppose m : C → R+ is a submeasure of finite variation. If m denotes the
variation of m on P(T ), then:

I) m is finitely additive on C.
II) The following statements are equivalent: i) m is o-continuous; ii) m is σ-subadditive; iii)

m is σ-additive on C; iv) m is o-continuous on C.
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Definition 1.4. For a set multifunction μ : C → P0(X) with μ(∅) = {0}, we consider:
I) the extended real valued set function |μ| defined by |μ|(A) = |μ(A)|, for every A ∈ C.

II) the variation μ of μ defined by μ(A) = sup{
n∑

i=1

|μ(Ai)|}, for every A ∈ P(T ), where

the supremum is extended over all finite families of pairwise disjoint sets {Ai}i=1,n ⊂ A, with
Ai ⊆ A, for every i ∈ {1, . . . , n}.

μ is said to be of finite variation on C if μ(A) < ∞, for every A ∈ C.

Definition 1.5. Let μ : C → P0(X) be a set multifunction. μ is said to be:
I) fuzzy if μ(∅) = {0} and μ is monotone (i.e., μ(A) ⊆ μ(B), for every A,B ∈ C, with

A ⊆ B).
II) a multimeasure if μ(∅) = {0} and μ(A ∪ B) = μ(A) + μ(B), ∀A,B ∈ C, A ∩ B = ∅.
III) subadditive if μ(A ∪ B) ⊆ μ(A) + μ(B), ∀A,B ∈ C, A ∩ B = ∅ (or, equivalently,

∀A,B ∈ C).

IV) h-σ-subadditive if |μ(
∞⋃

n=1

An)| ≤
∞∑

n=1

|μ(An)|, for every sequence of pairwise disjoint sets

(An)n∈N∗ ⊂ C, with
∞⋃

n=1

An ∈ C.

V) null-additive if μ(A ∪ B) = μ(A), for every A,B ∈ C, with μ(B) = {0}.
VI) null–null-additive if μ(A ∪ B) = {0}, for every A,B ∈ C, with μ(A) = μ(B) = {0}.
VII) order-continuous (shortly, o-continuous) if lim

n→∞
h(μ(An), μ(A)) = 0, for every decreas-

ing sequence of sets (An)n∈N∗ ⊂ C, with
∞⋂

n=1

An = ∅ (denoted by An ↘ ∅).
VIII) increasing convergent if lim

n→∞
h(μ(An), μ(A)) = 0, for every increasing sequence of sets

(An)n∈N∗ ⊂ C, with
∞⋃

n=1

An = A ∈ C (denoted by An ↗ A).

Remark 1.6. I) μ is monotone on P(T ). Also (see [10]), if μ : C → Pf (X) is fuzzy and
subadditive (or a multimeasure), then μ is finitely additive on C and |μ| is a submeasure.

II) Let μ : A → Pf (X) be fuzzy, subadditive and of finite variation. Then the following
statements are equivalent: i) μ is h-σ-subadditive; ii) μ is order-continuous; iii) μ is σ-additive
on C.

2 Semi-convexity, Darboux property, diffusion and atoms of set multifunctions

We present some properties regarding semi-convexity, Darboux property, diffusion and atoms
for set multifunctions. These concepts are extended to the set valued case (see for instance [1,
2, 3, 4], [13], [14]).

Definition 2.1. Let μ : C → P0(X) be a set multifunction, with μ(∅) = {0}.
I) We say that μ
i) is semi-convex if ∀A ∈ C, μ(A) � {0}, ∃B ∈ C so that B ⊆ A and μ(B) = 1

2
μ(A).

ii) has the Darboux property if for every A ∈ C, with μ(A) � {0} and every p ∈ (0, 1), there
exists a set B ∈ C such that B ⊆ A and μ(B) = p μ(A).
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iii) is diffused if for every t ∈ T, with {t} ∈ C, we have μ({t}) = {0}.
II) A set A ∈ C is said to be an atom of μ if μ(A) � {0} and for every B ∈ C, with B ⊆ A,

we have μ(B) = {0} or μ(A\B) = {0}.
III) We say that μ is
i) finitely purely atomic if there is a finite disjoint family (Ai)i=1,n ⊂ C of atoms of μ so that

T =
n∪

i=1
Ai.

ii) non-atomic if it has no atoms.
IV) We say that the set multifunction μ : C → P0(R) is induced by a set function m : C →

R+, with m(∅) = 0, if μ(A) = [0,m(A)], for every A ∈ C.

Remark 2.2. I) The Lebesgue measure μ is diffused. Also, the set functions m1,m2 : C →
R+ defined for every A ∈ C by m1(A) =

√
μ(A) and m2(A) = μ(A)

1+μ(A)
are diffused submeasures.

The same are the set multifunctions induced by them.
II) Let μ : C → P0(X) be a set multifunction, with μ(∅) = {0}. Then the following

statements are equivalent: a) μ is diffused; b) |μ| is diffused; c) μ is diffused on C.

Remark 2.3. If the set multifunction μ : C → P0(X), with μ(∅) = {0}, has the Darboux
property, then it is semi-convex. Under some assumptions, the converse is also valid, as shown
below.

Theorem 2.4. Let C be a σ-ring and μ : C → Pbfc(X) a monotone increasing convergent
multimeasure. Then μ has the Darboux property if and only if μ is semi-convex.

Proof. The ”if” part. Every p ∈ (0, 1) has an expansion p =
∞∑

n=1

an

2n , where an ∈ {0, 1}, for

every n ∈ N∗. Let A ∈ C, so that μ(A) � {0} and let p ∈ (0, 1). By the semi-convexity of μ,
there is B1 ∈ C so that B1 ⊆ A and μ(B1) = a1

2
μ(A). Analogously, there is B2 ∈ C so that

B2 ⊆ A\B1 and μ(B2) = a2

22 μ(A) and so on. Consider B =
∞∪

n=1
Bn =

∞∪
n=1

(
n∪

k=1
Bk) ∈ C. We have

μ(B) = lim
n→∞

n∑
k=1

μ(Bk) = lim
n→∞

n∑
k=1

ak

2k μ(A) (with respect to h). By Proposition 1.1, it follows

μ(B) = pμ(A), as claimed. �

Remark 2.5. I) If μ is fuzzy, then μ is non-atomic if and only if for every A ∈ C, with
μ(A) � {0}, there exists B ∈ C, with B ⊆ A, μ(B) � {0} and μ(A\B) � {0}).

II) [13] Suppose T is a locally compact Hausdorff space, B is the Borel δ-ring generated by
the compact subsets of T and μ : B → Pf (X) is fuzzy and subadditive. Then μ is non-atomic
if and only if it is diffused.

In the sequel we present some properties of μ̃-totally-measurable functions. Let A be an
algebra of subsets of T .

Definition 2.6. I) A partition of a set A ∈ A is a finite family P = {Ai}i=1,n of pairwise

disjoint sets of A such that
n⋃

i=1

Ai = A.

We denote by P the class of all partitions of T and if A ∈ A is fixed, by PA, the class of all
partitions of A.
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II) For a set multifunction μ : A → P0(X) with μ(∅) = {0}, we consider the extended real
valued set function μ̃ defined by μ̃(A) = inf{μ(B); A ⊆ B,B ∈ A}, for every A ∈ P(T ).

Definition 2.7. Let f : T → R be a real function.

I) f is said to be μ̃-totally-measurable (on T ) if for every ε > 0 there exists a partition
Pε = {Ai}i=0,n of T such that: a) μ̃(A0) < ε and b) sup

t,s∈Ai

|f(t) − f(s)| = osc(f,Ai) < ε, for

every i = 1, n.

II) f is said to be μ̃-totally-measurable on B ∈ A if the restriction f |B of f to B is μ̃-totally
measurable on B.

Remark 2.8. If f is μ̃-totally-measurable on T , then f is μ̃-totally-measurable on every
A ∈ A.

Definition 2.9. We say that a property (P ) holds μ-almost everywhere (shortly, μ-ae) if
there is A ∈ P(T ), with μ̃(A) = 0, so that the property (P ) is valid on T\A.

Definition 2.10. Let fn : T → R be a real function for every n ∈ N. One says that the
sequence (fn)

I) is μ̃-convergent to f (denoted by fn
eμ−→ f) if for every δ > 0, lim

n→∞
μ̃(Bn(δ)) = 0, where

Bn(δ) = {t ∈ T ; |fn(t) − f(t)| ≥ δ}.
II) converges μ̃-almost everywhere to f (denoted by fn

eμ−ae−→ f) if there is A ∈ P(T ) so that
μ̃(A) = 0 and (fn) pointwise converges to f on T\A.

From now on, μ : A → P0(X) is supposed to be of finite variation.

Using a standard reasoning, we obtain the following properties of μ̃-totally-measurable func-
tions.

Theorem 2.11. Let μ : A → Pf (X) be fuzzy and subadditive.

I) ([11]) If f, g : T → R are bounded μ̃-totally-measurable functions, then:

i) f + g is μ̃-totally-measurable;

ii)λf is μ̃−totally-measurable, for every λ ∈ R;

iii) f 2 and fg are μ̃-totally-measurable;

iv) |f |p is μ̃-totally-measurable, for every p ∈ [1, +∞);

II) Suppose f, g : T → R are bounded functions. If |f |p and |g|p are μ̃-totally-measurable
for an arbitrary p ∈ [1, +∞), then |f + g|p is μ̃-totally-measurable.

III) ([11]) If for every n ∈ N, fn : T → R is bounded μ̃-totally-measurable and (fn) is
μ̃-convergent to a bounded function f : T → R, then f is μ̃-totally-measurable.

IV) If f : T → R is a bounded function and A,B ∈ A are disjoint sets, then f is μ̃-totally-
measurable on A∪B if and only if it is μ̃-totally-measurable on A and μ̃-totally-measurable on
B.

V) Suppose A is a σ-algebra, μ : A → Pf (X) is o-continuous fuzzy subadditive and of
finite variation and (fn)n∈N∗ is a sequence of uniformly bounded μ̃-totally-measurable functions
fn : T → R. Then g defined for every t ∈ T by g(t) = inf

n∈N∗
fn(t), is μ̃-totally-measurable.
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VI) Under the assumptions of V, the function h defined for every t ∈ T by h(t) = sup
n∈N∗

fn(t),

is μ̃-totally-measurable. Moreover, supposing there exists lim
n→∞

fn(t) = f(t), for every t ∈ T ,

then f is μ̃-totally-measurable.

3 Semi-convexity and diffusion, atoms and purely atomicity for a set-valued fuzzy
integral

In this section, we establish some results concerning semi-convexity, diffusion, atoms and purely
atomicity for the set-valued fuzzy integral introduced and studied in [25].

In what follows, we suppose A is an algebra of subsets of T , X is a Banach space and
μ : A → Pf (X) is a fuzzy set multifunction of finite variation. We now recall some notions and
results (see [10], [11], [24], [25]).

Remark 3.1. If μ : A → Pf (X) is of finite variation, then μ takes its values in Pbf (X).

Definition 3.2. I) Let P = {Ai}i=1,n and P ′ = {Bj}j=1,m be two partitions of T . P ′ is said

to be finer than P , denoted P ≤ P ′ (or P ′ ≥ P ) if for every j = 1,m, there exists ij = 1, n so
that Bj ⊆ Aij .

II) The common refinement of two partitions P = {Ai}i=1,n and P ′ = {Bj}j=1,m is the
partition P ∧ P ′ = {Ai ∩ Bj} i=1,n

j=1,m

.

Definition 3.3. ([25]) Let f : T → R be a bounded function. For every partition
P = {Ai}i=1,n of T and every ti ∈ Ai, i = 1, n, let σf,μ(P ) (or, if there is no doubt,

σf (P ), σμ(P ), σ(P )) be: σ(P ) =•∑n
i=1 f(ti)μ(Ai) = f(t1)μ(A1) + . . . + f(tn)μ(An).

I) f is said to be μ-integrable (on (T,A, μ)) if the net (σ(P ))P∈(P,≤) is convergent in
(Pf (X), h), where P is ordered by the relation ” ≤ ” given in Definition 4.2.

If (σ(P ))P∈(P,≤) is convergent, then its limit is called the integral of f on T with respect to
μ, denoted by

∫
T

fdμ.
II) For an arbitrary B ∈ A, f is said to be μ-integrable on B if the restriction f |B of f to

B is μ-integrable on (B,AB, μB).

Remark 3.4. f is μ-integrable on T if and only if there exists a set I ∈ Pbf (X) such
that for every ε > 0, there exists a partition Pε of T , so that for every other partition of T ,
P = {Ai}i=1,n, with P ≥ Pε and every choice of points ti ∈ Ai, i = 1, n, we have h(σ(P ), I) < ε.

Theorem 3.5. [25] I) Let f : T → R be a μ-integrable function. Then
∣∣∣ ∫

T
fdμ

∣∣∣ ≤
sup
t∈T

|f (t)|·μ(T ).

II) Let f : T → R and A,B ∈ A, with A∩B = ∅. If f is μ-integrable on A and μ-integrable
on B, then f is μ-integrable on A ∪ B and

∫
A∪B

fdμ =
∫

A
fdμ +

∫
B

fdμ.
III) Suppose μ : A → Pkc(X). If f : T → R is μ-integrable on T , then f is μ-integrable on

every B ∈ A.
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IV) If f : T → R is μ-integrable on every A ∈ A, then the set multifunction M : A →
Pf (X), defined by M (A) =

∫
A

fdμ, for every A ∈ A, is a fuzzy multimeasure.

Remark 3.6. By Theorem 3.5-I and Remark 2.2-II), we immediately get that if μ : A →
Pkc(X) is diffused, then the same is M defined in Theorem 3.5-IV. Also, by Remark 3.4, if
inf
t∈T

f(t) > 0, then the converse is also valid. So, in this case, μ is diffused if and only if the

same is M .

Theorem 3.7. Let μ : A → Pkc(X) be a semi-convex multimeasure and f : T → R
a μ̃-totally-measurable bounded function on T . Then M defined in Theorem 3.5-IV is also
semi-convex.

Proof. The following statements, even they are established for T, remain valid for any
arbitrary set A ∈ A. Also, according to [24], f is μ-integrable on T and on every A ∈ A.
Consider arbitrary ε > 0 and let M = max{μ(T ), sup

t∈T
|f(t)|}.

By the μ-integrability of f on T , there is a partition {Ai}i=1,n of T such that for every

si ∈ Ai, i = 1, n, we have h(
∫

T
fdμ,

n∑
i=1

f(si)μ(Ai)) < 2ε
3
, so h(1

2

∫
T

fdμ,
n∑

i=1

f(si)
1
2
μ(Ai)) < ε

3
.

Since μ is semi-convex, for every i = 1, n, there is Bi ⊂ Ai so that Bi ∈ A and μ(Bi) =

1
2
μ(Ai), which implies h(1

2

∫
T

fdμ,
n∑

i=1

f(si)μ(Bi)) < ε
3
. Since f is μ-integrable on B =

n⋃
i=1

Bi,

there exists a partition P̃B
ε = {Dk}k=1,s ∈ PB so that for any partition P ∈ PB, with P ≥ P̃B

ε ,
we have h(

∫
B

fdμ, σ(P )) < ε
3
. On the other hand, because f is μ̃-totally-measurable on B,

there is a partition
˜̃
P

B

ε = {El}l=0,m ∈ PB such that μ(E0) < ε
12M

and sup
t,s∈El

|f(t) − f(s)| <

ε
6M

,∀ l = 1,m.
Consider {Dk ∩ El}k=1,s, l=0,m ∈ PB and denote it by {Cj}j=1,q. For instance, C1 = D1 ∩

E0, C2 = D2 ∩ E0, ..., Cs = Ds ∩ E0, Cs+1 = D1 ∩ E1 etc. We observe that μ(
s∪

j=1
Cj) = μ(E0) <

ε
12M

and sup
tj ,sj∈Cj

|f(tj) − f(sj)| < ε
6M

, for every j = s + 1, q.

Let PB
ε = {Bi ∩ Cj}i=1,n, j=1,q ∈ PB. Since PB

ε ≥ P̃B
ε , then h(

∫
B

fdμ, σ(PB
ε )) < ε

3
.

Now, we have: h(1
2

∫
T

fdμ,
∫

B
fdμ) ≤ h(1

2

∫
T

fdμ,
n∑

i=1

f(si)μ(Bi)) + h(
∫

B
fdμ, σ(PB

ε )) +

h(σ(PB
ε ),

n∑
i=1

f(si)μ(Bi)) < 2ε
3

+ h(σ(PB
ε ),

n∑
i=1

f(si)μ(Bi)).

It only remains to prove that for every θij ∈ Bi∩Cj, i = 1, n, j = 1, q, h(σ(PB
ε ),

n∑
i=1

f(si)μ(Bi)) =

h(
n∑

i=1

q∑
j=1

f(θij)μ(Bi ∩ Cj),
n∑

i=1

f(si)μ(Bi)) < ε
3
.

Indeed, we have: h(
n∑

i=1

q∑
j=1

f(θij)μ(Bi ∩ Cj),
n∑

i=1

f(si)μ(Bi)) ≤ 2M
s∑

j=1

μ(Cj) +
q∑

j=s+1

|f(si) −
f(θij)| · μ(Cj) < 2M ε

12M
+ ε

6M
M = ε

3
.

So, h(1
2

∫
T

fdμ,
∫

B
fdμ) < ε, ∀ε > 0. Thus 1

2

∫
T

fdμ =
∫

B
fdμ and M is semi-convex. �
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4 Convergence theorems for a set-valued fuzzy integral

In this section we obtain some classical theorems (such as Hölder inequality, Minkowski in-
equality, mean convergence theorem, Lebesgue theorem, Fatou lemma) for the Gould type
(set-valued) integral introduced in [25].

Theorem 4.1. (Hölder Inequality) Let m : A → R+ be a submeasure of finite variation

and f, g : T → R m-integrable bounded functions on T . Then
∫

T
|fg|dm ≤ (∫

T
|f |pdm

) 1
p ·(∫

T
|g|qdm

) 1
q , ∀p, q ∈ (1,∞), 1

p
+ 1

q
= 1.

Proof. Since (see [15]) for submeasures, m-integrability is equivalent to m̃-totally-measurability,
then by Theorem 2.11 and Theorem 2.17 of [15], |f |, |g|, |fg|, |f |p and |g|q are also m-
integrable, so, for every ε > 0, there is a common partition Pε = {Ai}i=1.n such that for

every ti ∈ Ai, i = 1, n, we have:
∣∣∣ ∫

T
|fg|dm −

n∑
i=1

|f(ti)g(ti)|m(Ai)
∣∣∣ < ε

3
,

∣∣∣ ∫
T
|f |dm −

n∑
i=1

|f(ti)|m(Ai)
∣∣∣ < ε

3
and

∣∣∣ ∫
T
|g|dm −

n∑
i=1

|g(ti)|m(Ai)
∣∣∣ < ε

3
. Since

n∑
i=1

|f(ti)g(ti)|m(Ai) =

n∑
i=1

[
|f(ti)| (m(Ai))

1
p · |g(ti)| (m(Ai))

1
q

]
≤

(
n∑

i=1

|f(ti)|pm(Ai)

) 1
p

·
(

n∑
i=1

|g(ti)|qm(Ai)

) 1
q

, we have

the conclusion. �
Using the above theorem, we obtain the Minkowski inequality, by a classical proof.
Theorem 4.2. (Minkowski inequality) Let m : A → R+ be a submeasure of finite

variation and f, g : T → R m-integrable bounded functions on T . Then
(∫

T
|f + g|pdm

) 1
p ≤(∫

T
|f |pdm

) 1
p +

(∫
T
|g|pdm

) 1
p , for every p ∈ [1, +∞).

If m : A → R+ is a submeasure of finite variation, we consider the space Lp = {f : T → R;
f is bounded on T and |f |p is m-integrable on T}.

Corollary 4.3. Let m : A → R+ be a submeasure of finite variation and p ∈ [1, +∞).

Then the function || · || : Lp → R+, defined for every f ∈ Lp by ||f || = (
∫

T
|f |pdm)

1
p , is a

semi-norm.

Theorem 4.4. Let μ : A → Pkc(X) be a fuzzy set multifunction of finite variation and
fn : T → R, for every n ∈ N. Suppose (fn) is an uniformly bounded sequence of μ-integrable
functions such that (fn) is μ̃-convergent to a bounded function f : T → R. Then f is μ-integrable
on T and on every A ∈ A, lim

n→∞
∫

A
(fn − f)dμ = {0} (with respect to h).

Proof. Let M ′ = μ(T ),M1 = sup
t∈T

|f(t)|,M2 = sup
t∈T , n∈N

|fn(t)| and M = max{M1,M2}.

Since fn
eμ−→ f , it results that for every ε > 0, there exists n0(ε) ∈ N so that μ̃(Bn

(
ε

6M ′
)
) <

ε
4M

, for every n ≥ n0. Particularly, μ̃(Bn0

(
ε

6M ′
)
) < ε

4M
. By the definition of μ̃, there is Cn0 ∈ A

so that Bn0(
ε

6M ′ ) ⊆ Cn0 and μ̃(Cn0) = μ(Cn0) < ε
4M

.
First, we prove that f is μ-integrable on Cn0 . Indeed, for every ε > 0, there is a partition

Pε = {Cn0} ∈ PCn0
so that, for every other partition P = {Dl}l=1,p ∈ PCn0

, with P ≥ Pε and
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every tl ∈ Dl, l = 1, p and c ∈ Cn0 , we have h

(
p∑

l=1

f(tl)μ(Dl), f(c)μ(Cn0)

)
≤

p∑
l=1

|f(t)|·|μ(Dl)|+
ε

4M
· M1 < 2 · ε

4M
· M1 = ε

2
. Consider another partition P ′ = {Es}s=1,q ∈ PCn0

, with P ′ ≥ Pε

and rs ∈ Es, s = 1, q, arbitrarily. In a similar way we get h

(
q∑

s=1

f(rs)μ(Es), f(c)μ(Cn0)

)
< ε

2
,

whence,

h

(
p∑

l=1

f(tl)μ(Dl),
q∑

s=1

f(rs)μ(Es)

)
< ε. Then f is μ-integrable on Cn0 .

Consequently, according to Theorem 3.5-II, in order to prove that f is μ-integrable on T ,
it is sufficient to establish the μ-integrability of f on T\Cn0 .

Since for every n ∈ N fn is μ-integrable on T , then fn0 is μ-integrable on T\Cn0 . Con-
sequently, there is a partition P n0

ε = {Ai}i=1,mn0
∈ PT\Cn0

so that, for every other partition

P ∈ PT\Cn0
, with P ≥ P n0

ε , we have h(σ(P ), σ(P n0
ε )) < ε

3
.

Let P = {Dj}j=1,l ∈ PT\Cn0
, with P ≥ P n0

ε be arbitrarily, but fixed. For every tj ∈ Dj,

j = 1, l and every ci ∈ Ai, i = 1,mn0 , we have:

h(
l∑

j=1

f(tj)μ(Dj),

mn0∑
i=1

f(ci)μ(Ai)) ≤ h

(
l∑

j=1

f(tj)μ(Dj),
l∑

j=1

fn0(tj)μ(Dj)

)
+

+h

(
l∑

j=1

fn0(tj)μ(Dj),

mn0∑
i=1

fn0(ci)μ(Ai)

)
+ h

(mn0∑
i=1

fn0(ci)μ(Ai),

mn0∑
i=1

f(ci)μ(Ai)

)
≤

≤ μ(T\Cn0) · sup
t∈cBn0

|f(t) − fn0(t)| +
ε

3
+ μ(T\Cn0) · sup

t∈cBn0

|f(t) − fn0(t)| <

< M ′ · ε

6M ′ +
ε

3
+ M ′ · ε

6M ′ = ε.

A similar inequality for every other partition P ′ ∈ PT\Cn0
, with P ′ ≥ P n0

ε , may analogously
be obtained. Then, by the triangular inequality, f is μ-integrable on T\Cn0 and, according to
Theorem 3.5-II, f is μ-integrable on T .

Now, we prove that lim
n→∞

∫
T
(fn − f)dμ = {0} with respect to h. According to Theorem

3.5-III, there exist
∫

A
fdμ and

∫
A

fndμ, for every n ∈ N and every A ∈ A. We shall use the
same Bn

(
ε

6M ′
)
, with n ≥ n0, as before. By the definition of μ̃, we get that for every n ≥ n0,

there exists Cn ∈ A so that Bn( ε
6M ′ ) ⊆ Cn and μ̃(Cn) = μ(Cn) < ε

4M
.

Then, for every n ≥ n0, we have:
∣∣∣ ∫

A
(fn − f)dμ

∣∣∣ =
∣∣∣ ∫

A\Cn
(fn − f)dμ+

∫
A∩Cn

(fn − f)dμ
∣∣∣≤

sup
t∈A\Cn

|fn(t)−f(t)| ·μ(A\Cn)+ sup
t∈A∩Cn

|fn(t)−f(t)| ·μ(A∩Cn) < ε, so lim
n→∞

∫
A
(fn−f)dμ = {0},

for every A ∈ A. �
Using Theorem 4.4, we obtain the following results.

Theorem 4.5 (Lebesgue type Theorem) Let μ : A → Pkc(X) be a fuzzy set mul-
tifunction of finite variation and fn : T → R a real function, for every n ∈ N. Sup-
pose (fn)n is an uniformly bounded sequence of μ-integrable functions such that (fn)n is μ̃-
convergent to a bounded function f : T → R. Then, f is μ-integrable on every A ∈ A and
lim

n→∞
∫

A
fndμ =

∫
A

fdμ (with respect to h).
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Theorem 4.6. (Fatou Lemma) Suppose A is a σ-algebra, μ : A → Pf (X) is fuzzy sub-
additive and of finite variation so that μ̃ is o-continuous and (fn)n∈N is a sequence of uniformly
bounded, μ̃-totally-measurable functions fn : T → R. Then

∫
T

lim inf
n

fndμ ≤ lim inf
n

∫
T

fndμ.
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Natur. 24 (1975), 23-29.
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Univ. Iaşi, Tomul LIII, 2007, f. 2, 351-368.

[16] GOULD, G.G. - On integration of vector-valued measures, Proc. London Math. Soc. 15
(1965), 193-225.
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derivatives, Real Anal. Exchange 32(2007), 489-494.

[18] HU, S. PAPAGEORGIOU, N.S. - Handbook of Multivalued Analysis, vol. I, Kluwer Acad.
Publ., Dordrecht, 1997.

230 volume 3 (2010), number 1



Aplimat - Journal of Applied Mathematics

[19] LI, J. - Order continuous of monotone set function and convergence of measureable func-
tions sequence, Applied Mathematics and Computation 135 (2003), 211-218.

[20] LI, J. - A note on the null-additivity of the fuzzy measure, Fuzzy Sets and Systems
125(2002), 269-271.
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Abstract. In this work, we investigate the Lp spaces generated by the Gould integrability
for bounded real functions with respect to a submeasure m of finite variation. Convergence
results are obtained and, if moreover, m is finitely purely atomic, it is proved that Lp is a
Banach space.
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1 Introduction

In the last years, many authors (e.g. Dobrakov [3], Drewnowski [4], Jiang and Suzuki [13],
Li [14], Pap [15], Precupanu [16], Sugeno [19], Suzuki [20]) investigated the non-additive
field of (fuzzy) measure theory due to its applications in mathematical economics, probabil-
ity, statistics, biology, human decision making, theory of games. Different problems, such as
(pseudo)atoms, non-atomicity, (finitely) purely atomicity are of a great interest.

Purely atomic measures where studied in literature in different variants (e.g. [1,2], [3], [13]).
For instance, Chiţescu [1,2] established interesting connections with different classical problems
concerning Lp spaces for measures.

In [12], Gould introduced an integral for bounded real functions with respect to finitely
additive set functions taking values in a Banach space, integral which is more general that the
Lebesgue one.

On the other hand, in recent years, many problems of the classical measure theory (such
as integrability, regularity, continuity properties) were transfered in the set valued case, where
they received a special attention due to their applications in mathematical economics, decision
theory, artificial intelligence, statistics or theory of games.



Aplimat - Journal of Applied Mathematics

In [7], [8,9] we introduced and studied notions as (pseudo)atom, (non) (pseudo)atomicity,
(finitely) purely atomicity in the set valued case.

Concerning Gould type (set valued) integrals, a large number of results were obtained in
the last years.

For instance, Precupanu and Croitoru generalized Gould’s results [12], studying in [17] a
Gould type integral for multimeasures with values in the family of all compact convex nonempty
subsets of a real Banach space.

Also, Gould type integrals with respect to a (multi)submeasure were studied by Gavriluţ
[5,6] and by Gavriluţ and Petcu [11]. In [18], Precupanu, Gavriluţ and Croitoru introduced
and studied a Gould type integral for bounded real functions with respect to a fuzzy set mul-
tifunction of finite variation with values in the family of all closed nonempty subsets of a real
Banach space.

In this paper, we investigate Lp spaces generated by the Gould integrability of bounded
real functions with respect to a submeasure of finite variation. When the submeasure is finitely
purely atomic, we prove that Lp is a Banach space.

2 Terminology and basic results

In what follows, we suppose T is an abstract space, P(T ) the family of all subsets of T and A
is an algebra of subsets T .

By i = 1, n we mean i ∈ {1, 2, . . . , n}, for n ∈ N
∗, where N is the set of all naturals and

N
∗ = N\{0}. We also denote R+ = [0, +∞) and R+ = [0, +∞].

We recall the following notions and results:

Definition 2.1. A set function m : A → [0, +∞) with m(∅) = 0 is said to be:
I) fuzzy if m is monotone (i.e., m(A) ≤ m(B), for every A,B ∈ A with A ⊆ B).
II) subadditive and m(A ∪ B) ≤ m(A) + m(B), for every A,B ∈ A, with A ∩ B = ∅.
II) order-continuous (briefly, o-continuous) if lim

n→∞
m(An) = 0, for every sequence of sets

(An)n ⊂ A, with An ↘ ∅ (that is, An ⊇ An+1, for every n ∈ N
∗ and

∞⋂
n=1

An = ∅).

III) σ-subadditive if m(A) ≤
∞∑

n=1

m(An), for every (pairwise) disjoint sequence of sets (An)n ⊂

A, with A =
∞∪

n=1
An ∈ A.

IV) a submeasure (in the sense of Drewnowski [4]) if m is subadditive and fuzzy.

Definition 2.2. I) A partition of T is a finite family P = {Ai}i=1,n ⊂ A such that

Ai ∩ Aj = ∅, i = j and
n⋃

i=1

Ai = T.

II) Let P = {Ai}i=1,n and P ′ = {Bj}j=1,m be two partitions of T . P ′ is said to be finer than

P , denoted P ≤ P ′ or P ′ ≥ P , if for every j = 1,m, there exists ij = 1, n so that Bj ⊆ Aij .
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III) The common refinement of two partitions P = {Ai}i=1,n and P ′ = {Bj}j=1,m is the
partition P ∧ P ′ = {Ai ∩ Bj} i=1,n

j=1,m

.

We denote by P the class of all partitions of T and if A ∈ A is fixed, by PA, the class of all
partitions of A.

IV) We consider the following non-negative extended real-valued set functions associated to
a set function m : A → [0, +∞).

i) m : P(T ) → R+ defined by m(A) = sup{
n∑

i=1

m(Ai)}, for every A ⊆ T ,

where the supremum is extended over all finite families of pairwise disjoint
sets {Ai}i=1,n ⊂ A, with Ai ⊆ A, for every i = 1, n.
m is called the variation of m.
m is said to be of finite variation on A if m(A) < ∞, for every A ∈ A.

ii) m̃ : P(T ) → R+ defined by m̃(A) = inf{m(B); A ⊆ B,B ∈ A}, for every A ⊆ T.

From now on, m : A → R+ will be a submeasure of finite variation.

Remark 2.3. I) The following statements are equivalent:
i) m is σ-subadditive;
ii) m is order-continuous;
iii) m is σ-additive on A.

II) i) m̃ is a submeasure on P(T ).
ii) If, moreover, m is σ-subadditive, then m̃ is σ-subadditive.
III) m is finitely additive on A, m(A) ≤ m(A) and m̃(A) = m(A), for every A ∈ A.
IV) For every A ∈ A, m(A) = 0 if and only if m(A) = 0.

Definition 2.4. Let f : T → R be a real valued function.
I) f is said to be m̃-totally-measurable on T if for every ε > 0 there exists a partition

Pε = {Ai}i=0,n of T such that m̃(A0) < ε and sup
t,s∈Ai

|f(t) − f(s)| < ε, for every i ∈ {1, , . . . , n}.
II) f is said to be m̃-totally-measurable on B ∈ A if the restriction f |B of f to B is m̃-totally

measurable on B.

Remark 2.5. If f is m̃-totally-measurable on T , then f is m̃-totally-measurable on every
A ∈ A. Moreover, the following result holds.

Proposition 2.6. Let A,B ∈ A. Then f : T → R is m̃-totally-measurable on A∪B if and
only if it is m̃-totally-measurable on A and B.

Proof. According to Remark 2.5, the if part is straightforward. For the only if part,
suppose first that A ∩ B = ∅. By the m̃-totally-measurability of f on A and B, there are
PA

ε = {Ai}i=0,n ∈ PA and PB
ε = {Bj}i=0,q ∈ PB satisfying Definition 2.4. Since m is finitely

additive on A, then PA∪B
ε = {A0 ∪ B0, A1, ..., An, B1, ..., Bq} ∈ PA∪B also satisfies Definition

2.4, so f is m̃-totally-measurable on A ∪ B.
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If A and B are not disjoint, since A ∪ B = (A\B) ∪ B and m̃-totally-measurability is
hereditary, the statement is proved. �

Remark 2.7. Let {Ai}i=1,p ⊂ A. Then f is m̃-totally-measurable on
p∪

i=1
Ai if and only if

the same is f on every Ai, i = 1, p.

Theorem 2.8. [11] If f, g : T → R are two bounded m̃-totally-measurable functions, then:
i) f + g is m̃-totally-measurable;
ii) λf is m̃−totally-measurable, for every λ ∈ R;
iii) f 2 and fg are m̃-totally-measurable.

Theorem 2.9. [10] Suppose f, g : T → R are bounded and p ∈ [1,∞) is arbitrary fixed.
I) If f is m̃-totally-measurable, then the same is |f |p.
II) If |f |p and |g|p are m̃-totally-measurable, then the same is |f + g|p.

Theorem 2.10. [10] Suppose A is a σ-algebra, m : A → R+ is an o-continuous submea-
sure of finite variation and (fn)n∈N is a sequence of uniformly bounded m̃-totally-measurable
functions fn : T → R. Then the functions infn fn and supn fn are m̃-totally-measurable.

Definition 2.11. We say that a property (P ) holds m̃-almost everywhere ( shortly, m̃-ae)
if there is A ⊆ T, with m̃(A) = 0, so that the property (P ) is valid on T\A.

Definition 2.12. Let fn : T → R be a real function for every n ∈ N. One says that the

sequence (fn) is m-convergent to f (denoted by fn
m−→ f) if for every δ > 0, lim

n→∞
m(Bn(δ)) = 0,

where Bn(δ) = {t ∈ T ; |fn(t) − f(t)| ≥ δ}.
Definition 2.13. [11] Let f : T → R be a bounded function and σ(P ) =

n∑
i=1

f(ti)m(Ai),

for any partition P = {Ai}i=1,n of T and every ti ∈ Ai, i = 1, n.
I) f is said to be m-integrable (on T ) if the net (σ(P ))P∈(P,≤) is convergent in R, where P,

the set of all partitions of T , is ordered by the relation ” ≤ ” given in Definition 2.2.

If (σ(P ))P∈(P,≤) is convergent, then its limit is called the integral of f on T with respect to
m, denoted by

∫
T

fdm.

II) If B ∈ A is an arbitrary set, then f is said to be m-integrable on B if the restriction f |B
of f to B is m-integrable on B.

Remark 2.14. f is m-integrable on T if and only if there is I ∈ R such that for every
ε > 0, there exists a partition Pε of T , so that for every other partition of T , P = {Ai}i=1,n,

with P ≥ Pε and every choice of points ti ∈ Ai, i = 1, n, we have |σ(P ) − I| < ε.

Proposition 2.15. [11] If A ∈ A is an arbitrary set, then f is m-integrable on A if and
only if f is m̃-totally-measurable on A.
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3 Lp spaces

Let p ∈ [1, +∞). In what follows, we shall introduce Lp spaces and prove that under suitable
assumptions, Lp is a Banach space.

Theorem 3.1. [10] (Minkowski inequality) Suppose f, g : T → R are bounded m̃-
totally-measurable. Then |f |p, |g|p and |f + g|p are m-integrable on T and

(∫
T

|f + g|pdm

) 1
p

≤
(∫

T

|f |pdm

) 1
p

+

(∫
T

|g|pdm

) 1
p

.

We consider Lp = {f : T → R; f is bounded on T and |f |p is m-integrable on T}. By
Theorems 2.8, 2.9 and Proposition 2.15, it results that Lp is a linear space.

According to Theorem 3.1, we immediately have:

Corollary 3.2. The function || · || : Lp → R+, defined for every f ∈ Lp by ||f || =

(
∫

T
|f |pdm)

1
p , is a semi-norm.

Theorem 3.3. For every n ∈ N, let fn, f ∈ Lp. Then the following relationships hold:

I) fn
u→ f ⇒ fn

||.||p→ f (where fn
u→ f denotes the uniform convergence).

II) fn
||.||p→ f ⇒ fn

m→ f .

Proof. I) Since fn
u→ f , then for every ε > 0, there is n0(ε) ∈ N so that for every

n ≥ n0, |fn(t) − f(t)| < ε, for every t ∈ T . Then, according to [11], for every n ≥ n0, we have:

||fn − f ||p =

(∫
T

|fn − f |pdm

) 1
p

≤
(∫

T

εpdm

) 1
p

=

(∫
T

εpdm

) 1
p

= ε(m(T ))
1
p ,

so lim
n→∞

||fn − f ||p = 0.

II) For every δ > 0 and every n ∈ N, consider Bn(δ) = {t ∈ T ; |fn(t) − f(t)| ≥ δ} ∈ P(T ).

fn
m→ f if and only if for every δ > 0, lim

n→∞
m(Bn(δ)) = 0.

Consider an arbitrary δ > 0. We have:

m(Bn(δ)) = sup{
ln∑

i=1

m(An
i ); (An

i )i=1,ln
⊂ A pairwise disjoint,

for every i = 1, ln, An
i ⊆ Bn(δ)}.

Let an arbitrary, pairwise disjoint (An
i )i=1,ln

⊂ A, where for every i = 1, ln, An
i ⊆ Bn(δ).

Then, for every i = 1, ln,∫
An

i

|fn − f |pdm ≥
∫

An
i

δpdm =

∫
An

i

δpdm = δpm(An
i ),
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whence

δp

ln∑
i=1

m(An
i ) ≤

ln∑
i=1

∫
An

i

|fn − f |pdm =

∫
ln∪

i=1
An

i

|fn − f |pdm ≤

≤
∫

T

|fn − f |pdm = ||fn − f ||pp, so
ln∑

i=1

m(An
i ) ≤

ln∑
i=1

m(An
i ) ≤ 1

δp
||fn − f ||pp.

Consequently, taking the supremum on the left side, we obtain:

m(Bn(δ)) = sup
ln∑

i=1

m(An
i ) ≤ 1

δp
||fn − f ||pp.

Since lim
n→∞

||fn − f ||p = 0, then for every δ > 0, lim
n→∞

m(Bn(δ)) = 0, as claimed. �

Theorem 3.4. [10] (Fatou lemma) Suppose A is a σ-algebra, m : A → R+ is a submea-
sure of finite variation so that m̃ is o-continuous on P(T ). Let (fn)n be a sequence of uniformly
bounded m̃-totally-measurable functions fn : T → R. Then∫

T

lim inf
n

fndm ≤ lim inf
n

∫
T

fndm.

Theorem 3.5. Suppose A is a σ-algebra and m : A → R+ is a submeasure of finite
variation so that m̃ is o-continuous on P(T ). If (fn) ⊂ Lp is uniformly bounded and pointwise

converges to f ∈ Lp, then ||fn||p → ||f ||p if and only if fn
||.||p→ f .

Proof. The only if part immediately follows.
The if part.
We use the inequality (∗) |a + b|p ≤ 2p−1(|a|p + |b|p), for every a, b ∈ R.
Consider the sequence (gn) defined for every n ∈ N by:

gn = 2p−1(|f |p + |fn|p − |f − fn|p).
By the inequality (∗) it results that gn ≥ 0, for every n ∈ N.
One can easily see that (gn) is uniformly bounded and for every n ∈ N, gn is m̃-totally-

measurable.
Now, we apply Theorem 3.4 for (gn) and we have:

2p−1||f ||pp ≤ lim inf
n

(2p−1||fn||pp − ||fn − f ||pp).

Consequently, since ||fn||p → ||f ||p, we derive that lim
n→∞

||fn − f ||p = 0, which proves the

conclusion. �

Definition 3.6. [1,2], [3], [13], [20] Let m : A → R+ be a set function.
I) A set A ∈ A is said to be an atom of m if m(A) > 0 and for every B ∈ A, with B ⊆ A,

we have m(B) = 0 or m(A\B) = 0.
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II) m is called finitely purely atomic if there is a finite disjoint family (Ai)i=1,n ⊂ A of atoms

of m so that T =
n∪

i=1
Ai.

Remark 3.7. If m : A → R+ is a submeasure, A ∈ A an atom of m and {Bi}n
i=1 a partition

of A, then there is an unique i0 ∈ {1, 2, . . . , n} such that m(Bi0) = m(A) and m(Bi) = 0, for
every i ∈ {1, 2, . . . , n}, i = i0. Indeed, we can have the following situations:

1) m(Bi) = 0, for every i ∈ {1, 2, . . . , n}. Since m is a submeasure, it results m(A) =

m(
n⋃

i=1

Bi) ≤
n∑

i=1

m(Bi) = 0, false.

2) Suppose, without loss of generality, that m(B1) > 0 and m(B2) > 0. Since A is an atom
of m, we have m(A\B1) = 0 and since the monotonicity of m, it follows m(B2) ≤ m(A\B1) = 0,
a contradiction.

3) So, there is an unique let us say B1 so that m(B1) > 0 and m(B2) = m(B3) = . . . =
m(Bn) = 0. Since A is an atom of m, it results m(A\B1) = 0 and since m is a submeasure, we
have m(B1) ≤ m(A) = m((A\B1) ∪ B1) ≤ m(A\B1) + m(B1) = m(B1). So m(B1) = m(A).

Theorem 3.8. Suppose A is a σ-algebra, m : A → R+ a submeasure of finite variation
such that m̃ is σ-subadditive, A ∈ A is an atom of m and f : T → R a bounded m-integrable
function. If

∫
A

fdm = 0, then f = 0 m-ae on A.

Proof. Since f is m-integrable, for any n ∈ N
∗, there is {Bn

i }pn

i=1 ⊂ A, a partition of A,

such that |
pn∑
i=1

f(ti)m(Bn
i )| < 1

n
, for every ti ∈ Bn

i , i = 1, pn. According to Remark 3.7, there is

an unique let us say Bn
1 such that m(Bn

1 ) = m(A) and m(Bn
2 ) = m(Bn

3 ) = . . . = m(Bn
pn

) = 0,
for every n ∈ N

∗.
It results |f(t)| < 1

m(A)n
, for every t ∈ Bn

1 and n ∈ N
∗, which implies En = {t ∈ A; |f(t)| ≥

1
m(A)n

} ⊆ A\Bn
1 , for every n ∈ N

∗. By Remark 2.3, since A\Bn
1 ∈ A and m(A\Bn

1 ) = 0, we

have m̃(A\Bn
1 ) = m(A\Bn

1 ) = 0.
This implies m̃(En) = 0, for every n ∈ N

∗. Since m̃ is σ-subadditive on P(T ) and {t ∈
A; |f(t)| > 0} =

∞⋃
n=1

En, we obtain f = 0 m̃-ae on A. �

Corollary 3.9. Let A be a σ-algebra, m : A → R+ a finitely purely atomic submeasure of
finite variation such that m̃ is σ-subadditive and f : T → R+ a bounded m-integrable function.
If

∫
T

fdm = 0, then f = 0 m-ae on T .

Remark 3.10. Let A be a σ-algebra, m : A → R+ a finitely purely atomic submeasure of
finite variation so that m̃ is σ-subadditive and p ∈ [1, +∞).

For every f, g ∈ Lp, we denote f ∼ g if f = g m̃-ae on T .
The relation ”∼” is a relation of equivalence on Lp and let Lp the space of all equivalence

classes of Lp. By Corollary 3.9, it results that (Lp, ‖ · ‖) is a normed space, where ||f || =

(
∫

T
|f |pdm)

1
p , for every f ∈ Lp.

Theorem 3.11. Let A be a σ-algebra and m : A → R+ an o-continuous finitely purely
atomic submeasure of finite variation. Suppose for every n ∈ N, fn : T → R+ is bounded,
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m̃-totally-measurable on T . If there is K > 0 so that
∫

T
fndm ≤ K, for every n ∈ N, then there

exists C ∈ A so that m(cC) = 0 and (fn)n is uniformly bounded on C (here cC = T\C).

Proof. By Proposition 2.15, m̃-totally-measurability is equivalent to m-integrability.

For every n ∈ N, fn is m-integrable on T =
p∪

i=1
Ai, where Ai, i = 1, p, are pairwise disjoint

atoms of m. Also, for every n ∈ N and every i = 1, p,
∫

Ai
fndm ≤ K.

On A1, by the m-integrability of every fn, we have:

for every n ∈ N, there is (Bj
n)j=1,pn

∈ PA1 so that
pn∑

j=1

fn(tjn)m(Bj
n) < 2K, for every tjn ∈

Bj
n, j = 1, pn.

Because A1 is an atom, then, for any n ∈ N we may suppose without loss of generality, that
m(A1\B1

n) = 0 and m(B2
n) = ... = m(Bpn

n ) = 0. We also have m(A1) = m(B1
n).

Consequently, for every t ∈ B1
n, fn(t)m(A1) < 2K, so, for every n ∈ N and every t ∈

B1
n, fn(t) < 2K

m(A1)
.

Let B1 =
∞∩

n=1
B1

n ∈ A.

Since m is a submeasure of finite variation, then m is o-continuous if and only if it is
σ-subadditive.

I. If B1 = ∅, then m(B1) = m(
∞∩

n=1
B1

n) = 0.

But

m(A1\B1) = m(A1\
∞∩

n=1
B1

n) = m(
∞∪

n=1
(A1\B1

n)) ≤
∞∑

n=1

m(A1\B1
n) = 0,

so m(A1\
∞∩

n=1
B1

n) = 0. Since m(
∞∩

n=1
B1

n) = 0, we get m(A1) = 0, a contradiction. So,

II. B1 = ∅. For every t ∈ B1 and every n ∈ N, fn(t) < 2K
m(A1)

. Reasoning the same for

Ai, i = 2, p, we consider C =
p∪

i=1
Bi ∈ A. We observe that m(cC) ≤ m((A1\B1)∪ ...∪ (Ap\Bp)),

so, m(cC) ≤
p∑

i=1

m(Ai\Bi) = 0 and this implies m(cC) = 0.

Consequently, there is C ∈ A so that for every t ∈ C and every n ∈ N, fn(t) < max
i=1,p

2K
m(Ai)

= L

and m(cC) = 0. �

Following the classical proof of measure theory we are now able to prove:

Theorem 3.12. Let A be a σ-algebra and m : A → R+ a finitely purely atomic submeasure
of finite variation. If m̃ is o-continuous on P(T ), then Lp is a complete semi-normed space.

Proof. Let (fn)n ⊂ Lp be a Cauchy sequence. Then for every ε > 0, there is n0(ε) ∈ N so
that for every m,n ≥ n0, we have ||fm − fn||p < ε.

Evidently, there exists a subsequence (fnk
)k such that ||fnk+1

−fnk
||p < 1

2k , for every k ∈ N
∗.

For every j ∈ N
∗, consider gj =

j∑
k=1

|fnk+1
− fnk

| and g =
∞∑

k=1

|fnk+1
− fnk

|.
Since (fn)n ⊂ Lp, we observe that |fnk+1

− fnk
| ∈ Lp, for every k ∈ N

∗, so, for every j ∈ N
∗,

gj ∈ Lp.
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By Theorem 3.1, we have ||gj||p ≤
j∑

k=1

||fnk+1
− fnk

||p <
∞∑

k=1

1
2k ≤ 1, ∀j ∈ N

∗.

Consequently, for every j ≥ 1,
∫

T
gp

j dm ≤ 1. So, by Theorem 3.11, there is C ∈ A so that
(gp

j )j is uniformly bounded on C and m(cC) = 0.

Then (gj)j is uniformly bounded and pointwise converges to g on C.

Consequently, g is bounded on C, so fn1(t)+
∞∑

k=1

[fnk+1
(t) − fnk

(t)] absolutely converges on

C.

Let f(t) =

⎧⎨
⎩ fn1(t) +

∞∑
k=1

[fnk+1
(t) − fnk

(t)], if t ∈ C

0, if t ∈ cC.

We shall prove that f ∈ Lp and ||fn − f ||p → 0.

Obviously, f(t) = lim
k→∞

fnk
(t) (∈ R), for every t ∈ C.

Since fnk

p→
C

f , then |fnk
| p→

C
|f |.

On the other hand, because (fn)n ⊂ Lp, then for every k ≥ 1, |fnk
|p is m̃-totally-measurable.

For every j ≥ 1, we have |fnj
| = |

j−1∑
k=1

(fnk+1
− fnk

)| ≤
j−1∑
k=1

|fnk+1
− fnk

| = gj−1. Since (gp
j )j

is uniformly bounded on C, then (|fnk
|p)k is also uniformly bounded on C. Then, by Theorem

2.10, |f |p is m̃-totally-measurable on C.

Because fnk

p→
C

f and (fnk
)k is uniformly bounded on C, then f is bounded on C and, since

f = 0 on cC, then f is bounded on T.

On the other hand, because |f |p is m̃-totally-measurable on C and m(cC) = 0, we immedi-
ately have that |f |p is m̃-totally-measurable on T. This implies f ∈ Lp.

Now, for every k ≥ 1 and m > n0 arbitrary, but fixed, consider hk = |fnk
− fm|p.

Evidently, (hk)k is uniformly bounded on C and, for every k ≥ 1, hk is m̃-totally-measurable

on T . Also, hk
p→

k→∞
|f − fm|p.

By Theorem 3.4, we have
∫

C
|f − fm|pdm ≤ lim inf

k

∫
C

hkdm. Since m(cC) = 0, then for

every k ≥ 1,
∫

cC
|f − fm|pdm =

∫
cC

hkdm = 0, so

∫
T

|f − fm|pdm ≤ lim inf
k

∫
T

hkdm = lim inf
k

||fnk
− fm||p ≤ εp,

and this yields ||fn − f ||p → 0 on T and the proof finishes. �

Corollary 3.13. Let A be a σ-algebra and m : A → R+ a finitely purely atomic submeasure
of finite variation. If m̃ is o-continuous on P(T ), then Lp is a Banach space.

Proof. The statement immediately follows by Theorem 3.12, taking into account that
o-continuity of m̃ on P(T ) implies o-continuity of m on A, which is equivalent to the σ-
subadditivity of m. �
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[11] GAVRILUŢ, A., PETCU, A. - A Gould type integral with respect to a submeasure, An. Şt.
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FUZZY   PREDICTIONS   IN   REGRESSION   MODELS 

 
VARGA  Štefan, (SK) 

 
 

Abstract: Usual assumptions in fuzzy regression models are that observations and unknown 

regression parameters are fuzzy numbers. It is natural that predictions of the observed variable 

are fuzzy numbers too. In this paper we introduce tree types of fuzzy predictions of the observed 

variable in the classical regression model (unknown parameters and observations are crisp).  

 

Key words: Fuzzy estimators, Regression models, Fuzzy regression models, Predictions.  

 
 

1 Predictions in regression models 
 
The classical regression model (linear in parameters) is usually studied in the form  

 
   

1 1 2 2
( ) ( ) ... ( )

m m
y a f x a f x a f x= + + +  (1) 

 
where  fi(x) )...,,2,1( mi = are known functions of the input variable x (predictor), y is an output 

variable (response) and T

m
aaaa )...,,,(

21
=  is the vector of unknown parameters. An observed 

value 
   

iimmiii
exfaxfaxfay ++++= )(...)()(

2211
 

 
measured in the point  xi  with the error  ei )...,,2,1( ni =  is a random variable with normal 
probability distribution. The expectation of the value yi is  
 

)(...)()()(
2211 immiii

xfaxfaxfayE +++=  

)0)(( =
i
eE  and the variance 

2)()( σ==
ii
eDyD   

 
It is known [1] that the best linear unbiased estimator (point estimator) of the unknown 

parameter  ai is the i-th element (i = 1, 2,…, m) of the vector  
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   YXXXaestaestaest
TTT

m

1

1
)(),...,( −

==  (2) 

 
where the i-th raw (i = 1, 2,…, n) of the matrix X is ( ))(),...,(),(

21 imiii
xfxfxfX =  and the vector 

T

n
yyyY ),...,,(

21
=  contains the observed values  yi  (i = 1, 2,…, n). 

In this paper, we introduce three types of predictions in the regression model (1). The first type 
is the prediction of the expectation ( ))(

0
xYE  of the function value )(

0
xY . The second type is the 

simultaneous predictions of the expectations ( ))(
0i

xYE  of more than one )...,,2,1( ki =  function 

values )(
0i

xY . Finally, the third type is the prediction of the measured value (not expectation) 

)(
0
xy  in the point 

0
x . As we will see, the point predictions are the same but the interval predictions 

(probability α−1 ) are different (see also [1], [6]).  
 
 
1.1 Predictions of the expectation of the function value 

 
Point prediction for ( ))(

0
xYE : 

 
   ( ) )(...)()()(

00220110
xfaestxfaestxfaestxYEpred

mm
+++=  (3) 

 
Interval prediction for ( ))(

0
xYE : 

 
  ( ) ( ) ( ) ( )

mnmn
tSDxYEpredtSDxYEpred

−−−−

+− ,2/10,2/10 )3()(,)3()(
αα

 (4) 

 
The estimators  

i
aest  (i = 1, 2,…, n) are defined in (2), ( ))3(SD  is the standard deviation of the 

point prediction ( ))(
0
xYEpred   

 

( ) ( )( ) pXXpxYEpredSDSD TT 1

0
)(ˆ)()3( −

== σ  

 

where the vector ( ))(),...,(
001
xfxfp

m

T
= , )/()(ˆ

1

2
mnyesty

n

i

ii
−−=∑

=

σ  and 
mn

t
−− ,2/1 α

 is a quantil 

of the Student distribution. 
 
 
1.2 Predictions of the simultaneous expectations of the function values 

 
Point prediction for ( ))(

0i
xYE ; )...,,2,1( ki = :   

 
   ( ) )(...)()()(

00220110 immiii
xfaestxfaestxfaestxYEpred +++=  (5) 

 
Interval prediction for ( ))(

0i
xYE ; ),...,2,1( ki = :   
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 ( ) ( ) ( ) ( )
mnmimnmi

FmSDxYEpredFmSDxYEpred
−−−−

+−
,,10,,10

)5()(,)5()(
αα

 (6) 

 
The standard deviation of the point prediction ( ))5(SD  is the same as ( ))3(SD , only 

0
x  is replaced 

by 
0i

x , )...,,2,1( ki = and 
mnm

F
−− ,,1 α

 in (6) is a quantil of the Fisher distribution.   

 
 
1.3 Prediction of the measured value 

 
Point prediction for the measured value )(

0
xy :  

 
   )(...)()()(

00220110
xfaestxfaestxfaestxypred

mm
+++=  (7) 

 
Interval prediction for the measured value )(

0
xy : 

 
   ( ) ( )

mnmn
tSDxypredtSDxypred

−−−−

+− ,2/10,2/10 )7()(,)7()(
αα

 (8) 

 
where ( ))7(SD  is the standard deviation of the point prediction )(

0
xypred   

 

( ) ( ) )1)((ˆ)()7( 1

0
+==

− pXXpxypredSDSD TT
σ  

 
The predictions introduced in the formulas (3), (4), (5), (6), (7) and (8)  are the classical predictions 
in the regression model (1). The question is what are fuzzy predictions in this model? The answer is 
in the part 3 of this contribution. First we must answer the question “what is a fuzzy estimator of an 
unknown parameter?” (part  2). 
 
 
2 Fuzzy estimators of real unknown parameters 

 
Consider a random variable X (population) with density ),( θxf , θ  is an unknown parameter and a 

random sample ),...,,(
21 n

xxx  from the variable X (observations of X). The point estimator of the 

unknown parameter θ  is a function of the observations   
 

),...,,(
21 n

xxxgest =θ  

 
with good statistical properties (good point estimator is for example unbiased estimator with 
minimum variance [1], [3]). The interval estimator (confidence interval) of the unknown parameter 
θ  is an interval  

[ ])(),( αα ba  
 
for which the probability that the unknown parameter [ ])(),( ααθ ba∈  is equal to (1-α). Both, left and 

right limit of the interval, depend not only on the random sample ),...,,(
21 n

xxx  but also on the 

probability level α.   
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 Now the question is what is a fuzzy estimator of the unknown parameter θ ? Simple 
said, the fuzzy estimator of the parameter θ  is a fuzzy number T (see[2]) whose α-cat (for α = 1) is 
the point estimator ),...,,()1(

21 n
xxxgestT == θ  and α-cats (for )1,0(∈α ) are the interval 

estimators [ ])(),()( ααα baT = . More on the fuzzy numbers and more on the α-cats of the fuzzy 
numbers (fuzzy sets) you can find for example in [4].  
 Very simple example of the fuzzy estimator of a crisp unknown parameter could be the 
fuzzy estimator of the unknown mean μ of the normal distributed population (random variable) 

),( σμN  with known standard deviation σ. If ),...,,(
21 n

xxx  is a random sample from this population, 

the point estimator of  μ is [1], [3]  

∑
=

==

n

i

i
x

n

xest

1

1
µ  

and the interval estimator of the mean μ (depend on the probability α) is [1], [3] 
 

⎥
⎦

⎤
⎢
⎣

⎡
+−

−− 2/12/1
,

αα

σσ

u

n

xu

n

x  

where 
2/1 α−

u  is the quantil of the normal distribution N(0, 1). We use these two formulas for the 

fuzzy estimator of the unknown mean μ of the normal distributed population )5.0,( =σμN  in the 
case when we have n = 20 observations with average 4.5=x . The fuzzy estimator )( µfest  is the 

fuzzy number T  (Figure 1) 
Test f =µ  

 
where the α-cat (for α = 1) of the fuzzy number T is T(1) = 5.4 and α-cats (for example for 

5.0=α , 2.0=α , 1.0=α , 05.0=α ) are the intervals [ ]70.5,10.5)5.0( =T , [ ]97.5,83.4)2.0( =T , 

[ ]14.6,66.4)1.0( =T , [ ]28.6,52.4)05.0( =T  respectively.  
 

 
Figure 1: Fuzzy estimator of the unknown mean µ  
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3 Fuzzy predictions in classical regression models 

 

Now we define the fuzzy prediction of the expectation of the function value )(
0
xY in the studied 

model (1) (definition 3.1), the simultaneous fuzzy predictions of the expectations of more than one 
)...,,2,1( ki =  function values )(

0i
xY (definition 3.2) and finally the fuzzy prediction of the 

measured value )(
0
xy  in the point 

0
x (definition 3.3). 

 
Definition 3.1  The fuzzy prediction of the expectation of the function value )(

0
xY in the 

classical regression model (1) is the fuzzy number Ya whose α-cat Ya(1) (for α = 1) is the point 
prediction (3) and α-cats Ya(α) (for )1,0(∈α ) are the interval predictions (4)  

 
)(...)()()1(

0022011
xfaestxfaestxfaestY

mma
+++=  

( ) ( ) ( ) ( )
mnmna

tSDxYEpredtSDxYEpredY
−−−−

+−= ,2/10,2/10 )3()(,)3()()(
αα

α  

 
Definition 3.2  The simultaneous fuzzy predictions of the expectations of the function 

values )(
0i

xY )...,,2,1( ki = in the classical regression model (1) are the fuzzy numbers Yb whose α-

cat Yb(1) (for α = 1) is the point prediction (5) and α-cats Yb(α) (for )1,0(∈α ) are the interval 
predictions (6)  

 
)(...)()()1(

0022011 immiib
xfaestxfaestxfaestY +++=  

( ) ( ) ( ) ( )
mnmimnmib

FmSDxYEpredFmSDxYEpredY
−−−−

+−=
,,10,,10

)5()(,)5()()(
αα

α  

 
Definition 3.3  The fuzzy prediction of the measured value )(

0
xy  in the point 

0
x in the 

classical regression model (1) is the fuzzy number Yc whose α-cat Yc(1) (for α = 1) is the point 
prediction (7) and α-cats Yc(α) (for )1,0(∈α ) are the interval predictions (8)  

 
)(...)()()1(

0022011
xfaestxfaestxfaestY

mmc
+++=  

( ) ( )
mnmnc

tSDxypredtSDxypredY
−−−−

+−= ,2/10,2/10 )7()(,)7()()(
αα

α  

 

Example. Consider the regression model x

eaay
−

+=
21

 linear in parameters and the normal 
distributed observations yi in the points xi  

 
xi -2.0 -1.4 -0.6 1.3 2.1 2.9 3.5 4.1 
yi 24.05 13.64 7.46 2.99 2.38 2.42 2.27 2.15 

 
a) Find the fuzzy prediction of the expectation of the function value y(0).  
b) Find the simultaneous fuzzy predictions of the expectations of the function values which 

one of them is y(0). 
 

c) Find the fuzzy prediction of the measured value y in the point x = 0. 
 

 

Solution. Using the expression (2), we obtain the point estimators of the parameters 
21

, aa   
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93973.2

11251.2

2

1

=

=

aest

aest

 

 

a) The fuzzy prediction of the expectation of the function value y(0) is the fuzzy number Ya 
whose α-cats are (definition 3.1)  

 
05224.593973.211251.2)1( 0

=+= eY
a

 

6;2/16;2/1 07386.005224.5,07386.005224.5)(
αα

α
−−

+−= ttY
a

 

 

because ( ) 07386.0)(ˆ)3( 1
==

−

pXXpSD
TT

σ , )/()(ˆ
1

2
mnyesty

n

i

ii
−−=∑

=

σ  = 0.040344 and 

6=−mn .  

 
Figure 2: Fuzzy prediction of the expectation of the value y(0)   

 

b) The simultaneous fuzzy predictions of the expectations of the function values which one of 
them is y(0) is the fuzzy number Yb whose α-cats are (definition 3.2)  

05224.593973.211251.2)1( 0
=+= eY

b
 

6;2;16;2;1
207386.005224.5,207386.005224.5)(

αα
α

−−

+−= FFY
b

 

 

because ( ) 07386.0)5( =SD .  
 

 
Figure 3:Simultaneous fuzzy prediction of the expectation of the value y(0) 
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c) The fuzzy prediction of the measured value y in the point x = 0 is the fuzzy number Yc whose 
α-cats are (definition 3.3)  

05224.593973.211251.2)1( 0
=+= eY

c
 

6;2/16;2/1 214007.005224.5,214007.005224.5)(
αα

α
−−

+−= ttY
c

 

 

because ( ) 214007.0)1)((ˆ)7( 1
=+=

−

pXXpSD
TT

σ .     
       

 
Figure 4: Fuzzy prediction of the measured value y in the point 0   

 

 

4 Conclusion 

 

We have defined three types of the fuzzy predictions in the classical regression model.   
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1 Introduction

Riemannian or pseudo-Riemannian spaces (shortly Riemannian spaces) which are related by
a conformal mapping have been studied by many geometers, see e.g. [1]-[25]. For the sake of
examining such pairs of spaces, Weyl [24] introduced a special tensor invariant under conformal
mappings, which was called the tensor of conformal curvature. Weyl and Schouten studied
problems concerning conformal mappings of Riemannian spaces onto flat spaces, and they
obtained necessary and sufficient conditions of tensor character for a Riemannian space to be
conformally flat, see [3, 21, 23, 24].

Brinkmann [2] and others, e.g. [13], investigated existence of conformal mappings of Rie-
mannian spaces onto Einstein spaces. Particularly, Brinkmann [2] proved that any conformal
mapping between Einstein spaces is concircular, see [20].

As far as other special types of conformal mappings are concerned, let us mention the
following. V.F. Kagan [6] studied spaces admitting such a mapping onto Euclidean space
under which geodesics are mapped onto curves that are involved in two-dimensional subspaces
passing through a general point. The case when this point is an ideal point (point “at infinity”),
that is the case when all two-dimensional subspaces are paralell to some direction, was studied
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by G. Vranceanu [23]. The spaces with this property are called subprojective spaces of Kagan,
and the mapping mentioned above is a composition of a conformal and geodesic mapping.

Under a geodesic circle we understand a curve for which the first curvature is constant
and the second curvature is zero. A conformal mapping preserving geodesic circles is called
concircular. When Yano [25] investigated such mappings he has introduced the concept of
the tensor of concircular curvature, invariant under concircular mappings. It turns out that
invariance of the tensor of concircular curvature under a conformal mapping is a necessary and
sufficient condition for the mapping to be concircular.

In this respect, we can also mention the works of Oboznaya and Fedishenko [4] who studied
conformal mappings preserving the Ricci tensor and the scalar curvature, respectively.

The aim of our paper is to pay attention to conformal mappings preserving the Einstein
tensor. The reached results generalize the results obtained by Yano [25], Aminova [1], and
Kühnel, Rademacher [9, 10]. We also prove that there is no compact Riemannian manifold
with boundary admitting a conformal mapping preserving the Einstein tensor.

2 Conformal mappings of Riemannian manifolds

Let Vn (n > 2) be a Riemannian manifold (space) with metric tensor gij (x) and V̄n with metric
tensor ḡij (x).

Definition 2.1 A conformal mapping is a diffeomorphism of Vn onto V̄n such that

ḡij(x) = e2σ(x)gij(x). (1)

where σ is a function on Vn. If σ is constant then it is homothetic mapping.

From (1) we obtain:
ḡ ij = e−2σgij (2)

where gij and ḡij are inverse matrices of the metric tensors on Vn and V̄n, respectively.
Besides we have the formulas

Γ̄h
ij = Γh

ij + δh
i σj + δh

j σi − σhgij; (3)

R̄h
ijk = Rh

ijk + δh
kσij − δh

j σik + ghα(σαhgij − σαjgik) + Δ1σ(δh
kgij − δh

j gik); (4)

R̄ij = Rij + (n − 2)σij + (Δ2σ + (n − 2)Δ1σ)gij; (5)

R̄ = e−2σ(R + 2(n − 1)Δ2σ + (n − 1)(n − 2)Δ1σ). (6)

Here and in the following Γh
ij denote the Christoffel symbols of second type, Rh

ijk are components
of the Riemannian tensor, Rij are components of the Ricci tensor defined by

Rij = Rα
ijα,

R = Rαβgαβ is the scalar curvature, δj
i is the Kronecker symbol, σi ≡ ∂σ

∂xi
≡ σ ,i, σh = σαgαh,

σij = σ,ij − σ,iσ,j , (7)
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Δ1σ and Δ2σ are the first and second Beltrami’s symbols which are determined by

Δ1σ = gαβσ,ασ,β and Δ2σ = gαβσ,αβ,

comma is the sign of the covariant derivative according to the Riemannian connection in Vn.
Objects of conformally related spaces Vn and V̄n will be distinguished by bar.

3 Conformal mappings preserving Einstein tensor

The Einstein tensor is the tensor given by

Eij = Rij − R

n
gij (8)

Definition 3.1 If the conformal mapping f : Vn → Vn satisfies

Ēij = Eij (9)

we say that the conformal mapping preserves the Einstein tensor.

Now we are going to study a conformal mapping preserving the Einstein tensor f : Vn → V̄n.
From formula (5) it follows

σij =
1

n − 2
(R̄ij − Rij) + α gij (10)

where α is a function.
On the other hand, from (8) and (9) we obtain

R̄ij − Rij =
R̄

n
ḡij − R

n
gij. (11)

Using formulas (1) and (11), the formula (10) reads

σij = β gij (12)

where β is a function.
We put ϑ = − exp(−σ). Using definition (7) of the tensor σij, we easily verify that the

formula (12) is equivalent with
ϑi,j = � gij (13)

where ϑi = ϑ,i.
Vector fields ϑi satisfying the conditions (13) are called concircular [25, 15, 22], and the

spaces themselves are called equidistant, by N.S. Sinyukov [22].

Thus we have proved the theorem.

Theorem 3.2 If a Riemannian space Vn admits a conformal mapping preserving the Einstein
tensor then Vn is the equidistant Riemannian space.

It is known [22, 15] that in an equidistant space, each point has a neighborhood and a
special coordinate system in it such that the metric tensor can be written as

ds2
n = dx12 + f(x1) ds2

n−1(x2, ..., xn) (14)

where f(x1) �= 0 is a differentiable function, and ds2
n−1 is a metric of (n − 1) - dimensional

Riemannian space.
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Therefore, from Theorem 3.2 it follows:

Corollary 3.3 If a Riemannian space Vn (n > 2) admits a conformal mapping preserving the
Einstein tensor then there is a coordinate system in which its metric tensor can be reduced to
the form (14).

On the other hand on Vn (n > 2) with the metric (14) there exists concircular vector field
ϑi ≡ ϑ,i satisfying (13). Putting σ = − ln(−ϑ(x)), from (5) we obtain

R̄ij = Rij + α gij (15)

where α is a function.
According to (1) we can rewrite this formula as follows

Ēij ≡ R̄ij − R̄

n
ḡij = Rij + α′ gij (16)

where α′ is a function.
Contracting (16) with gij we make sure that (1) and (2) is true Ēij = Eij, i.e. a conformal

mapping preserves the Einstein tensor.
For conformal mappings the condition (9) and (15) are mutually equivalent.

Hence we get the following:

Theorem 3.4 The Riemannian space Vn (n > 2) admits a conformal mapping (onto some
Riemannian space V̄n ) preserving the Einstein tensor if and only if Vn is equdistant.

It is that known that concircular vector fields are the special case of torse-forming fields. It
was proved that on compact pseudo-Riemannian manifolds there do not exist constant torse-
forming fields [12]. It follows from this that concircular vector fields do not exist on these spaces
as well. Hence we have

Theorem 3.5 The conformal mapping preserving Einstein tensor on a compact pseudo-Riemannian
manifold Vn (n > 2) is only homothetic.
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[18] MIKEŠ, J., ŠKODOVÁ, M.: Concircular vector fields on compact spaces. Publ. de la
RSME, Vol. 11, 302-307, 2007.

[19] PENROSE, R.: Hermann Weyl, space-time and conformal geometry. Hermann Weyl, 1885-
1985, Eidgenssische Tech. Hochschule, Zrich, 25-52, 1986.

[20] PETROV A.Z.: New Methods in Theory of General Relativity. Nauka, Moscow, 1966.

[21] SCHOUTEN, J.A.; STRUIK, D.J. Introduction into new Methods in Differential Geometry.
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THE   INFLUENCE   OF  DYNAMIC   SCENE   CHANGES 

 IN  GEOMETRY   OF  VIRTUAL   POSITIONING   TASKS 

 

PETRASOVA  Alena,  (UK),   CZANNER  Silvester,  (UK),   CZANNER  Gabriela,  (UK), 

 FARRER  Valerie Julie,  (UK),   CHALMERS  Alan,  (UK),   WOLKE  Dieter,  (UK) 

 

 
Abstract. In this paper we investigate how different conditions aiding perception in an online 

Virtual Reality application affect depth perception. The VR was developed for parents 

experiencing feeding difficulties with their infants. The role of effective use of stereoscopic 

viewing, head tracking and animation is examined. In a complete block designed experiment 

subjects were asked to determine the positions of the spoon in the 3D environment. Task was 

done under different conditions: the animation of the baby model was either on or off and four 

different viewing modes were used: monoscopic or stereoscopic viewing with or without head 

tracking. The use of head tracking improved the position perception when monoscopic vision 

without any animation applied. However, adding head tracking to stereo vision did not improve 

the position perception. The use of animation positively affected the judgment of depth 

perception under the monoscopic vision and makes it comparable with the performance under 

the head tracking mode. The outcome of this study provides insight into how to create more 

interactive scene and enhance depth-related visual tasks by exploiting dynamic scene changes. 

 

Key words. 3D navigation, visual perception, virtual reality, virtual characters, user studies, 

feeding disorders.  
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1 Introduction 

 

The possible impact of Virtual Reality (VR) on health care is significant because it is not only a 
communication interface but also an experience and its key characteristic is the sense of presence 
[1]. Virtual reality can be described as a technology or tool for influencing cognitive operations. 
The users learn to consider different interpretations of a situation and they develop they own list of 
problem situations, which they discuss with the therapist and he makes the decision on how to 
proceed next. Cognitive behaviour therapy (CBT) is an approach based on modifying distorted 
beliefs, attitudes and cognitive processes that maintain disordered behaviour [2]. We aim our 
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attention to observe the interaction between mother and child, because the quality of the parent-
infant interaction may affect the quality of action during feeding [3].  

The main goal of this work is to investigate what would be the best affordable and effective 
VR environment for feeding simulation purposes. A unique virtual environment application is being 
developed for individualised interactive therapy incorporating components of CBT, which is built 
on various information, such as the right environmental conditions for meal times, eating 
distractions, the behaviour and social skills of the child, suggested by physicians and psychologists, 
which may enable parent’s successful experience with our application. According to Sherman and 
Craig [4], VR as a medium of communication requires physical immersion and interaction for 
essential experience. The potential advantage for participants is their ability to impact the narrative 
flow of the experience. Our motivation for developing the application is to significantly improve a 
new parent’s understanding and treatment of infants with feeding disorders. To achieve this we are 
investigating a novel online Virtual Reality solution. For effective interaction with the virtual baby, 
it is necessary to concentrate, besides the emotional reactions and expressions of the character, on 
users’ perception of the space and relative positions of individual objects.  
 

 

2 Related Work 

 

Based on the previous experiment by Petrasova et al. [5], we found users having some problems to 
perceive depth and spatial information in our virtual environment. Several times users were 
confused with the model of a spoon near the model of a baby and they were not able to describe the 
spoon’s actual position in relation to the baby model. As the most common users’ problems lie in 
the poor estimation of distance in a virtual 3D scene, there is a number of observations of 
differences in the perception of distance in real and virtual scene [6], [7]. There appears to be a 
significant effect on the accuracy of judging the perception of distance, with and without the 
perception of self in the environment [8]. Perception of absolute egocentric distance in VR 
environment was investigated also by Gooch and Willemsen [9]. They suggested perception of 
distance in immersive environment is effected by the display device as the distance judgment in 
photographic environments and environments modelled by traditional computer graphics is very 
close [9]. 

It is still our goal to understand how to successfully interact in the 3D space of virtual 
environment to help perform tasks. This is particularly important considering applications for 
training and simulation of everyday problems and cognitive tasks. Developing virtual environments 
that support learning requires an understanding of the relationships between the cognitive capacities 
of the learner, the environment and activities being modelled, and the technical affordances of VR 
that support information encoding, development of knowledge structures, and performance [ 10]. 
There are several studies, which deal with the perception of spatial information in virtual 
environment and perceptual accuracy and how to improve them. Bigoin et al. [11] investigated the 
correlations between the perception of depth and the feeling of discomfort by immersing 
participants in two different stereoscopic virtual landscapes. Correlation between depth perception 
and geometric characteristics of the virtual environment, such as sharp edges, was found. Higher 
depth sensation did not correlate with a higher level of discomfort, but in combination with the 
navigation in the virtual environment it may lead to bigger sense of immersion. There are not many 
observations related to the depth perception in the interaction with objects in the environment in 
terms of contact of objects. The effectiveness of binocular stereo, shadow and diffuse inter-
reflection cues on the precision for imminent contact with object was evaluated by Hu et al [12]. It 
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was found that subjects were more precise with binocular disparity than without it [12]. Binocular 
stereopsis seems to have also impact on our ability to judge the visual realism of computer 
generated images [13]. This is expected due to the fact that stereo viewing is closer to our natural 
viewing experience. 

More experiments are performed with the intent of determining how the perception of depth 
is caused by generating of shadows, lighting, textures or reflections of individual objects [12, 14 
and 15]. There are many factors that may improve or influence the sense of spatial orientation, 
assessing of the size, mutual position of objects and precision in manipulating with virtual objects 
in the environment [16]. Each of them offers its own estimation of depth. 

Motion pictures also allow us to better imagine objects shown on the screen as 3D models 
so they do not look flat. Based on the ability of brain to process visual stimuli the speed, direction 
and the placement of object in 3D space is analysed. Depth perception is a feeling extracted from 
flat stimuli [17] as the images cast onto our retinas varies in only two spatial dimensions [16]. 
Motion parallax can thus, with wise using, improve the impression of relative distance in the scene 
[18]. According to Mather [16], the optic flow and motion parallax are sufficient to support high-
precision depth perception even when no other depth cues are available. However Jones et al. [19] 
found no motion parallax effects on depth judgment in VR environment, although their participants 
were wearing a head mounted display (HMD). 
 

 

3 Experimental Conditions and Hypotheses 

 

The study was conducted with two experimental conditions. Tasks were done with and without 
animation (dynamic and static tasks) and four different viewing modes were used - only laptop 
display (monoscopic vision) with full HD resolution (D1), stereo vision (D2), head tracking (view 
dependent rendering) with monoscopic vision (D3) and head tracking with stereo vision (D4). Our 
main interest was to observe the influence of individual experimental conditions on the better task 
performance and spatial perception of virtual environment. To maximize the effect of viewing mode 
and animation of the object on depth perception, cast shadows, which improve the perceived 
position of objects in 3D space, were not used. Only attached shadows were used, which provide 
powerful cues to 3D object structure [16]. 

To enhance the perception of 3D objects in the environment red-cyan anaglyph stereo 
pictures were used. Although it is known that this filter technique distorts the perception of colour 
[20], it was sufficient to represent the 3D scene. Several participants were observed at trying to 
catch the virtual spoon "leaving the screen", while they were using head tracking with the stereo 
vision mode. This technique is a simple and inexpensive way for an observer to see the stereogram. 
Stereo has certainly significant benefit and has been extensively supported by research. However 
stereo in combination with head tracking has not been studied thoroughly. Most of studies used 
HMDs, when the participant could at most rotate, but not tilt closer to the objects in an environment 
[9]. In contrast to other experiments aimed for investigating the influence of depth cues 
combination on the user’s perception, for example [12], we allowed users to move towards and 
away from a model of the baby and also tilt from side to side. We propose the following hypothesis: 
Head tracking will improve the depth and distance perception in virtual environment. 

A common problem with HMD, even it is updated quickly and accurately in response to 
head motions, is the remaining subtle delay causing desynchronization of motion parallax from the 
head motion and therefore weakening it as a depth cue [21]. The effect of object movement is 
therefore taken into account with regard to static user or the user moving relative to the scene. As in 
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this experiment the combination of glasses that do not need to update was used, the following four 
factors when using the different display techniques were considered: the user and the baby model in 
the virtual environment were static, the baby model or participant is moved and the last one 
allowing the user and the baby model movement at the same time. We propose the following 
hypothesis: The animation of the object of interest in Virtual environment will affect our judgment 

of depth perception. 

36 subjects participated in the experiment. There were 14 females and 22 males in the mean 
age 30.5 (19 to 64 years old). All of them had normal or corrected to normal vision with the use of 
glasses or contact lenses. After the experiment participants were asked to fill out a questionnaire. 
The participants rated their familiarity with computer games and graphics 2.5 in average on the 5 
levels Likert scale with 1 representing familiar and 5 representing unfamiliar.  They were also asked 
to rate their feeling of the sense of depth and distance in the VR application on the Likert scale of 5 
levels with 1 representing strong and 5 representing poor. The mean rate of depth sense was 2.6. 
 

 

4 Experimental Tasks and Their Performance Measures 

 

Participants were presented with three different positions of spoon in relation to the model of a baby 
and the model of a bowl. The first position was under the baby’s head and left cheek (from user’s 
point of view) and not touching the baby’s body, the second was in front of the baby in the bowl 
and nearer to the baby’s left arm (Figure 1), the third was in front of the baby’s head, next to its 
right cheek and not touching its body. Subjects were not aware that these three positions of the 
spoon are repeated randomly all the time. The task was to choose one of four options for each case 
describing where the spoon is situated in relation to the baby. The answers were rated according to 
their correctness from 1 meant correct to 4 meant wrong answers. There was always only one 
correct answer and one was a very close. The other two options meant greater error in the spatial 
perception and position of objects. 
 

  
First two position examples of the spoon in the positioning task 

Figure 1 on the right side depicts this task with monoscopic vision mode using one of the positions 
of the spoon. In this case the correct answer (score 1) is that the spoon is not touching the baby’s 
body, it is under the baby’s head and left cheek (from user’s point of view). Because the spoon did 
not touch a baby model but was very close, the close to good response was the similar answer with 
the spoon is touching baby option and such an answer would yield score 2. Score 3 was for the 
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answer, where the spoon is touching the baby’s arm and is placed under its head, next to the left 
cheek. The example of a very wrong answer (score 4) is that the spoon is not touching the child , it 
is in front of the child, next to the left cheek.  

Positioning task completion time was in the most cases up to 5 seconds. In general, it took 
longer time to choose the answer with the monoscopic vision viewing mode in compare to other 
display techniques. The task was constructed in our application, which is developed in the JMonkey 
game engine [22]. Stereoscopic viewing was enabled by using red-cyan paper glasses. Head 
tracking was provided by wearing safety glasses with two infrared LEDs (one at each side of 
glasses). Inspired by Lee’s [23] program for head tracking for desktop VR displays using the Wii 
remote, we implemented our own library to the game engine. The relative position of two LEDs 
was observed by built-in camera of the Wii remote controller placed in front of the user. 
 

 

5 Experiment Procedures 

 

We observed the perception using 4 (viewing mode) × 2 (animation) × 3 (3 positioning tasks) 
conditions, resulting in each subject experiencing 24 trials during the complete block designed 
experiment. We analyzed the positioning-task data via Linear Mixed-Effect Models (MIXED) (also 
known as multilevel regression or mixed effects regression models) in SPSS 17.0. This is estimated 
via restricted maximum likelihood. This approach takes into account the multilevel structure of the 
data: for each participant there were 24 observations. We assumed random effect of the subjects and 
fixed effect for the viewing mode and task order of the task. We also controlled for the effect of the 
order of the viewing mode and for the effect of display position. If we found a significant effect of a 
factor we then performed mean comparison correction to ensure the 95% simultaneous confidence. 
MIXED models expand on the analysis of variance models have previously been used within 
perception studies by Mastoropoulou et al. [24], and are an extension of the repeated measures 
analysis of variance model used in positioning and resizing-task trials of Hubona et al. [15]. To 
judge the effect of animation on perception in positioning tasks we performed MIXED model 
analysis on the differences of the scores from the static and dynamic positioning tasks. 

No strong evidence was found of the effect of the display order on the perception in the 
positioning task without animation (p-value = 0.185) neither with animation (p-value = 0.516). The 
order in which the positioning tasks are presented in the scene without the animation is important 
(p-value=0.007) only in display mode, however this order has no effect on the perception in none of 
viewing modes in the scene with animation (p-value=0.360). 
 

 

6 Results 

 

First, we investigated the differences in positioning tasks across the viewing modes. The subjects 
obtained the best (lowest) average score at viewing modes D2 and D4, worse at D3 and worst at D1 
(Figure 2). Further, the number of participants who correctly determined the spoon position (i.e. 
received the score 1) also varied across viewing modes without the animation of the baby model. In 
the positioning tasks 1 and 3 (the spoon is close to the baby’s face) 24 to 29 subjects correctly 
determined the spoon position at the viewing mode D2, then D4, whereas only 15 to 17 subjects 
correctly reported the position at the viewing modes D3 and D1 (Figure 2). In the positioning task 2 
(the spoon in the bowl) the subjects tended to report the position of the spoon better than at other 
modes especially when head tracking is used. 
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The observed perceptual differences across the viewing modes (Figure 2) of the 36 subjects 
were found to be significant (p-value<0.001 in F-test of MIXED model). The order of displays from 
the best to the worst score for the static positioning task is: D2 = D4 > D3 > D1, where we use “=” 
to denote statistically equivalent conditions, and “>” to denote significant preference of the 
condition on the left side to the condition on the right side. Here, the perception at D2 and D4 is 
statistically same (p-value=0.999). The perception at D2 is significantly better than at D3 and D1 
(p-values=0.006 and 0.001). The subjects achieved almost significantly better results using the 
combination of stereo vision with the head tracking than only with head tracking mode (p-
value=0.013) and significantly better than at monoscopic vision (p-value<0.001). The use of head 
tracking is also significantly better than monoscopic viewing mode (p-values=0.016). 
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Figure 2. Average score in the three positioning tasks (on the left) and number of subjects,  

who correctly reported the spoon position (on the right) across the four viewing modes without 

animation. 
 

Next we studied the positioning task in three types of the task.  In our 36 subjects the 
average scores of tasks 1 and 3 (in both tasks the spoon is close to the face) were similar and worse 
than with task 2 (spoon in the bowl). Similarly, the number of subjects who correctly specified the 
position is the highest with task 2. Figure 2 suggests a different effect of the task across viewing 
modes, however this interaction was found to be insignificant (p-value=0.643). The differences in 
position perception across the types of tasks were found to be significant (p-value=0.025). There is 
evidential improvement of position perception in task 2 using head tracking when compared to the 
other two positioning tasks (p-values 0.011 and 0.037 in Sidak multiple comparisons test). We 
suggest that it may be caused by slightly different position of the spoon. In this task, the user 
needed to consider the position of the spoon in relation to a bowl in front of the model of baby 
(Figure 1, picture on the right) and the spoon was placed closer to user, so they had better 
opportunity to observe its position with head tracking than in the case of two other positions. The 
position perception at tasks 1 and 3 was found to be not significantly different (p-value 0.633 in 
Sidak multiple comparisons). 
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Figure3. Average score in the three positioning tasks (on the left) and number of subjects, who 

correctly reported the spoon position (on the right) across the four viewing modes with animation. 

When animation is added the average score and the number of subjects who correctly 
perceived the position varies across viewing modes (Figure 3). These perceptual differences across 
viewing modes were found to be significant (p<0.001). In general, if we do not take into account 
the relative position of the spoon to other objects in the scene (positioning task 1, 2 or 3), the order 
of displays from the best to the worst score for the dynamic positioning task is: D4 = D2 > D3 = 
D1, where the perception at D2 and D4 are statistically same (p-value=0.999). The perception at D2 
is significantly better than at D3 and D1 (p-values=0.002 and < 0.001). The perception at D4 is 
significantly better than at D3 and D1 (p-value=0.001 and <0.001). The perception at D3 and D1 is 
same (p-values=0.411), which means that by adding animation to the display mode, users achieved 
comparable results as with the head tracking mode.  

However, Figure 3 suggests that the effect of the viewing mode on subjects’ perception of 
position in dynamic tasks depends on the relative position of the spoon. Indeed, the interaction 
between the relative position of the spoon (positioning task 1, 2 or 3) and the viewing mode is 
significant (p-value=0.002). However, the position perception differs across the three tasks only in 
display mode D3 with the task 2 being the best perceived (p-values = 0.001). Further, in D1, D2 and 
D4 displays there is no difference across the three tasks (p-values=0.634, 0.603, 0.077). Therefore 
we conclude that at the positioning task 2, i.e. when the spoon is relatively close to the bowl, the 
additional use of head tracking improves the perception to a comparable level as is achieved with 
stereo vision or stereo with head tracking viewing mode. 

Further, we directly compared the scores from the static and dynamic positioning task via 
MIXED analysis on the difference of the scores. On average across all 4 viewing modes and 3 
positioning tasks the 36 subjects achieved better results in the perception of the position when 
animation was added, but these improvements were found significant in monoscopic vision only (p-
value<0.05). 
 

 

7 Conclusion 

 

This paper has presented an experiment designed to investigate the influence of the head tracking 
on the depth and distance perception in a virtual environment as well as the impact of the animation 
on our judgment. Usual navigation task in a virtual environment, including games, lies in the 
movement and rotation of the camera representing a user. The user thus virtually walks or runs and 
the environment is moving and changing around him/her. Interaction is provided by picking up the 
selected object or pointing at it. In an environment targeted for a feeding simulation, this interaction 
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is completely different in terms that the user is not moving but sitting in front of the child, the 
environment is almost static and their interaction with the baby model is based on the navigation of 
the spoon into its mouth and assessment of the baby's reactions and behaviour. Therefore, the 
perception of objects and the entire area depends mainly on the movement of the child and right 
combination of depth cues. 

According to the participants’ questionnaires, they experienced the strongest sense of depth 
and distance with combination of stereo vision with head tracking (1.92 in average, where 1 is the 
strongest sense). Both these viewing modes had individually similar rating (2.39 for stereo vision 
and 2.56 for head tracking). The monoscopic vision had the worst rating of 3.5.  

There is evidence of effectiveness of stereoscopic viewing, which confirms previous studies, 
for example [12, 13, 15]. Surprisingly, the influence of the head tracking is not as strong with all the 
tasks as we expected. This might be caused by the fact that participants needed to be encouraged to 
move towards the baby model several times as they tended to forget. 
 

7 Future Work 

 

In terms of developing more efficient interactive VR environment, more research is needed to 
assess the effect of the animation on the depth perception and interaction with the objects in 3D 
space. Therefore, in our future work, we will include more reactions and behaviour related 
animations of the baby model and investigate how the application can benefit from them. Casting 
shadows will be added to increase the accuracy of object positioning as they are widely recognized 
as strong depth cues. In addition, ideally, LCD shutter glasses should be used for better colour 
perception and essential experience because it is well known that prolonged use of red-cyan glasses 
can cause headache and strained eyes. To make a user’s movement more natural, head tracking 
should be provided without restriction by devices, for example using web cameras, which are now 
built-in in most computers. 

In future we also plan to extend our experiment to study how other audio and visual 
components will influence a user’s interaction and immersion in the application. 
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POLYGONAL KNOTS AND GRAPHS

VANŽUROVÁ Alena, (CZ)

Abstract. Classical knot theory is a branch of three-dimensional geometric topology
interested in embeddings of a circle or of a family of disjoint circles in space. A knot
is a simple closed curve in space, a homeomorphic image of a circle; a link is a finite
number of knots which are pairwise disjoint, a system of (may be somehow knotted) space
curves. Naturally arising questions in this topic are quite simple to explain, however
giving complete answers may require a lot of advanced mathematical technologies or deep
mathematical theories. There are interesting or even surprising applications in molecular
biology and organic chemistry (supercoiling DNA, models for recombinations of DNA), in
coding theory, cryptography and security of information (some public-key cryptosystems
are based on braid groups) etc.

Key words and phrases. Knot, link, graph, invariant, braid, braid group, braid cryp-
tography.
Mathematics Subject Classification. Primary 57M255.

1 Introduction - first steps in knot theory

Manipulating with a string, rope or band, we tie various familiar everyday knots, the kind
we use to tie shoelaces, parcels and so on. To study knotedness mathematically, we suppose
the free ends are joined, glued together to form a loop, a closed space curve without self-
intersections. Such a loop can be considered as a homeomorphic image of a standard unit circle
S
1 = {(x, y, 0) ∈ R

3 ; x2 + y2 = 1} ⊂ R
3. Knot theory is the study of the topological properties

of loops, or collections of disjoint loops, embedded in R
3. A knot is a simple closed curve in the

three-space, an embedding of a unit circle S
1 in R

3. A link is the union of one or more disjoint
knots (that can be linked together), the so-called components of the link. The simplest example
of a knot (link) is the circle S

1 itself, called a trivial knot ; we denote it by O. A trivial link
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is a collection of disjoint circles in the plane. Intuitively, it is almost clear that there are also
non-trivial knots and links, but it is not easy to give a strict proof. An example of nontrivial
knot is the left or right trefoil. The simplest possible link (Hopf link) consists of a pair of circles
one of which passes through the hole in the other.

A natural question, whether dimension of the ambient space is relevant, is answered yes
since in dimension 2, each simple closed curve is (up to equivalence relation) just a trivial knot,
and in dimension n ≥ 4, each knot can be unknotted, hence is trivial as well.

1.1 Equivalence, knot (link) types

We want knots and links to be flexible. We allow a knot to be deformed as if it were made of a
thin, flexible, elastic thread, never touching itself, and the object evolving in time is considered
still the same. So we need a mathematical model for such a physical manipulation by which
a thread can be deformed into different positions, without self-intersections. That is, we need
to formalize the concept of deformation in R

3 in such a way that nothing is glued together
and nothing is cutted: for this purpose, we make use of a family of continuous mappings with
continuous inverse (homeomorphisms), parametrized by a unit interval, that map the space
into itself in such a way that the starting knot (link) K is mapped into a new position K ′. We
say that K is ambient isotopic to K ′ in R

3, and write K � K ′, if there is a continuous mapping
F : R

3 × I → R
3, I = 〈0, 1〉 (ambient isotopy) such that

• for each fixed t ∈ R (we think of t as representing time), the mapping Ft(x) := F (x, t) :
R

3 → R
3 is a homeomorphism;

• for every x ∈ R
3, F (x, 0) = x, i.e. at time t = 0, F fixes all points;

• F (K × {1}) = K ′, i.e F1(K) = K ′.

Ambient isotopic sets are homeomorphic, but not vice versa in general. It can be checked that
ambient isotopy of knots (links) in R

3 is an equivalence relation, the corresponding equivalence
classes are called knot (link) types and denoted by [K] where K is a representant from the class;
equivalent knots have the same type. If a loop has the same type as a unit circle we say that
it is a trivial knot, or that it is unknotted.

1.2 Main problems

The main problems of knot theory are: recognize when the knot (link) is trivial, when two
objects are from the same class, i.e. has the same type. Particularly, detection of chirality: we
can ask when an object is equivalent to its mirror image; it might be important in chemistry.

Note that something like a complete classification of knots is not available, but there are
particular knot classes that can be classified. The important role is played by the so-called
knot invariants, that is, properties that are preserved under ambient isotopies.
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1.3 Knot composition and decomposition

The factorisation of links (knots) into prime links has analogies with the factorisation of numbers
(any positive integer can be written as a product of a finite number of prime number, and for
a given integer, the set of primes is unique). A link may be factorised into a finite number of
prime links, and these prime factors are uniqueuely determined. To simplify thinks, we shall
concentrate on knots. We may define a sum (product) operation on the set that comprises all
knots. If we take two knots K1 and K2 we can introduce their composition (connected sum)
K1#K2. Roughly, on each of the (polygonal) knots, we cut and remove a short (line) segment,
then we glue together the pairs of free ends to close the figure. Composition of knots induces
well-defined composition of the equivalence classes of knots (with respect to ambient isotopy)
if we set [K1]#[K2] = [K1#K2]. The composition can be defined also for oriented knots.

As an algebraic operation on the set A of equivalence classes, composition of oriented (as
well as non-oriented) knots has the following properties [5]:

• [K1]#[K2] = [K2]#[K1] (commutativity);

• [K1]#[K2] = [K2]#[K1] (commutativity);

• [K#O] = [O#K] = [K], the trivial knot behaves as the unit element.

The algebra (A, #) is a semigroup. It is not a group since there are knots to which there is no
inverse (for example, the trefoil knot).

A decomposition is a reverse process to composition. A knot is called a prime knot if a non-
trivial decomposition cannot be found (that is, under each decomposition, one of the factors is
equivalent to a trivial knot). A knot has a finite number of factors, and the decomposition of
a knot (link) is unique up to order of factors. Tables of knots consist of prime knots.

1.4 Knots and links invariants

Roughly, under an invariant we mean some object (often of algebraic nature such as a rational
number - numerical invariant, group, ring) that can be (relatively easily) computed from the
object under consideration and is preserved under the admissible group of transformations, in
our case under ambient isotopies. Let us mention e.g. the minimum number of crossing points
(of all regular diagrams), the bridge index (the minimal number of bridges = over-crossings of
all regular diagrams), the unknotting number, the colouring number, the linking number of two
components of the link. The disadvantage of such invariants is that it might be difficult to find
them, and even in the favourble case it might happen that distinct knots (links) have the same
number (the invariant is not able to distinguish the objects). More effective are polynomial
invariants.

1.5 Torus knots

The simplest class of knots that can be classified are the so-called torus knots. On the torus
p(θ, ϕ) = (−(R+r cos θ) sin ϕ, (R+r cos θ) cos ϕ, r sin θ) parametrized by two angles θ ∈ [0, 2π],
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ϕ ∈ [0, 2π], R > r > 0 fixed constants, consider a parametrised curve t 	→ (− sin(qt)(R +
r cos pt), cos(qt)(R + r cos pt), r sin pt) where p and q are coprime integers. The image set is the
(p, q)-torus knot, the curve that passes p times around the torus and q times trough the hole,
and is denoted by T (p, q). The meridian is T (1, 0), the longitude is T (0, 1). Parameters (θ, ϕ)
of a particular image point are related by the equation pϕ ≡ qθ (mod 2π).

Knots equivalent to knots T (p, q) are called the torus knots. Apart from basic symmetries
(point reflection, mirror image), different values of p and q give distinct knots.

Theorem 1.1 The ambient isotopy classes of torus knots are completely determined by the
following relationships:

• [T (p, q)] = [T (−p,−q)] = [−T (p, q)].

• [T (p, q)] = [T (q, p)].

• [T (n, 1)] is the trivial class for all integers n.

• [T (p, q)] is non-trivial when |p| > |q| ≥ 2.

• T (p,−q) and T (p, q) are mirror images and are distinct when |p| > |q| ≥ 2.

As a consequence, torus knots are invertible, [T (p, q)] = [−T (p, q)], and chiral, [T ∗(p, q)] =
[T (p,−q)] �= [T (p, q)] if |p| > |q| ≥ 2.

Theorem 1.2 (Classification of torus knots) [T (p, q)] = [T (p′, q′)] if and only if (p′, q′) is one
of the following pairs: (p, q), (q, p), (−p,−q), (−q,−p).

2 Polygonal knots and links as graphs

Remark that the above definition of a knot is too general. Besides knots that could be called
handy made (tame), there is a wide class of knots that involve, so to say, some limit process,
have a limit point, belong to wild knots, and are more complicated to study [3]. To avoid this
difficulty, we can restrict ourselves to the class of polygonal knots. We think of a knot as built
up of straight line segments which intersect only in endpoints, and hence can be considered as
a graph.

2.1 Abstract and embedded graphs

For our purpose, by a graph we mean a finite collection V of vertices together with a family
E of disjoint edges connecting pairs of vertices, with the requirement that there is at most one
edge between any pair of vertices and every edge has two distinct vertices (that is, loops are
not admitted). Graphs can be treated either in an abstract way: vertices are elements of a
given set V , edges are elements of a given set E, and we are given a map of E to the set of
unordered pairs from V × V , or to the two-element subsets of V (if loops are not admitted);
or as embedded graphs: vertices are points of R

3, edges are arc segments connecting a pair of
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vertices. One abstract graph can be modelled by many embedded graphs (that are equivalent
in some sense, namely isomorphic). If no embedding of an abstract graph can lie in a plane
(roughly, if the graph cannot be depicted by a plane figure where no edges intersect except in
their invertices) the graph is said to be nonplanar. A graph is planar in the opposite case,
that is, if there exists an embedding in a plane (although there might exist other embeddings
that cannot be deformed into a plane). According to the result of K. Kuratowski, a graph is
nonplanar if and only if it contains as its part either the complete graph K5 on five vertices or
the bipartite graph K3,3 on three vertices.

In applications, it might be convenient to take (at least some of) edges with orientation
(in pictures, we describe orientation by an arrow; mathematically it means that an oriented
edge corresponds to an ordered pair of vertices), or with labels. Graph theory has many nice
applications e.g. in organic chemistry (molecular bond graphs).

2.2 Knot as a polygon

The terminology from graph theory can be used for polygonal knots and links. For simplicity,
we consider knots only. A polygonal knot is a closed spatial polygon consisting of line seg-
ments considered as edges, and their endpoints considered as vertices of an embedded graph;
exactly two edges meet at each vertex. We can give the coordinates of vertices and create the
corresponding picture by means of a suitable computer program; this is in reality the way how
computer draws knots: as polygons which have a lot of very short edges. Another advantage
of this approach is that as deformations, piecewise linear (PL) mappings can be used. We can
ask

• what polygonal knots can be made using just m edges; as m increases, the number of
cases explodes;

• how many edges do we need to create a prescribed knot.

There must be at least three edges to make a trivial knot (triangle), and at least six edges to
produce a knotted polygon.

2.3 Elemenentary knot moves

For polygonal knots, it is a simpler way how to introduce knots equivalence. We define eleme-
nentary knot moves:

(i) we may divide an edge AB of K into two edges AC, BC by placing an additional point
C on AB, and conversely, remove a point if two adjacent edges form a stright line;

(ii) we may replace an edge AB by a pair of edges AC, CB if C does not lie to K and the
triangle ABC does not intersect K except in AB; conversely, we can delete AC, CB on K and
replace them by AB.

Two polygonal knots are ambient isotopic if and only if one is obtained from the other by
a finite sequence of elementary moves. Equivalence of polygonal links can be also formulated
by means of performing elementary moves.

To a simple closed (or polygonal), we can assign an orientation. Any knot has two possible
orientations; if we use oriented elementary moves we introduce equivalence with orientation.
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2.4 Graphs and knots in chemistry and molecular biology

The molecular bond graph of a molecule is a model of the molecule, which is represented by a
graph embedded in three-dimensional space where the vertices represent atoms or collections of
atoms and the edges represent chemical bonds or chains of atoms. Such a molecular bond graph
is often labeled to indicate what atom or atoms each vertex represents, and to indicate which
edges represent single/double bonds. In organic chemistry, a molecule that is distinct from its
mirror image is said to be chiral (the word comes from the ancient Greek word for hand, cheir).
Similarly as a left hand can never been changed into a right hand, a chiral molecule cannot
be deformed into its mirror image; a pair of chiral molecules that are mirror images of each
other are called enantiomers and there are abbreviated by D (dextro) and L (levo) according to
whether a stuff containing only one of the enantiomers of the chiral molecule rotates the planes
of the polarized light always (under the same laboratory conditions) to the right or to the left.
A pair of enantiomers often have different properties from one another. Almost all amino acids
of proteins in living organisms are chiral, and most organisms have a preferred handedness. It
might be of great importance for pharmaceutical companies that usually produce drugs in the
form of a 50:50 mixture of the two enantiomers of a chiral molecule, [4].

A knot K (link, graph embedded in R
3) is topologically achiral if K is ambient isotopic to its

mirror image, (R3, K) � (R3, K∗). Otherwise, K is topologically chiral. To check (topological)
achirality, we must exhibit a deformation, usually by a family of pictures. To prove (topological)
chirality we must show that there cannot exist an ambient isotopy of (R3, K) onto (R3, K∗).

Non-planar graphs, knots and links are naturally present in proteins. The Hopf link (cate-
nane) was synthetized in 1961, a molecular knot (with 124 atoms) was synthetized in 1989.
Since 1967, molecular biologist use diagrams knots and links to model knotted and linked
molecules of DNA and their recombinations.

3 Knot diagrams and Reidemeister moves

Instead of spatial objects themselves, it is quite natural and usually more convenient to work
with projections of knots or links into a plane. If we project a link into a plane in such a way
that at most two points of the link lie over a single point of the plane (on the same projection
ray), and each undercrossing is indicated by a gap in an arc, we get a collection of disjoint arcs
in the plane called a regular diagram of the link. Obviously, a knot or link has many different
projections, and we may want to know if two (regular) projections represent knots or links from
the same equivalence class, or not. One possibility how to solve this problem was found by
Kurt Reidemeister in 1926:

Theorem 3.1 Two knots or links are equivalent if and only if it is possible to get from a
projection of one to a projection of the other by performing a finite sequence of moves from the
following list:

R0: any arc of the diagram can be deformed within the plane while keeping the endpoints
fixed;

R1: a kink can be removed/added;
R2: a strand can be slid over/under another strand;
R3: a strand can be slid over/under a crossing.
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Let us remark that it is often hard to find a particular sequence of moves that works. In
addition, if we are not able to find such a sequence, it does not necessarily mean it does not
exist, so the Reidemeister’s Theorem is not always useful for practical purposes, and we would
prefer to find a better way.

4 Polynomial invariants

As already mentioned, more effective invariants than the classical ones are polynomials associ-
ated with links (particularly with knots) in such a way that the trivial knot class corresponds to
constant polynomial 1, and some kind of the so-called skein relation that relates skein diagrams
is used.

In what follows let D+, D−, D0 are (orinted) skein diagrams related to a fixed crossing of
the given regular diagram D, [5, p. 109].

The polynomial invariants are usually called after their discoveres: Alexander, Conway,
Jones, Kauffman, HOMFLY.

Originally, polynomial invariant for links and knots have been discovered in a more compli-
cated way, but from the perspective of knot theory each of them can be determined uniquely
by a triple of simple axioms as follows.

If K is an oriented link (knot) and D is an oriented regular diagram for K then

• the Alexander-Conway polynomial ∇K(z) of K is a Laurent polynomial in a fixed inde-
terminate z given by

(C1) if K is a trivial knot then ∇K(z) = 1;

(C2) ∇K(t) is invariant under ambient isotopies;

(C3) ∇D+(z) −∇D−(z) = z∇D0(z);

• the Jones polynomial VK(t) of K is a Laurent polynomial in
√

t defined by

(J1) if K is a trivial knot then VK(t) = 1;

(J2) VK(t) is invariant under ambient isotopies;

(J3) 1
t
VD+(t) − tVD−(t) =

(√
t − 1√

t

)
VD0(t);

• the original Alexander polynomial ΔK(t) of K, a symmetric Laurent polynomial derived
from the Seifert matrix, satisfying the relation ΔK(t) = ∇K(

√
t − 1√

t
).

A new aspect appeared when the so-called Vassiliev invariants were brought to the light [5].

5 Tangles and braids

Intuitively, if we cut out and remove a non-braided part of the link (knot) then the rest consists
of a family of n (braided) strings with free ends and is called an (n, n)-tangle. The situation is
often modelled either within the unit 3-ball, in a unit cube, or in a cylinder; we suppose that
the free ends lie on the boundary and the strings (curve segments) constituting the tangle do
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not intersect in space. If the strings flow from up down monotonously we get a very particular
example of an (n, n)-tangle called an n-braid. We can sketch the situation by pictures; to make
them more readable the strings can be coloured by different colours. Again, many convenient
braid invariants can be found, the simplest of them is the braid permutation.

Geometric braids can be composed. Equivalence of braids can be introduced analogously
as for knots; on the set of equivalence classes of n-braids (for a fixed n), composition is well-
defined; the resulting structure is the so-called n-braid group Bn, that is non-commutative, and
the Conjugacy search problem (given a, b find x so that b = xax−1), is relatively difficult to
solve in braid groups. That is why braid groups are widely used in public-key cryptographic
systems.

Originally, braids were introduced as a tool for classification of knots and links by E. Artin.
If we close a braid by non-intersecting arcs we get either a knot or a link, and any knot (link)
arises in this way.

Theorem 5.1 (Alexander, [1]) Any knot (link) can be represented by a closed braid.

If two braids are equivalent then the corresponding knots (obtained by closing) are also
equivalent. But not vice versa: two non-equivalent braids might produce the same knot; equiv-
alence of (oriented) knots (links) corresponds to the so-called Markov equivalence of braids.
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Abstract. Minkowski product of the point sets in the Euclidean space is introduced in the paper, 
and some of its basic properties are presented. Minkowski product of point sets can be applied 
as the generating principle in modelling curves and surfaces of interesting forms and properties. 
Several examples of its usage are included, for modelling curve segments and surface patches as 
Minkowski products of point sets defined by vector representations. 
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1 Introductory note 
 

Minkowski product of two point sets is a binary geometric operation defined on point sets in 
the n-dimensional Euclidean space, and it can be determined and interpreted in various ways. In this 
paper the algorithms for calculation of the Minkowski product of two continuous subsets of the 
Euclidean space E3 is presented, i.e. curve segments and surface patches, based on vector 
representations of both geometric figures appearing as operands. Product of this two given 
geometric figures is a geometric figure in the space determined by its vector representation, which 
can be obtained by the presented calculation algorithm. Surface patches and solid cells of rather 
interesting forms can be created using this approach as modelling tool. Several examples show the 
Minkowski product utilization in geometric modelling as powerful instrument enabling to define the 
geometric form of the figure and to receive also its analytic representation.  

Different approach can be applied to the definition of an algorithm for calculations of the 
Minkowski product of two sets in the Euclidean plane E2. In some references one can find its 
definition based on the product of complex numbers, which can be extended to the space of 
quaternions and a special construction of an action defined on the sets of quaternions [1], [3], [4]. 
Another approach is represented by the outer, or wedge product defined for two vectors in the 
higher dimensional vector spaces, referred also as the tensor product of two vectors [5], which is an 
algebraic generalisation of the vector product of two vectors in the three dimensional vector spaces 
for the purposes of the exterior algebra, or the Grassmann algebra [6]. 
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2 Definition and properties of the Minkowski product 
 

Let A and B be two point sets in the n-dimensional Euclidean space En with the related vector 
space Vn and Cartesian orthogonal coordinate system (0; e1, e2, …, en) defined bz the origin and 
direction unit vectors of the coordinate axes. Points in the Euclidean space are represented by their 
positioning vectors from Vn 

  n
nn aaaaaaaa eee 



...,...,,0 2
2

1
121 .                (1) 

 

Definition 1. Minkowski product of point sets A and B in the Euclidean space is the set, which is 
the product of all points in the set A with all points in the set B, i. e. the set 

 BbAabaBA  ,;                   (2) 

where ba  is the outer product of the positioning vectors of points a, b. 

Outer product of vectors is the generalisation of the well-known vector product of vectors in the 
three-dimensional vector space to the spaces of higher dimensions. Derived upon this relation, basic 
properties of the outer product of vectors defined in the vector space V are presented below. 

1. The equality  0uu   holds for any vector Vu . 

2. The outer product is an associative operation, i.e. for any three vectors Vwvu ,,  the following 

relation holds   wvwuwvu  . 

3. The outer product is anti-commutative (anti-symmetric), i.e. uvvu   holds for any two 
vectors Vvu, . 

Proof:     uvvuvvuvvuuuvuvu 0 uvvu  . 

Property 3. can be generalised: 

3´. If u1, u2, ..., uk are elements form vector space V and σ is a permutation of integers [1, ..., k], 
then the following holds 

        kk uuuuuu  ...sgn... 2121  , 

where sgn(σ) is the sign of the permutation σ. 

4. For any vectors V2121 ,,, vvuu  and real numbers Rcc 21, there holds  

     
     221112211

22112211

vuvuvvu

vuvuvuu




cccc

cccc
 

5. Vectors Vk uuu ,...,, 21  are linearly independent, if the following inequality holds  

0...21  kuuu  
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3 Calculation of the Minkowski product in E2 and E3 
 

3.1 Minkowski product in E2  
 
Let V2 be the associated vector space to the Euclidean plane E2 with the Cartesian orthogonal 
coordinate system defined by the direction unit vectors of the coordinate axes  

   1,0,0,1 21  ee . 

Let the vectors Vvu,  be given by their coordinates, while 

22112211 , eeveeu vvuu  . 

Outer product of vectors u and v can be determined as follows 

   
       

  ,211221

2222121221211111

22112211

ee

eeeeeeee

eeeevu






vuvu

vuvuvuvu

vvuu

              (3) 

while the above presented properties of the vector outer product have been used.  

Coefficient  1221 vuvu   can have arbitrary sign, it is the value of the determinant 
21

21

vv

uu
 of the 

matrix whose rows are coordinates of vectors u and v. Vectors u and v therefore can be arbitrary (in 
the clockwise positive or anti-clockwise negative direction) oriented, while their orientation 
determines the sign of the coefficient. Its absolute value equals to the area of a parallelogram 
determined by vectors u and v. Coefficient therefore defines oriented area of the parallelogram, and 
its sign preserves the information on the orientation of the respective pair of vectors.  
Outer product 21 ee   of two unit vectors is again a unit vector. 
Denoting A(u, v) the oriented area of a parallelogram determined by the pair of vectors u and v, we 
can formulate the following properties of A: 

1. A(au, bv) =  abA(u, v) for any two real numbers a and b, whereas a multiple of the size of 
any side of the parallelogram yields the consequent multiplicity of its area (and change of 
orientation of one of the parallelogram sides produces the change of its orientation 
and therefore the change of the sign of its oriented area). 

2. A(u, u) = 0, as the area of a degenerated parallelogram determined by u, i. e. a line segment, 
equals zero. 

3. A(u, v) = −A(v, u), whereas the change of the order of operands, vectors u and v yields the 
change of the parallelogram orientation, and therefore the change of the sign of its oriented 
area. 

4. A(u + av, v) = A(u, v), as the addition of vector u and a multiple of vector v does not 
influence neither the base nor the altitude of the parallelogram, and therefore also its area. 

5. A(e1, e2) = 1, as the area of a square is concerned. 

With the exception of the last property 5, the outer – wedge product of vector has got the same 
formal properties as the area of a surface patch. In a certain sense, the outer vector product is an 
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independent generalisation of the concept of a parallelogram area, because it is possible to compare 
the area of parallelograms to the given standard, in the form of a chosen parallelogram. 
 
 
3.2 Minkowski product in E3  
 
Let V3  be the associated vector space to the Euclidean space E3 with the orthogonal Cartesian 
coordinate system determined by the unit vectors in direction of coordinate axes  

     .1,0,0,0,1,0,0,0,1 321  eee  

Let vectors Vvu,  be determined by their coordinates, while  

., 332211332211 eeeveeeu vvvuuu   

Outer product of vectors u and v can be determined in the following way 

   
     
     
     

        ,322332311331211221

333323231313

323222221212

313121211111

332211332211

eeeeee

eeeeee

eeeeee
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eeeeeevu








vuvuvuvuvuvu

vuvuvu

vuvuvu

vuvuvu

vvvuuu

             (4) 

where {e1 Λ e2, e1 Λ e3, e2 Λ e3} is the basis of the three-dimensional space  Λ2(E3), while the 
above cited properties of the outer vector product were used.  
The result resembles formula for calculation of a traditional vector product of two vectors in the 
three-dimensional vector space.  
Let 332211 eee wwww  , then the outer product of three vectors is 

  ,321123312231213132321 eeevu  wvuwvuwvuwvuwvuwvuw             (5) 

where e1 Λ e2 Λ e3 is the basis vector of the one-dimensional space Λ3(E3).  
Result is again very similar to the formula for calculation of a mixed triple scalar product of three 
vectors in the three-dimensional vector space. 
Both vector and mixed vector product of vectors in the three-dimensional vector space enable 
geometric and also algebraic interpretation. Vector product u × v can be interpreted as the vector 
perpendicular to operands, vectors u and v, while its size equals to the area of the parallelogram 
determined by the given vectors. The other interpretation is based on the algebraic concept of the 
vector product as a vector whose coordinates are sub-determinants of the matrix with entries in 
coordinates of vectors u and v. Mixed product of vectors u, v and w is geometrically interpreted as 
(oriented) volume of parallelepiped. Algebraically it is representing the determinant of matrix, with 
entries in the coordinates of vectors u, v and w. Outer product of vectors in the three-dimensional 
space allows a rather similar interpretation. Choosing the positively oriented orthonormal base, the 
wedge product is the generalisation of these concepts to the spaces of higher dimensions. 
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4 Properties of the Minkowski product of point sets 
 
let us introduce some basic properties of the Minkowski product of point sets A, B, C, D in the 
Euclidean space, which are most frequently utilised at its calculation. 

1. Minkowski product of convex sets need not be a convex set. 

2. Minkowski product is a non-commutative operation, A  B  B  A. 

3. Minkowski product is an associative operation, (A  B)  C =A  (B  C). 

4. The following holds: (A  B)  (C  D) = (A  C)  (A  D)  (B  C)  (B  D). 

5. Minkowski product of the union of sets equals to the union of the Minkowski products of 
separate sets. If Pi and Q j are for  i, j  N point sets in the Euclidean space, then holds: 

ji
ji

j
j

i
i

QPQP 
,
 . 

The last property is utilised for calculation of Minkowski product of non-convex sets. These must 
be firstly distributed to the finite number of convex not intersecting sets, whose Minkowski 
products can be calculated, and using property 5, their union can be finally determined.  
 
 
5 Modelling of surface patches  
 
Let k and h be curve segments in the space E3 determined by vector functions parametrized on the 
unit intervals 

         1,0,,,  uuzruyruxrur                   (6) 

         1,0,,,  vvzsvysvxsvs .                  (7) 

Minkowski product of curves k and h is the surface patch 

 hk                      (8) 

determined by vector function defined on the unit square, for   2
1,0, vu  

     
                      .)(,,

,

vxsuyrvysuxrvxsuzrvzsuxrvysuzrvzsuyr

vuvu


 srp

            (9) 

Minkowski product of two parallel line segments is a parallelogram, product of two intersecting or 
skew line segments is a patch of a hyperbolic paraboloid with the boundary in the form of a non-
planar 4-gon. 
Simple examples of surface patches created as Minkowski products of planar curves are patches 
that are Minkowski products of two sinusoidal curve segments in Fig. 1. For the patch on the left 
the two sinusoidal segments are located in one plane z = 1, for the patch on the right these are 
located in parallel planes z = a, z = b, and for the patch in the middle in intersecting planes z = 0 
and y = 0.  
Vector equations of these surface patches parametrized on the unit square are  
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   ,2sin22cos2,22,2cos2sin, uvvuvaubvaubvu  p  

   .2sin2,2sin2,2sin2sin, uvvuvuvu p  

   

Fig. 1  Patches as products of sinusoidal curves. 
 

Minkowski product of a line segment and a circle, which are located in different superpositions, are 
patches illustrated in Fig. 2. For the patch on the left, the line segment is perpendicular to the 
osculating plane of the circle, line segment and circle are located in the same plane for the patch in 
the middle, and Möbius strip on the right is the Minkowski product of a line segment parallel to the 
circle osculating plane. 

   
Fig. 2  Minkowski products of circle and line segment in various superpositions. 

 

Interesting forms of surface patches can be reached as Minkowski products of conic sections in 
various superpositions. Patch of a surface illustrated in Fig. 3 on left is the product of an ellipse in 
the plane z = 1, with axes parallel to the coordinate axes and semi-axes a and b and a circle located 
in the plane x = 1, with the radius r and centre on the coordinate axis z. In the middle of Fig 3., the 
product of two circles located in parallel planes z = a, z = b is viewed, while their radii are r1, r2 and 
their centres are located on the coordinate axis z. Minkowski product of an ellipse in the plane z = 0, 
with axes in the coordinate axes and semi-axes a and b and parabola with axis in the coordinate axis 
z and parameter p, located in the plane y = 0 is on the right in Fig 3.  
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Equations of the presented surface patches for the parametrization on the unit square are  

    ,2sin2cos2cos,12sin2cos,2cos2sin2sin, ubvuarvuarvvubrvu  p  

    
 

,

2cos2sin2sin2cos

,2cos2cos

,2sin2sin

,

21

21

21






















vuvurr

varubr

varubr

vu





p  

   uvbcupavubpvvu  2sin)21(,2cos2,2sin2, 22 p . 

 

   
 

Fig. 3  Product of ellipse and circle (left), two circles (middle), ellipse and parabola (right). 
 
Minkowski product of ellipse located in the plane z = 0, with axes in coordinate axes and semi-axes 
a and b and cylindrical helix with the pitch d, radius r and axis in the coordinate axis z is illustrated 
in Fig. 4, on the left. Surface patch in the middle is the Minkowski product of the same helix and 
circle located in the plane y = 0 with the centre in the origin of the coordinate system and radius a. 
Patch viewed on the right in Fig. 4 is the product of two ellipses in parallel planes z = c1, z = c2, 
with axes parallel to the coordinate and semi-axes (a1, b1) and (a2, b2). Parametric representations of 
the presented surface patches defined on the unit squares are the following 

   vubrvuaruadvubdvvu  2cos2sin2sin2cos,2cos,2sin, p  

   vuarvuaruardvvuarvu  2sin2cos,2cos2sin2cos,2sin2sin, p  

 





















vubavuba

vacuac

vbcubc

vu





2sin2sin2cos2cos

,2sin2cos

,2cos2sin

,

1221

2112

2112

p  
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Fig. 4  Minkowski products of helix and ellipse (left), helix and circle (middle), two ellipses (right). 

Examples of several other surfaces patches modelled as Minkowski products of elementary curves 
(sinusoidal curve, circle, ellipse) located in coordinate planes in various superpositions are in Fig. 5. 
 

       
Fig. 5  Minkowski products of curve segments. 
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PROBLEM OF METRIZATION
AND HOLONOMY ALGEBRAS

ŽÁČKOVÁ Petra, (CZ)

Abstract. We contribute to the following problem: given a manifold endowed with a
linear connection, decide whether the connection arises from some metric tensor. Com-
patibility condition for a metric is given by a system of ordinary differential equations.
Our aim is to present an algorithm of O. Kowalski that provides a solution in general by
the help of the holonomy algebras. We also present an example.

Key words and phrases. Riemannian geometry, manifold, connection, metric, metriza-
tion, curvature, differential equations, holonomy algebra.

1 Motivation

The metrization problem for linear connections can be formulated as follows: given an affine
manifold (M,∇), consisting of an n-dimenisonal manifold M endowed with a torsion-free linear
connection ∇, under what conditions is ∇ metrizable; that is, when is there a (pseudo-) Rieman-
nian (=non-degenerate) metric g such that ∇ is just the Levi-Civita (Riemannian) connection of
(M, g). A quite natural motivation comes from theoretical physics ([2] etc.). As well known, the
Riemannian connection is uniquely determined by zero torsion and ∇g = 0, its components are

related to components of the metric by the well-known formula Γ�
ik = 1

2
g�j

(
∂gij

∂xk +
∂gjk

∂xi − ∂gki

∂xj

)
,

gisgsj = δi
j. In [4], geometries were studied which arise on an analytic n-manifold when a

system of curves called “paths” is given as the family of solutions of the system of differential
equations d2xi

ds2 + Γi
jk

dxj

ds
dxk

ds
= 0, i, j, k ∈ {1, . . . , n} where Γi

jk(x) are analytic functions of the
coordinates in the manifold. As a motivation coming from gravitation theory, let us mention
free-fall trajectories as an example of a “preferred family of curves”. In [3] there is an example
of globally non-metrizable manifolds.
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2 Holonomy algebras

The holonomy of (M,∇) at x ∈ M along a piecewise-differentiable1 loop (i.e. along a closed
curve that starts and ends in x; loops are taken with usual composition, [5]) is an automorphism
of the tangent space TxM which is given by parallel transport of vectors2 along the given loop.
Due to properties of the parallel transport along curves3, all holonomies at x together with
composition form the so-called (full linear) holonomy group Φ(x) := Hol∇x of (M,∇) at x,
which turns out to be a Lie transformation group; Φ(x) is a subgroup of GL(TxM). As well
known, on a connected manifold, holonomy groups at different points are isomorphic. If we
restrict ourselves onto loops which are homotopic to zero (contractible to a point), a similar
construction gives rise to the (linear) restricted holonomy group Φ0(x) of ∇ with the reference
point x, which is a connected Lie transformation group, and plays the role of component of
unit in Φ(x). Denote by h(x) := Hol∇x the corresponding Lie algebra of Φ(x). Particular Lie
subgroups in Φ(x), namely a (linear) local holonomy group Φ∗(x) and an infinitesimal holonomy
group Φ′(x) can be introduced, satisfying Φ′(x) ⊂ Φ∗(x) ⊂ Φ0(x). Therefore the corresponding
holonomy Lie algebras satisfy h′(x) ⊂ h∗(x) ⊂ h(x) (the inclusions might be sharp in general),
[5, I, Ch. II, p. 94, 95]. For smooth connections, the infinitesimal holonomy algebra h′(x) can
be calculated from the curvature tensor and its covariant derivatives:

Lemma 2.1 ([5, Ch. III, p. 152, Lemma 1, Th. 9.2.]) For C∞-connections, the Lie algebra
h′(x), as a vector space, is a span of the linear maps arising from covariant derivatives (of all
orders) of the curvature tensor,

h′(x) = 〈∇kR(X,Y ; Z1, . . . , Zk) | X,Y, Z1, . . . , Zk ∈ TxM, 0 ≤ k < ∞〉. (1)

In the real analytic case the situation is simplified as follows.

Lemma 2.2 ([5, Ch. II, p. 101, Th. 10.8.]) Holonomy groups of a real analytic connection on
a real analytic manifold satisfy Φ′(x) = Φ∗(x) = Φ0(x) for any x ∈ M .

Corollary 2.3 In the real analytic case, the holonomy algebra coincides with the infinitesimal
holonomy algebra, h(x) = h′(x), therefore the component of unit Φ0(x) can be reconstructed
from h′(x).

Corollary 2.4 The restricted holonomy group of a connected real analytic manifold (M,∇)
with an analytic connection is fully determined by the curvature tensor R and its iterated co-
variant derivatives ∇kR, k ∈ N.

1The class C1 is sufficient, [5, I, p. 85, Th. 7.2.].
2In [5], parallel transport of frames is used.
3τμ−1 = τ−1

μ and τμ ◦ τη = τημ
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2.1 Hol∇x -invariant bilinear forms

The possibility to employ holomomy groups in order to solve the metrization problem for linear
connections was discussed e.g. in [9], [1]. The holonomy group “decides” whether a connection
is metrizable or not. Given a connection on a connected simply connected manifold, Φ(x) is
a connected Lie subgroup of the automorphism (transformation) group GL(TxM) of the fibre,
therefore it is uniquely determined by its Lie algebra. If a connection is induced by a certain
metric, then the scalar product defined by g on particular tangent spaces is preserved by parallel
translations, therefore elements of the holonomy group are isometries of the tangent space, and
Φ0(x) identifies with a subgroup of SO(TxM), i.e., according to the signature of the metric,
with a subgroup of SO(n) or of SO(p, q), p+q = n, respectively. On the other hand, if Φ0(x) is
a subgroup of the special orthogonal group of the fibre at a single point (we mean here a “nice”,
generic point, cf. the definition below) then we can define scalar product on this particular fibre
TxM (it can be done e.g. using a fixed chart about x: we can suppose that the tangent space is
isomorphic to (Rn, 〈 , 〉), endowed with a standard scalar product, [1]), and create a compatible
metric using parallel transport, [1], [9], [7]. In simple examples, it works, [14]. The following
shows how to characterize quadratic forms invariant under the holonomy group in terms of the
holonomy algebra.

Lemma 2.5 Let (M,∇) be a simply connected smooth manifold with ∇ torsion-free, x ∈ M
a fixed point. Given a symmetric bilinear form G on TxM , G ∈ S2(T ∗

xM), then the following
holds: G is invariant by Φ(x) if and only if

G(AX, Y ) + G(X,AY ) = 0 for all A ∈ h(x), X,Y ∈ TxM. (2)

In general, we cannot calculate the holonomy group from the curvature tensor and its
covariant derivatives. It might be difficult to find the holonomy group and a quadratic form
invariant under it. The situation is easier in the real analytic case: the assumptions on Φ(x)
can be reformulated as assumptions on h(x). The above gives us a quite natural motivation for
introducing the vector subspace H(x), x ∈ M , of all symmetric bilinear forms satisfying the
condition from Lemma 2.5,

H(x) := {Gx ∈ S2(T ∗
xM) |Gx(AX, Y ) + Gx(X,AY ) = 0,

A ∈ h(x), X, Y ∈ TxM}. (3)

Theorem 2.6 ([9]) Let (M,∇) be connected and let there exist Gx0 ∈ H(x0)
4. Then ∇ is the

Levi-Civita connection of a metric on M which has the same signature as Gx0.

If ∇ is Riemannian (comes from a positive definite metric) then for every x ∈ M , H(x)
includes a positive definite form; under additional assumptions, the converse also holds.

Theorem 2.7 ([7, Prop. 1], [9]) Given a connected simply connected (M,∇) and x ∈ M , let
there be a positive definite form Gx0 ∈ H(x). Then ∇ is Riemannian.

4Originally: “Let Φ(x0) keeps a non-degenerate quadratic form Gx0 (on Tx0M) invariant”.
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It might be a problem to check whether there is a positive definite form in H(x). Since no
direct decision algorithm is available based on linear algebra only, an algorithm was developed
using geometric properties of the Levi-Civita conection, particularly the canonical (de Rham)
decomposition of the tangent space TxM of a Riemannian manifold (M, g) with respect to the
holonomy group Φ(x) [7].

3 Algorithm

In [7], O. Kowalski proposed an algorithm based on the holonomy algebra which enables to
decide effectively whether a given analytic connection on an analytic manifold satisfying addi-
tional conditions is a Riemannian one, and suggested a method for constructing all correspond-
ing Riemannian metrics in the affirmative case. Let (M,∇) be connected, simply connected
and analytic. Denote

hr(x) = 〈∇kR(X,Y ; Z1, . . . , Zk), X, Y, Z1, . . . , Zk ∈ TxM,x ∈ M, 0 ≤ k ≤ r 〉. (4)

A point x will be called Φ-regular (regular, generic) if for each r ∈ N, the dimension dim hr(x)
of the subspace reaches its maximum in a neighborhood Ux 
 x. The set of Φ-regular points is
a dense open subset in M . At a regular point, the sequence of subspaces stabilizes for some N ,
hN(x) = hN+1(x), and the same must hold in a neighborhood. We get5 h(y) = hN(y) at any
point y ∈ Ux. Hence if we find the subspaces hr(y) in a coordinate neighborhood of a point
x we are able to decide whether x is regular or not; about a regular point, we can calculate
the algebra h(y) in the given coordinate system. Let us give here a shortened version of the
decision process (according to which a computer program can be constructed).

Algorithm:
We choose local coordinates in an open subset U ⊂ M about x, and calculate the curvature
tensor, its covariant derivatives at x, and the subspaces ho(x) ⊂ h1(x) ⊂ . . . at x (step by
step). If there is a natural number N such that hN(x) = hN+1(x) then x is Φ-regular. If not
we try another point.

If x is regular we calculate the space H(x) as the solution space of the system of homogeneous
equations obtained from (3) when we put successively A = ∇rR, r = 0, . . . , N . Find dim H(x).
If p = dim H(x) = 0, ∇ is not Riemannian6, and we STOP the process. If p = dim H(x) ≥ 1
we choose a basis 〈G1, . . . , Gp〉 of H(x); any element of H(x) has a unique expression in the
form G = λ1G

1 + · · ·+ λpG
p. Local components Gm

k� of the base forms are rational functions of
the components of covariant derivatives of the curvature tensor.

To be able to decide if there is a regular form in H(x) or not, compute the determinant
(viewed as a polynomial of independent variables λ�) det(

∑
mλmGm

k�), k, � ∈ {1, . . . , n}. If the
resulting polynomial is non-zero, ∇ is not Riemannian7, STOP. If we get a non-zero polynomial
then there is a regular form in H(x), and we can continue our search. Step by step, we choose
integers λ̂1, . . . , λ̂p so that to obtain a particular (regular) form ĥ ∈ H(x).

5using covariant differentiation
6and is not metrizable, either.
7and is not metrizable, either.
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In our local coordinates, let us calculate the linear operators8 S1, . . . , Sp corresponding to
respective base elements G1, . . . , Gp via the regular form ĥ according to the formulae

ĥ(S�X,Y ) = G�(X,Y ), X, Y ∈ TxM, � = 1, . . . , p. (5)

Let us evaluate a span in End (TxM) of all commutators of the above endomorphisms, the
commutant Cx = 〈[S�, Sk]; �, k = 1, . . . , p 〉 of the set {S1, . . . , Sp}. Find the common null-
space Nx of Cx. If Nx is not invariant under S1, . . . , Sp, or if the restriction ĥ|Nx is not regular
then ∇ is not Riemannian, STOP. Otherwise continue.

If Cx �= (0) find the orthogonal complementN̂x of Nx in TxM with respect to ĥ. Calculate
the restrictions G�|N̂x, � = 1, . . . , p. If they do not generate the space S2(N̂∗

x) of all symmeric
bilinear forms on N̂x then ∇ is not Riemannian, STOP. If they generate S2(N̂∗

x) we continue;
if Cx = (0) we continue directly.

In the family of the restrictions S1|Nx, . . . , S
p|Nx, find a set of independent generators

S(1), . . . , S(s) of the space H(x)|Nx. Calculate all eigenspaces of S(1), . . . , S(s) and all possible
intersections Z(1)α ∩ · · · ∩ Z(s)γ of various eigenspaces of S(1), . . . , S(s). Let (0), L1, . . . , Lr be
just the set of all intersections. Then the necessary conditions for ∇ be Riemannian are:

r = s, and Nx = L1 ⊕ · · · ⊕ Lr (the orthogonal decomposition w.r.t. ĥ).

If the above conditions are not satisfied, STOP. If they are satisfied continue.
If each of the restrictions ĥ|Lj is either positive or negative definite, ∇ is Riemannian (and

N̂x := T 0
x ⊂ TxM is the subspace on which Φ(x) acts trivially). If this is not the case then ∇

is not Riemannian, STOP.

Note that if n = 2, and the manifold (M2,∇) is real analytic connected and simply connected
then the decision procedure can be simplified; ∇ is Riemannian only in two cases, namely, either
at the given Φ-regular point x, p = dim H(x) = 1 and the space H(x) is generated by a positive
definite form, or p = 3 (which happens if and only if R = 0), and then the connection ∇ is
Euclidean.

4 Construction of metrics

The following results enable us to construct the metric explicitely.

Theorem 4.1 ([7, p. 8]) On a connected simply connected analytic manifold with an analytic
connection ∇, let Ux be an open neighborhood of x ∈ M formed exclusively by Φ-regular points.
Let ∇ be Riemannian (metrizable and positive definite), and let ĝ ∈ H(x) be regular on U . Let

H(1), . . . , H(t) be analytic tensor fields on U such that for any y ∈ U , H
(1)
y , . . . , H

(t)
y are linearly

independent symmetric bilinear forms on TyM , with the same null-space equal to Ny, and let

the restrictions H(1)|N̂y, . . . , H
(t)|N̂y to the complement N̂y of Ny span the space S2(N̂∗

y ). Then

there exist 1-forms ωi
j on U such that H(i) =

∑
ωi

j ⊗ H(j), 1 ≤ i, j ≤ t. Moreover, the system
of linear homogeneous PDE’s dλi + λkω

k
i = 0, 1 ≤ i ≤ t, is completely integrable.

8Each S� is an symmetric endomorphism w.r.t. ĥ of the space (TxM, ĥ).
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Theorem 4.2 ([7, p. 9]) Under the same assumptions and notation as above, suppose that for
any y ∈ Ux, Ny = L1,y ⊕ · · · ⊕ Ls,y is the orthogonal decomposition w.r.t. ĝ. Let hi denote the
tensor field on U such that its null-space at y ∈ U coincides with the orthogonal complement of
Li,y in TyM w.r.t. ĝ, and which coincides with ĝ on Li,y for any y ∈ U . Then there exist exact
1-forms ωi (first integrals, ωi = dfi), such that ∇hi = ωi ⊗ hi, 1 ≤ i ≤ s (i.e. hi are recurrent).

Theorem 4.3 Under the same assumptions as above, with H(i) and hi analytic on U , all
admissible Riemannian metrics are of the form

g =
t∑

i,k=1

biλ
i
kH

(k) +
s∑

k=1

cke
−fkhk,

where fj is some primitive function of the exact diferential form ωj, 1 ≤ j ≤ s, the functions
(λi

1, . . . , λ
i
t), 1 ≤ i ≤ t form a basis of the solution space of the completely integrable system

from Theorem 4.1, and the real parameters bi, ck are chosen in such a way that g is positive
definite.

5 Example

Example 5.1 ([14]) On the manifold (R2, id) with (global) coordinates (x, y), consider the
symmetric linear connection ∇ with the only non-zero components Γ1

11 = x/(x2 + 1), Γ2
22 =

y/(y2 + 1).
The curvature tensor vanishes identically, R ≡ 0, the corresponding system of equations

is empty (the connection is surely metrizable since flat). Anyway, let us find the metrics to
demonstrate the method.

Choose an arbitrary point x = (x0, y0); in our case, it is surely regular; all the objects
involved will be calculated in fact not only about x, but on the entire manifold. Independently
of the point, the holonomy algebra (the restricted holonomy group, respectively) is trivial
(i.e. contains only the zero endomorphism, and hence Φ0(x) = id),

h =

{(
0 0
0 0

)}
.

Consequently, since only the zero morphism A = 0 is to be considered in (3), the con-
dition holds for any symmetric bilinear form on the tangent space at x. Hence the sub-
space H(x) ⊂ S2(T ∗

x R
2), x ∈ R

2, satisfying (3) is of maximal dimension p = 3, and can
be given e.g. as a span of independent (global analytic) type (0, 2) symmetric tensor fields
H(x) = 〈 G(1)(x), G(2)(x), G(3)(x) 〉 where G(i)(x) (satisfying (3) for any x in the manifold) are

G(1) =

(
1 0
0 0

)
, G(2) =

(
0 0
0 1

)
, G(3) =

(
0 1
1 0

)
.

Obviously, G(1) + G(2) ∈ H(x) is positive definite. Nevertheless, for illustration choose the
regular form ĝ = G(3) which is not positive definite (and has constant components in the
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manifold). At any x ∈ R
2, the symmetric operators from (5) and the commutant of the set

{S1, S2, S3} have matrix representations

S1 =

(
0 0
1 0

)
, S2 =

(
0 1
0 0

)
, S3 =

(
1 0
0 1

)
, Cx = span

{( −1 0
0 1

)}
.

The commutant is non-trivial, so let us determine the orthogonal complement N̂x of its
nullspace Nx = {(0, 0)} with respect to our form g̃ = G(3), which should coincide with the
maximal subspace on which Holx acts trivially: T 0 = N̂x = TxR

2. The space S2(T ∗
x R

2) is a
span of the restrictions G(α)|T 0 = G(α). The remaining conditions are automatically satisfied
due to triviality of Nx. Hence the Riemannian metrics do exist.

According to the Theorems 4.1, 4.2, 4.3 the metrics we are searching for are in fact of the
form g = biλ

i
kH

(k), 1 ≤ i, k ≤ 3 (the second summand vanishes due to triviality of Ny on the
neighborhood). As tensor fields H(i), we can choose

H(1) =

(
0 1
1 0

)
, H(2) =

(
1 0
0 1

)
, H(3) =

(
1 0
0 −1

)
.

Their covariant derivatives are

∇H(1) = − x
x2+1

(dx ⊗ dy + dy ⊗ dx) ⊗ dx − y
y2+1

(dx ⊗ dy + dy ⊗ dx) ⊗ dy,

∇H(2) = − 2x
x2+1

dx ⊗ dx ⊗ dx − 2y
y2+1

dy ⊗ dy ⊗ dy,

∇H(3) = − 2x
x2+1

dx ⊗ dx ⊗ dx + 2y
y2+1

dy ⊗ dy ⊗ dy.

Hence the forms satisfy ∇H(i) = ωi
j ⊗ H(i) with

ω1
1 = − x

x2+1
dx − y

y2+1
dy, ω1

2 = ω1
3 = ω2

1 = ω3
1 = 0,

ω2
2 = − x

x2+1
dx − y

y2+1
dy, ω2

3 = − x
x2+1

dx + y
y2+1

dy,

ω3
2 = − x

x2+1
dx + y

y2+1
dy, ω3

3 = − x
x2+1

dx − y
y2+1

dy.

The solution space of the system of linear PDE’s

dλ1 = λ1
x

x2+1
dx + λ1

y
y2+1

dy,

dλ2 = (λ2 + λ3)
x

x2+1
dx + (λ2 − λ3)

y
y2+1

dy,

dλ3 = (λ2 + λ3)
x

x2+1
dx − (λ2 − λ3)

y
y2+1

dy

has a basis 〈λ1, λ2, λ3〉 formed by triples of functions λi = (λi
1, λ

i
2, λ

i
3), 1 ≤ i ≤ 3,

λ1 = (
√

x2 + 1
√

y2 + 1, 0, 0), λ2 = (0, x2 + 1, x2 + 1), λ3 = (0, y2 + 1, y2 + 1).

We can see the desired multipliers from the matrix representation of the compatible Rie-
mannian metrics:

(gij) =

(
2b2(x

2 + 1) b1

√
x2 + 1

√
y2 + 1

b1

√
x2 + 1

√
y2 + 1 2b3(y

2 + 1)

)
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where the (real) parameters b1, b2, b3 should be chosen so that g be positive definite. In tensor
notation, all compatible tensors are g = 2b2(x

2 + 1)dx ⊗ dx + b1

√
x2 + 1

√
y2 + 1dx ⊗ dy +

b1

√
x2 + 1

√
y2 + 1dy ⊗ dx + 2b3(y

2 + 1)dy ⊗ dy, i.e. in the classical notation, all admissible
Riemannian metrics are (under a proper choice of the parameters bi)

ds2 = 2b2(x
2 + 1)dx2 + 2b1

√
x2 + 1

√
y2 + 1dxdy + 2b3(y

2 + 1)dy2.

References

[1] ANASTASIEI, M.: Metrizable linear connections in vector bundles. Publ. Math Debre-
cen 62/3-4 (2003), 277–287.

[2] CHENG, K.S, NI, W.T.: Necessary and sufficient conditions for the existence of metrics
in two-dimensional affine manifolds. Chinese J. Phys. 16 (1978), 228–232.
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[12] VANŽUROVÁ A., ŽÁČKOVÁ P.: Metrizability of connections on two-manifolds. ACTA
UPO, Math. 48 (2009), 157-170.
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Žáčková Petra, Mgr.
Department of Mathematics and Didactics of Mathematics,
Technical university of Liberec, Studentská 2, 46117 Liberec, Czech Rep.,
phone n. 485352622, e-mail: petra.zackova@tul.cz

294 volume 3 (2010), number 1



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


